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1 Appendix A: Proofs of the Main Theorems of the Paper

Proof of Theorem 1:

To show part (a), first set
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where N = Nj 4+ Nj. Note that by part (b) of Lemma B-16, we have
o1 (1 — %) <+v2(1+a)VInN for all Ni, Ny sufficiently large. (1)

By part (a) of Assumption 2-10,

— 0 as Ny, No, T — o3

this, in turn, implies that, for some positive constant cg

0< ot (1 — %) < cp min {TP_GQL,T%Z} for all N1, No, T sufficiently large,

so that @1 (1 — 5‘%) lies within the range of values of z for which the moderate deviation inequality
given in Lemma B-17 holds. Thus, plugging ®* (1 — 5‘%) into the moderate deviation inequality

(42) given in Lemma B-17 below, we see that there exists a positive constant A such that
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and for all N1, No, T sufficiently large. Next, note that
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Using the inequality bound given in expression (1) above, we further obtain, for all Nj, Ny, T

sufficiently large,
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Finally, note that rate condition given in part (a) of Assumption 2-10, i.e.,
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from which it follows that
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Next, to show part (b), note that, by a similar argument as that given for part (a) above, we

have
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To show part (a), note that
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{1,...,d} and for all Ny, Ny, and T sufficiently large
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It follows that we can multiply and divide by 4/m; o1/ (QT%) to obtain for all N7, No, and T suffi-
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Now, let
Ehp = M and Vi = M.
Ko Tt T
By the result of part (a) of Lemma B-13, there exists a sequence of positive numbers {er} such
that, as T'— oo, er — 0 and
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In addition, by the result of part (b) of Lemma B-13, there exists a sequence of positive numbers
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Hence, for all Ny, No, and T sufficiently large,
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where the last equality above follows from the fact that
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Moreover, making use of Assumption 2-9, the result given in part (e) of Lemma B-12, and the fact
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Next, to show part (b), note that, by applying the result in part (a), we have
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Proof of Theorem 3:

To proceed, note first that the (post-variable-selection) principal component estimator of F,
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can be written as
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where T' = ﬁlg and where the columns of the matrix B are the eigenvectors associated with the

Kp largest eigenvalues of the (post-variable-selection) sample covariance matrix
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Moreover, by the result of part (d) of Lemma C-14, the matrix B has the representation
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where (A;l is an N x Kp matrix, whose columns define an orthonormal basis for an invariant subspace
of & <I/{\C) and where V is a Kp x Kp orthogonal matrix as defined in expression (100) in part (c)
of Lemma C-14. (See Lemma C-14 and also Lemma C-13 for additional discussion on the origin of

this representation). Making use of this representation, we can further write
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Proof of Theorem 4:
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To proceed, note that for any a € R? such that ||a, = 1, we have
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Applying the results given in Lemma C-18 to expressions (2) and (3), we then obtain
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Putting everything together and applying Slutsky’s theorem, we then obtain
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as required. [

2 Appendix B: Supporting Lemmas Used in the Proofs of Theo-

rems 1 and 2

Lemma B-1: Let a and 6 be real numbers such that ¢ > 0 and 6 > 1. Also, let G be a finite

non-negative integer. Then,
o
Z m® exp {—ame} < 00
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Proof of Lemma B-1: By the integral test,
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In addition, note that since, by assumption, a > 0 and 6 > 1, we have
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Let u = —ax, so that —%“ = dz; and we have
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and we again make use of integration-by-parts to obtain
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and, using integration-by-parts, we have
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In view of expressions (4) and (5), it then follows by the integral test for series convergence that
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Z m& exp {—amg} < 00
m=1

for any finite non-negative integer G and for any constants ¢ and 6 such that a > 0 and > 1. OJ

Lemma B-2: Let {V;} be a sequence of random variables (or random vectors) defined on some

probability space (€2, F, P), and let
Xt =g (‘/%7 ‘/;5—17 ceey ‘/t—%)

be a measurable function for some finite positive integer ». In addition, defne G ., = o (...., X¢—1, X3),
gfﬁm =0 (Xt—i—maXt—‘rm—i—l’ ), ﬁoo = O'(...., ‘/15—17 ‘/t), and

vm—s = 0 (Vitm—ss Vitmt1-s,-...). Under this setting, the following results hold.

(a) Let

B\/’,mf% = Sgpﬁ(ft—ooa ﬁm—%) :5lz‘pE[5up{‘P(B|ft—oo) _P(B){ B€f+m y}]

Bxm = supp (G, G%m) = sup £ [sup {|P (H|G" ) — P(H)|: H € G, }]-
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If {V;} is B-mixing with
B\/’,mf% < 61 exXp {_02 (m - %)}

for all m > s and for some positive constants C; and Co; then X is also S-mixing with

[S-mixing coeflicient satisfying
Bx.m < Crexp {—Cam} for all m > ,

where Cj is a positive constant such that C; > C1 exp {Casc}.

(b) Let
Wz = SUpa (Flog, Fifm_.) = sup sup |[P(GNH)—-P(G)P(H),
t t Geftfoo’HG}—?imfx
OXm = supa (', Gifm) =sup  sup  |P(GNH)-P(G)P(H)

t Gegt  HeG®,,

If {V;} is a-mixing with
Vim—s < Crexp{—Ca (m — )}

for all m > s and for some positive constants C; and Cs; then X; is also a-mixing with
a-mixing coefficient satisfying

axm < Crexp{—Com} for all m > s,

where Cj is a positive constant such that C; > C7 exp {Casc}.

Proof of Lemma B-2:
To show part (a), note first that it is well known that

Bxm = SLtlpE [sup{!P(H|Qt,oo) —P(H)‘ cH e gg‘;m}]
I J
= SLtlp lsupEZW(GiﬂHj)—P(Gi)P(Hj)’

2 — £
=1 j=1

where the second supremum on the last line above is taken over all pairs of finite partitions
{G4,...,Gr} and {Hy,...,H;} of Q such that G; € G'  for i = 1,..,I and H; € G, for

22



j=1,....J. See, for example, Borovkova, Burton, and Dehling (2001). Similarly,

Bvim—s = SLtlpE [sup {}P (B|.7:t,oo) — P(B)‘ : B e fﬁfm,%}]

where, similar to the definition of Sy ,,, the second supremum on the last line above is taken over
all pairs of finite partitions {4y, ..., Az} and {Bq, ..., By} of Q such that A; € F£ _ fori=1,....1
and B; € F},, ,, for j = 1,..., M. Moreover, since X; is measurable on any o-field on which

Vi, Vi_1, ..., Vi, are measurable, we also have
G oo=0(Xi 1,X) Co (e, Vi, Vi) = FL

and

gto_im =0 (Xtwms Xigmats ) €0 Vigm—se, Vigma1—se, -oon) = toim_%-

It, thus, follows that, for all m >

I J
1
Bxm = sup §SUPZZ’P(GWHJ‘)—P(Gz’)P(Hj)’
i=1 j=1
1 L M
< sup EsupZZ]P(AzﬂBJ)—P(AZ)P(BJ)|
i=1 j=1
= 5V,m7%
< Crexp{—Cy(m — »)}
= Cqexp{Cyx}exp{—Coym}
< Crexp{—Cym}

for some positive constant C; > C7exp {Cas} which exists given that s is fixed. Moreover, we
have

Bxm < Crexp{—Cam} — 0 as m — oo,

which establishes the required result for part (a).
Part (b) can be shown in a manner similar to part (a), so to avoid redundancy, we do not

include an explicit proof here. [J

Remark: Note that part (b) of Lemma B-2 is similar to a result given in Theorem 14.1 of Davidson
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(1994) but adapted to suit our situation and our notatons here. Indeed, parts (a) and (b) of this
lemma are both well-known results in the probability literature. We have chosen to state these
results explicitly here only so that we can more easily refer to them in the proofs of some of our

other results.

Lemma B-3: Let {X;} be a sequence of random variables that is a-mixing. Let p > 1 and

r >p/(p—1), and let ¢ = max {p,r}. Suppose that, for all ¢,

1
1Xell, = (B X" < o0

Then,
[Cov (Xt Xewm)| <2 (27574 1) al 77 X0, | X,
where
o =supa (FLog, Fotm) = sup |P(GNH)—P(G)P(H).
t GeFt HEFXE,,

Remark: This is Corollary 14.3 of Davidson (1994). For a proof, see pages 212-213 of Davidson
(1994).

Lemma B-4: Suppose that Assumption 2-3 hold. Let 79 = [73"], where 1 > «a; > 0 and
To =T —p+ 1. Then,

(a)

(r—1)1+71+4p—-1

> Bl =0 (L)

g:h=(r—1)T+p
g<h

\1
)—ll\D'_l

(r—1)7+7114+p—1

1 1
= > B ()| =0 (;)
1 1

hv,w=(r—1)7+p
h<v<w

! 1
7_‘11 Z |E [wigipWintin]] = O (T_%>

g,h,v,w=(r—1)7+p

Proof of Lemma B-4:
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To show part (a), first write

(r—)7+711+p—1 (r—1)7+71+p—1 (r—)7+711+p—1

1 1 1
) > | [uiguin]| = — > E [uf,] + = > |E [uiguin)|  (6)
1 g,h=(r—1)7+p 1 g=(r—1)1+p 1 g,h=(r—1)7+p
g<h g<h

Consider now the first term on the right-hand side of expression (6). Note that, trivially, by

Assumption 2-3(b), there exists a positive constant C' such that

(r—1)7+71+p—1

S Y pw=S-o(d) g

T1 71
g=(r=1)7+p

For the second term on the right-hand side of expression (6), note that by Assumption 2-3(c),

{uit}i2 . is B-mixing with 5 mixing coefficient satisfying
B; (m) < ajexp{—aym}.

for every . Since aj,, < B;(m), it follows that {u;};o . is a-mixing as well, with o mixing

coefficient satisfying

aim < ayexp{—aam} for every i.
Hence, in this case, we can apply Lemma B-3 with p = 6 and » = 5/4 to obtain

(r=1)7+7m1+p—1

1
— > | E [uiguin]|
1

g,h:(’l”*l)Ter
g<h

(r—1)m+71+p—1 L
Z 2 (217% + 1) [a1 exp {—az (h — g)}]lf%f% (E |uig|6>g (E |uzh|%>

g:h=(r—1)7+p
g<h

4
5

IA
=l =

Next, by application of Liapunov’s inequality, we have that there exists some positive constant C

such that

1 4 1 1
(Bluigl®)" (Blunl?)” < (Bluigl®)" (B luanl®)"

3

=

IN

sng ]uit|6>

1
= (3% < oo (by Assumption 2-3(b))



Moreover, let o = h — g, so that h = g + p. Using these notations and the boundedness of

1
6 5\ % .
(E \uig|6> (E |win| 4) as shown above, we can further write

(r—)7+711+p—1

1
= > | E [wiguin]|
71
gh=(r—1)7+p
g<h
1 (r=l7dratp—l 1 14 1 5\ =
= Y 2271 lmep{—ar (h=g)}) 5 (Elugl’)" (B luinlt)’
L gh=(r—1)r+p
g<h
—L1 (r—1)7r471+p-1
Cs3 5 L
< = Z 2(26 +1> [a1 exp{—a2 (h — g)}]®
T gh=(r—1)r+p
g<h
O (r=1)7+7m1+p—1 a
2
< 5 ), e {__9}
T 30
gh=(r—1)7+p
g<h
—1 1
<for some constant C* such that 2 (2% + 1) C?af’ <C* < oo>
O (r—1)7+7114+p-1 o a
2
<7 %, metad

a
= e {5
Q=
= O <i> (given Lemma B-1) (8)
T1

It follows from expressions (6), (7), and (8) that

1 (r—1)7+7114+p—1 1 (r—=1)7+71+p—1 1 (r—1)1+7114+p—1
2
— > |E [uiguin]| = — > Eui)] + = > |E [wiguin]|
71 71 71
gh=(r—1)7+p g=(r—1)7+p gh=(r—1)7+p
g<h g<h

RORE
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To show part (b), first write

1 (r—)7+711+p—1 1 (r—1)74+71+p—1 1 (r—1)1+7114p—1
3
52 Bmwmel = 5 Y Bl Y 1B )]
lh,v,w:(r—l)T—l—p 1 h=(r—1)7+p 1 hyvw=(r—1)7+p
h<vsw h<v<w
v—h>w—v,v—h>0
(r—1)7+71+p—-1
1
D B (wiui) 9)
L hww=(r—1)7+p
h<v<w

w—v>v—h, w—v>0

For the first term on the right-hand side of expression (9) above, note that, trivially, we can apply

Assumption 2-3(b) to obtain

(r—1)7+7m1+p—-1

1 C 1

T T T
1 h=(r—1)7+p 1 1

Next, for the second term on the right-hand side of expression (9) above, we can apply Lemma

B-3 with p = 6 and r = 5/4 to obtain

(r—=1)7+714+p—1

g | B (winUivUiw)|
hv,w=(r—1)T+p
h<v<w
v—h>w—v, v—h>0

(r—1)7+7114+p—1

Z 2 <217% + 1) [al exp {—ag (v— h)QH s

hv,w=(r—1)7+p
h<v<w
v—h>w—v, v—h>0

\]
—w| F

Ot

(S

IN

1
6 5
(E |uih|6> ‘ (E |Uivuiw|4>

\]
ol F

Next, by application of Holder’s inequality, we have

(Blual’) (Blusant?)’ < (Bhual®)* ((Blunl?) (Blul?)?)
= (E|Uzh| )é <E|uw\%>% <E|Uzw|%)%
< (et (s (o)

Moreover, let p; = v — h and gy = w — v, so that v = h+ ¢; and w = v+ g3 = h + 9;+ 0. Using
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(S

1
6 5
these notations and the boundedness of (E |uih|6> ¢ (E |uwuiw|2> as shown above, we can further

write
1 (r—1)7+71+p—1
3 Z |E (winWivUiw)|
1 hovw=(r—1)T+p
h<v<w
v—h>w—v, v—h>0
1 (r=Dramtp-d 1 1_1_41 1 5\ =
_1 1_4 6 5\ 3
< 5 Y 227 1) e {—a 0 - WY (Blual)" (Bluul?)
1 hvw=(r—1)7+p
h<v<w
v—h>w—v, v—h>0
6% (r—=1)7+7m1+p—1 ; )
< — 2(23+1>ae —a9 (v —h)}|30
<T X ar exp {—az (v — )}

hov,w=(r—1)T+p
h<v<w
v—h>w—v,v—h>0

w (r=D74+7114+p—1

< ? Z eXP{—%Ql}

1 hov,w=(r—1)T+p
h<v<w
v—h>w—v,v—h>0

Q

1 1
<for some constant C* such that 2 (2% + 1) C?ai’ <C* < oo)

(r—=)7+7m14+p—1 0o 01—1

<5 Y Y2,
L (r—1)7+p ©01=10,=0
O (r—1)71+7114+p—-1 oo

< = Yoo Do eXp{ Ql}

h—(r—l)T—f—p 01=1

C*
= Z 41 exp{ Ql}
™1 o=
1
= 0 <7—%> (given Lemma B-1) (11)

Similarly, for the third term on the right-hand side of expression (9), we can apply Lemma B-3

28



with p =6 and r = 5/4 to obtain

(r—1)7+71+p—1
Z |E (uihuivuiw)|

hyvw=(r—1)7+p
h<v<w
w—v>v—h, w—v>0

(r—1)7+71+p—-1 . .1 N 1
3 2 (21*6 + 1) la1 exp {—as (w — v)}]' 578 (E |uihuw]1> ; (E |uiw|6) 6
hvw=(r—1)7+p

h<v<w
w—v>v—h, w—v>0

RN
| F

IN

1
3
T1

Next, by applying Holder’s inequality, we have

(S

1
. :
(B lumnl )" (Blusl®)®

A
7 N
/N
&
£
=

wlon
SN ~
[SIY
/N
&=
£
g
o
SN ~
[SIY
N—
VS
&=
&
g
o
N—
ol

(by Liapunov’s inequality)
= C

N

< 0o (by Assumption 2-3(b))

Moreover, let oy =v — h and 9 = w — v, so that v =h + ¢; and w = v+ g3 = h + 9;+ 09. Using

N 1
these notations and the boundedness of <E |uihuw]1> ° (E \uiw\6> ® as shown above, we can further
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write

IN

IN

IN

IN

(r—1)7+71+p—1

>

hv,w=(r—1)7+p
h<v<w
w—v>v—h, w—v>0

(r=1)7+7m1+p—1

>

hov,w=(r—1)T+p
h<v<w
w—v>v—h, w—v>0

(r—1)7+7114+p—1

D

hyv,w=(r—1)7+p
h<v<w
w—v>v—h, w—v>0

o (r—)7+71+p—1
=D
-

1 hyov,w=(r—1)T+p

h<v<w
w—v>v—h, w—v>0

|E (Wi UWipWinw) |

\]
ool M

ﬂ
ool F

_1

05
3
1

SEN:

2 (21_% + 1> [a1 exp {—a2 (w

_4_1 5
— )" (B i)

2 (2% + 1) [a1 exp {—ag (w

SIS
o=

(51l

— )}

—1 1
(for some constant C* such that 2 <26 + 1) C?ai® <C* < oo)

O (r—)7+7114p—-1 oo

S DD DM

h=(r—1)7+p ©02=10;=0
(r=1)7+714+p—1 oo

-3 Z Z 0y +1) eXP{—%QQ}

h=(r—1)7+p 02=1

Z 02 €XPp {

02=1 02=1

1
O <—2> (given Lemma B-1)
71

30

91+ Y e {-20,)

(12)



It follows from expressions (9), (10), (11), and (12) that

1 (r—)1+711+p—1 1 (r—1)7+71+p—1 1 (r—1)1+7114p—1
3
= Z |E (uintintiw)| = g Z Elup|” + = Z | B (uintivtiw)|
1 hyov,w=(r—1)7+p 1 h=(r—1)7+p 1 hyvw=(r—1)7+p
h<v<w h<v<w

v—h>w—v, v—h>0
(r—1)7+7m1+p—-1
1
t Z |E (uintintin)|
1 hvw=(r—1)7+p

h<v<w
v>v—h, w—v>0

)vo(8) 03

o
- o(z)
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Finally, to show part (c), we first write

AN

(r—)7+711+p—1

>

g,hv,w=(r—1)7+p
g<h<v<w

1 (r—1)7+7m1+p—1

4

- § :

L gh=(r—1)r+p
g<h

N
N

(r—1)7+71+p—1

1
g,hv,w=(r—1)T+p
g<h<v<w
w—v<v—h, v—h>0

1 (r—1)7+7m1+p—-1

4

- § :

L gh=(r—1)7+p
g<h

(r—1)7+71+p—1

T )
T1
g,hv,w=(r—1)T+p

g<h<v<w
w—v<v—h, v—h>0

1 (r=1)7+7m1+p—1

4

- E :

L gh=(r—1)7+p
g<h

(r—=1)7+71+p—1

+- >

T1
g7h,v,w:('r‘—1)7'+p
g<h<v<w
w—v<v—h, v—h>0

(r—1)7+71+p—1

T >
T
1 g,hv,w=(r—1)7+p
g<h<v<w
w—h>0

}E [uigu?h” + g

P il
}E [uzguzh” + Téll

}E [uigu?h” + 7_1

1 g7h’v7w:(T71)T+p

|E (wiguin)| | B (wivttin)]

|E [wigWinWinvUiw)|

(r—1)7+7m1+p—-1

2.

g7h’v7w:(T71)T+p
g<h<v<uw
w—v>v—h, w—v>0

| E [ guinUin Ui |

| E [t guin Uiy Ui |

(r—1)7+7m1+p—1

>

g7h’v7w:(T71)T+p
g<h<v<uw
w—v>v—h, w—v>0

|E {uiguin — E (uiguin) + B (wigin) } UivWiw]|

|E {uiguin, — E (uiguin) + E (Wigtin) } wivUiw]|

(r—1)7+7m1+p—1

2.

|E [{uiguin — E (wiguin) } WivWiw|

g<h<v<w
w—v>v—h, w—v>0

|E {uiguin — E (wigtin) } tiptin)|

(13)

For the first term on the right-hand side of expression (13) above, note that, trivially, by Jensen’s
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inequality and Holder’s inequality, we have

(r—=1)7+714+p—1 (r—)7+71+p—1

1 1
LY bl < &Y Bl
L gh=(r—1)7+p L g h=(r—1)r+p

g<h g<h

(r—-1)7+71+p—1

1 2 6
< = > \/E|uig| \/E|Uih|
b gh=(r—1)r+p
g<h
1 (r—1)7+71+p—1 1
66 6
< 5 Y (Blual)t VBl
L gh=(r—1)r+p
g<h
(by Liapunov’s inequality)
2
C372 )
< T—%l (by Assumption 2-3(b))

oy

Next, for the second term on the right-hand side of expression (13), we can apply Lemma B-3

with p =4/3 and r = 6 to obtain

(r—1)7+71+p—1

> |E {uiguin — E (Uigin) } tivUin]|

g,h,v,w:(r—l)T—l—p
g<h<v<w
w—v>v—h, w—v>0
1 (r=1)7+7m1+p—1 , s
™ > {2 1) lmen{—a w-v))

g,h,v,w=(r—1)7+p
g<h<v<w
w—v>v—h, w—v>0

<
N R

[N

IN

o
o=

X (E Huiguin — E (uiguih)}uiv|%> <E |u“”|6> }
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Next, by repeated application of Holder’s inequality, we have

][V}

12

. ] 21l
E {uiguin, — E (wiguin) Y uiv]® < | E (uiguin — E (uiguin)) ™ } ’ [E |uw|6}

- 1 12\ 1 2
< 27 (E ]uiguih] T+ |E [uigul-h]] 7 )] ? |:E |uiv|6i| ?
(by Loéve’s ¢, inequality)
[ .5 12 12 g 3
< [2% (E lwiguin| T + B |uiguin| 7 )} [E\uwﬂg

(by Jensen’s inequality)

- z 2
= [2% B uiguanl 7]” [l

- 1 1 2
< 925 <E‘ui9’%)2<E’uih’%)2 [E\uz'v\ﬁ]g

IA
\)
ol

IN

Moreover, let oy = v — h and 9y = w — v so that v = h+ p; and w = v+ 99 = h + 01 + 0.

4
Using these notations and the boundedness of E [{ujqu;p, — E (uiguin)} wiv|® as shown above, we
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can further write

(r—=1)7+71+p—1

1
- Z | B [{uiguin — E (uigtin) } tivtin]|
1 g,h,'l]7’ll]:(7‘—1)7'+p
g<h<v<w

w—v>v—h, w—v>0
(r—1)7+71+p—1

1 _3 _3_1
< p Z {2 (21 14 1) [a1 exp {—a2 (w — v)}]1 4756
1 g,h,v,w=(r—1)7+p
g<h<v<w
w—v>v—h, w—v>0
4 % 6 é
% (B Husguin = B (wiguin) b uinl ) * (B usul®)
1 (r—1)7+71+p—1 ) ) . 3 )
1 1 4—2\71 —. 1
< p Z 2<24 —i—l) [a1 exp {—a2 (w —v)}| T2 (2303) (C)®
1 g,h,v,w=(r—1)7+p
g<h<v<w
w—v>v—h, w—v>0
C (r—=1)7+714+p—1 “
2
<7 > en{-fa)
1 g,h,U,w:(T_l)T+p
g<h<v<w
w—v>v—h, w—v>0
—2 1
(for some constant C* such that 4 <24 + 1) C3ai? <C* < oo)
O (r—=1)7+714+p—1 (r—1)7+714p—1 o0 05—1
ST > Y Y e {5y
1 g—(r—l)T—f—p h=(r—1)7+p ©02=10,;=0
C*
< — Z 02 exp{ QQ}
T,
1 .
= 0 <—2> (given Lemma B-1) (15)
T1

Similarly, for the third term on the right-hand side of expression (13) above, we can apply

35



Lemma B-3 with p = 2 and r = 3 to obtain

(r—1)7+7m1+p—-1

1
= Z |E {uiguin — E (iguin) } ivliw]|
1 g,h,v,w=(r—1)7+p
g<h<v<w

w—v<v—h, v—h>0
(r—1)7+71+p—1 ) 1
Z {2 (21_5 + 1) a1 exp {—az (v —h)}]" "2~

g,h,v,w=(r—1)T+p
g<h<v<w
w—v<v—h, v—h>0

IN
Sk =
Wl

SIS
W=

X <E |{uiguih —F (uiguih)}]2) <E |uivuiw|3>

|

Next, applications of Hoélder’s inequality yield

Blusuil* < (Blunl®)® (Euil®)®
< (6)% (6)% (by Assumption 2-3(b))
= C<o

and

E [{uiguin, — E (wiguin)}* < 2 (E |uiguin|* + E \Uiguz‘h\Q)

(by Loéve’s ¢, inequality and Jensen’s inequality)

= 4K |uiguz‘h|2
I ak
< 4| (Bluglt) (Blual?)']
1 172
< {(E [uig] ) ¢ (E [win )6} (by Liapunov’s inequality)
< (supE |t >

< 4(0)® 3 < oo (by Assumption 2-3(b) )

Moreover, let p; = v — h and g5 = w — v so that v = h+ p; and w = v + 99 = h+ ¢; + 0. Using

these notations and the boundedness of E \uwuiw|3 and E {uguip, — E (uiguih)}P as shown above,
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we can further write

(r—1)1+7114p—1

Z |E {uiguin — E (uigtin) } tivti]|

g:hv,w=(r—1)7+p
g<h<v<w
w—v<v—h, v—h>0

(r—1)1+711+p—1

2
N B

1 _1 1_l_1
< - Z {2 <21 2+ 1) [a1 exp{—a2 (v —h)}] 7273
1 g,h,v,w=(r—1)7+p
g<h<v<w
w—v<v—h, v—h>0
1 1
2 3
(E ’{uzguzh E(uzguzh)Hz) (E ’uwuzw| ) }
1 (r—1)1+7114p—1 ) ) N )
= i —_= 2 —_— =
< 5 3 2 (22 v 1) a1 exp {—az (v — h)}]S (403) (C)3
1 g,h,v,w=(r—1)7+p
g<h<v<w
w—v<v—h, v—h>0
(r—=1)7+711+p—1
C* as
< gy Z eXP{_Egl}
1 g,h,v,w=(r—1)7+p
g<h<v<w
w—v<v—h, v—h>0
—2 1
<f0r some constant C* such that 4 (2% + 1) C3ay <C* < oo)
C* (r—-1)7+714+p—1 (r—)7+714p—-1 oo s
< T 2 >ry exp { o |

g=(r—1)7+p h=(r—=1)7+p ©01=109=0

C* a
= =) (a+ 1)exp{—§@1}
1 p=1
1
= 0 (—2> (given Lemma B-1) (16)

T1

Finally, consider the fourth term on the right-hand side of expression (13) above. For this term,
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we apply the result given in part (a) to obtain

1 (r—1)7+71+p—1
- |E (uiguin)| | E (wivttiw)|
1

g,hv,w=(r—1)7+p
g<h<v<w
w—h>0

IN

v,w=(r—1)7+p
v<w

1 (r— 1T+71+p 1 1 (r—=1)7+714+p—1

=3 E(uigun)l | | = D |E (wivtiw)]
1 = 7‘ ‘r+p Tl

O

(17)

It follows from expressions (13)-(17) that

(r—1)7+71+p—1

1
s Z | B [tigin Wiv Uinw |
1 g,h,v,w=(r—1)7+p
g<h<v<w
1 (r—1)1+7114p—1 1 (r—1)7+7114+p—1
S > |E [usguiy] | + ! > |E [{uiguin — E (wigin) } tivUiw]|
1 g,h=(r—1)7+p 1 g,h,v,w=(r—1)7+p
g<h g<h<v<w
w—v>v—h, w—v>0
(r—=1)7+7m14+p—1
+—= Z |E {uiguin — E (wiguin) } UivUiw]|
1 g,hv,w=(r—1)7+p
g<h<v<w
w—v<v—h, v—h>0
(r—1)7+71+p—1
oY B g B (i)
1 g,h,v,w=(r—1)7+p
g<h<v<w
w—h>0

1
- 0(?%)‘5

Lemma B-5: Suppose that Assumptions 2-1, 2-2(a)-(b), 2-5, and 2-7 hold. Then, there exists a
positve constant C such that
E||W,||5 < C < oo for all ¢

and, thus,
E|Y,]5<C < oo and E|E,|5 < C < oo for all t,
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where
Y; F
Y1 Fi_4
v,=| 7 |adE =|
dpx1 : Kpx1

Yiopt1 Ftp+1
Proof of Lemma B-5:

To proceed, note that, given Assumption 2-1, we can write the vector moving-average (VMA)

representation of the companion form of the FAVAR model as

W, = (ILaxp — A)il a+ ZAjEt*j
=0

[o¢]
= (Iarxp—A)" Tiprdarka+ > AT edaik By

j=0
= (Larrp —A) Jorrh+ Z A T4 ke, (18)
§=0
where
Wi €t M
Wi 0 0
Et = : ’ Et = y &0 = ’
Wt—p+2
Wtfp+1
Ar Ay - Ay A
Iovx O 0
Jd+K = Igygg 0 -+ 0 O ,and A = 0
(d+K)x(d+K)p
0 o 0 Igprxg O

By the triangle inequality,

o
—1 .
||Et||2 < H(I(d—i—K)p - A) J¢Ii+KMH2 + E A]JC,H-Ket*j
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r m
<mrt 21:1 la;|" for r > 1, we get

. . . m
Moreover, using the inequality ’ E @
1=

6
1 6 o
||Et||g <2° H(I(d+K)p - A) J¢/i+KNH2 + EAJJZHKeH
so that
- 6
-1 6 .
BIW S <32 || (Hasxp — 4) " T, +328||>° A7 gery (19)
j=0

2

Focusing first on the first term on the right-hand side of the inequality (19), we note that

_ 6 _
H (Iarmyp — A) JQ+KMH2 = (//Jcm( (Tarrrp = A) " (Tarmyp — A

)
n-1 3
= <M'Jd+K {(I(d—&-K)p —A) (Laryp — A) ] Jc/z+Ku>

3
1 3
< (W Jas kT i)
Amin {(I @k — A) (Lasryp — A)/})
3
1
— (1'n)
Amin {(I(d+K)p - A) (I(d+K)p - A)/}>

Now, by Assumption 2-7, there exists a constant C' > 0 such that

Amin {(I @+ — A) Tarxp = A)/} = Amin {(I i = A) (Larrop = A)}

0-12nin (I(dJrK)p - A)

> QA%nin (I(d+K)p - A)
> Q [1 - ¢max]2
> 0

where ¢ = max {|Amax (4)], [Amin (A)|} and where 0 < ¢, < 1 since, by Assumption 2-1, all

eigenvalues of A have modulus less than 1. It follows by Assumption 2-5 that, there exists a positive
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constant C such that

3
_ 6 1 3
(Zia+myp — A) ' Jas Kb < (W)
H H2 Amin {(I @+ — A) Tatsp = A),}
2115 <T) < .
Q3 [ ¢max]6 B

To show the boundedness of the second term on the right-hand side of the inequality (19), let
€g.(d+K)p be a (d+ K)p x 1 elementary vector whose gt component is 1 and all other components
are 0 for g € {1,2,...,(d + K) p}, and note that

00 2 (d+K)p 00 2

J gl . — / J gl .
IR S SN SR
j=0 9 g=1 Jj=0

(d+K)p o oo

= Z ZZG (d+E)p A i kEt—j€t—nJari (A)keg,(dJrK)p
g=1 j=0k=0

" r—1 r
a;l <m g , 1|a¢| forr>1
1=

from which we obtain, by applying the inequality ‘Zm .
1=

- 6

Z A Jay K€t

=0 )

_(d+K)p 00 A 293
= Z Z elg,(dJrK)pA] Jc/l+K€t*j

| g=1 7=0

6
(d+K)p 00 '
< (d+K)pP > e wrropd Tis ket
g=1 7=0

= [(d+K)p]2 E ZZZZZZG (d+K)p Al Jd+K5t j€t—kJdr i (A/)keg,(d+K)p

g=1 7=0 k=0 1=0 ¢=0 r=0 s=0

14

Xe;,(d+K)pAiJc/lgt—iggfé‘]dﬁf (4) eg,(d-i—K)pe;,(dJrK)pArJc/l+K5t—T5:f_5Jd (A')Seg7(d+K)p}
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Hence,

6
E Z AjJ(/HK@t—j

=0 )
(d+K P oo
< [(d+K)p Z ZE‘ (i i et J‘
(d+K)p 2\
+(d+EK)p? > < ) (kA Ty e ]‘
g=1
R 2\ °
2
Hd+ K Y ()() s A s
g=1
(d+K)p
+ld+K)p” > < ) €y (a1 )pA T ket J) (@A Tas ek
g=1
(d+K P oo

00 S
g=1

k)
G

(d+

=
5

+20[(d + K) p)?

(]

Q
Il
—

) 00 3
ZE’ (@ Tar e J’

7=0
(d+K)p %) 9
+90[(d+ K)pl* > (ZE €y (a1 )pA Tkt j) )
g=1 \;j=0
(d+K)p oo 4
+15[(d+ K) p]® ZE’ ig,(d—&-K)ijJc/Hth*j‘ Y Eley arrpAt i iein
g=1 j= k=0
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Next, applying the Cauchy-Schwarz inequality, we further obtain

6

E Z AjJ(/HK@t—j
j=0

[\

(d+Kp [e’s) '
< [(d+K)p 2 Z Z (d+K)p A Jd+KJd+K (A) €g,(d+K) } Ele;- J||2
g=1 =

(d+K)p
+20[(d + K) p)?
g

MS

=1

I
)

2
-3
. . g ,
o arrpA T Jari (A) eg | B €tj2>
J
3

12
Mg

(S
Il
o

. . / T
€y (ar A JariJari (A7) Cg.(d+K)p| B m%)

(d

_|_
N

Mg

. N 12
+15[(d + K) p]? ,g,(d+K)pA]J(I1+KJd+K (A7) €g,(d+K)p| E |let—jl;

(d+K)p
+90[(d + K) p? (

Q
Il
_

<.
Il
o

00
XZ |:6 (d+K)p AF Jd+KJd+K (Ak> €g,(d+K) :|E||5t k||2}
k=0

(d+K P oo
LGRS Z[ asion (9) eqainn] Bl
9=
2 (d+K)p oo . - _% 3 2
+20 [(d+K Z Z _6277((14_[()1)14] (A]) eg,(d—l-K)p_ E||5t*j||2
g=1 7=0
(d+K)p [ oo ) s
2 (A7) 2
+90[(d+ K)pl> Y (D el arpd’ (A7) eg.a+x0p| B llerll2
g=1 7=0
(d+K)p oo -9
+15[(d + K)p Z _6;,(d+K)pAJ (47) €g,(d+K)p| Elet—jll
g=1 7=0

XZ[ (@ iypA” (A )l 0, (d+K) ]EH@ k”g}
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In addition, observe that, for every g € {1,2, ..., (d + K)p}

e} oA’ (A7) egariry

Amax {Aj (Aj)'}

= Ao {(Aj)’Aj}

T (A7)

C max { ‘)\max (Aj) ‘2 , !Amin (Aj) !2} (by Assumption 2-7)
= Cmax { Amax (A, PAin (A}

C b

IN

IN

where ¢, = max {|Amax (4)|, | min (4)|} and where 0 < ¢, < 1 given that Assumption 2-1
implies that all eigenvalues of A have modulus less than 1. Now, in light of Assumption 2-2(b), we

can let C' > 1 be a constant such that E ||6t,j||g < C < o0, so that, by Liapunov’s inequality,

IN

3 1 3 1
(Bller-515)" < €3, Bllecyl} < (Ellesll})* < €3,

(B ller—513)

2
Ellerjll3

win

2
E|les—13 < 05,

IN

44



and, thus,

6
ZA T KkEt—j
Jj=0 2
(d+K)p oo
< L+ B 3 Y [fharont (4 eqiaeno 0] Bl
g=1 j=0

(]

(d+K)p 0o ) -3 2
+20[(d + K) p] D A (A7) egarrp|” Elesls
g=1 0 ’
3

j=
oo , _

o )
Z /g,(d—l—K)pA] (A]) eg,(d+K)p| E el
J=0 '

(d+K)p [ oo 12
o,
+15[(d + K) p)* { g '97(d+K)ij (A7) eq (dsr)p E||€t—ng
i=0 )

<.

xZ[e (d+K)p Ak Ak>/€g(d+K ]EHEt k||2}
k=0
d+K)p oo (d+K)p d+K)p [ oo 3
Cld+K)p { Z Z¢max+20 Z ( max) +90 Z (Z )
9= 7=0
(d+K)p oo
+15 ) ( max>
g=1
< Cld+K)p)
1 1 2 1 3 1 1
X{1_¢§nax+20<1_ ?nax) +90<1_¢1%1ax> +15<1_ ﬁlax) <1_¢12nax>}

< 62<OO

IN

for some constant such that

p3
1 1 2 1 3 1 1
XS ——F— 420 ——— ) +90( —5— ) +15 .
{1_ glax <1_ ilax) <1_¢3nax> (1_ fnax) <1_¢r2nax>}
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Putting everything together, we see that

6

1 6 o
EIWNS < 32| (Tassop = A) 7 Taaxcn||, + 328 | A Tpgeer
=0 5
< 32 (614—62)

< C< o

for a constant C such that 0 < 32 (61 + 62) <C < 0.
In addition, defineP 4 k), to be the (d+K)p x (d+K) p permutation matrix such that

Plar k)W, = LI (20)

dpx1
SaParxypWs = <Idp dp>(<)Kp> e | =L

dpx1
SkParrpWs = <Kp(>)<dp IKp) b =L,

so that

IXilly < |[Sally 1Pasrywlly 1920

= e (5385) P (Pl P o) I

= \/)\max (S&Sd) \/)\max (I(d+K)p) ||th2

= \/)\max (Idp)\/Amax (I(d+K)p) Hmt||2
= I,
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and

IE Ny < [[Sklly 1Pasrymlly 17240

= v\ Amax (SKS}() \/Amax (Péd+K)pP(d+K)p) ||mt||2

= \/Amax (S}(SK) \/Amax (I(dJrK)p) HMtH2

= \/Amax (IKp) \/)‘max (I(d+K)p) ||wt”2
= Hwt”2

It further follows that

E|Y,|S<E|W,|5<T < ooand E|ES < E[W,]|S <C < oo. O

Lemma B-6: Suppose that Assumptions 2-1, 2-2(a)-(b), 2-3(a)-(c), 2-5, 2-7, and 2-10(b) hold.

Then, the following statements are true as Ni,T — oo

(a)
q (r—1)7+71+p—1
1 1 , p
max max |— Z — Z %;Et&z t+1| — 0.
1<¢<di€Hec | q T1 ’
r=1 t=(r—1)7+p
(b) ,
q (r—1)7+71+p—1
1 1 / P
max max — Z — Z ’)’iEtfff,tH —0
1<¢<dicHe q T1
r=1 t=(r—1)7+p
(c)
q (r—1)74+711+p—1
1 1 p
max max |— Z — Z Yopr1uit| — 0.
1<t<di€He | q ‘gl
r=1 t=(r—1)7+p
(@) )
1 q 1 (r—1)7+71+p—-1
P
max max — — Z Ye,t+1Uqt =0
1<t<di€Hc q T1 '
r=1 t=(r—1)7+p
(e)
1 q 1 (r—1)7+71+p—1 1 (r—1)7+71+p—1
/ P
max max —Z — Z Fliepia1 — Z 0, t+1Wit — 0
1<(<dicHe | q T1 Titithtt T1 Yrarith
r=1 t=(r—1)7+p t=(r—1)7+p
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Proof of Lemma B-6.
To show part (a), first write

1 q 1 (r—1)1+711+p—1
P { max max|— — 'F.e > €
; Z ' Z Vidt€lt+1| Z

1<¢<dieH¢
t=(r—1)7+p
(r=1)7+7m1+p—1 6
1 1 / 6
T £ SRR ST e
1<¢<dieHc \ q T1 ’
t=(r—1)7+p
q 1 (r—)7+711+p—1 6
< max maX — Z ‘F.e >0
- 1<(<di€He q T1 Vitesbil [ =
r=1 t=(r—1)7+p
(by Jensen’s inequality)
(T—l)T+Tl+p—1 6
/ 6
< riyyl Z >, iBeuwn| ze
(= 1Z€HC r=1 t:(r—1)7—|—p
(r—)1+7114p—1 6
<

11 LG 1 ,
i Zgz ZH E p > VilliEe i
— p—rl

t=(r—1)7+p
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Next, note that

IA

IN

q d (r=1)7+7m1+p—1 6
Z Z E ( Z %Et&‘e,tﬂ)

t=(r—1)7+p
q d (r—1)7+711+p—1
1 / 6
LYYY Y Ehie]
Lr=1¢=1icHe t=(r—1)7+p
(r=1)7+714+p—1 (r—1)74+71+p—1

+2_0§ 2‘1: > > > BBl BYiEeesn])”

r=1/4=14icH® t=(r—1)7+p s=(r—1)t+p

s#t
15 q d (r—=1)r+7114+p—1 (r—1)74+714+p—1
4 2
N3 > Bkl B bk
IV =l ieHe t=(—rtp  s=(r—1)r+p
s#£t

(r—=1)7+714+p—1 (r—1)74+71+p—1 (r—1)7+714+p—1

q d
+1T5e13 Z: Z Z Z {E [ViE€e141] ’E [’Yéﬂsffe,sﬂ]z

r=1/¢=14i€H¢ t=(r—1)7+p s=(r—1)7+p r=(r—1)7+p
s#t r#t, r#s

XE [ViE.cer] }

(r—)7+711+p—1

=55 30 D S (U LIEAN

r=1/4=1i€H¢ t=(r—1)t+p

20 d (r—D)7+114+p—1 (r—1)7+71+p—1 1 5 3
+F Z Z Z Z 6_4E VGEE D + i) B [VELE; +ef o]
Lr=1¢=1ieHe t=(r—1)m+p  s=(r—1)7+p
s#£t
15 qg d (r—=1)7+714+p—1 (r—1)74+71+p-1 )
+F ZZ Z E ['YQEtE;:%] E [521,#1] E [ i Fs')’z] E [€%,s+l]
1 r=1¢=1icHe t=(r—1)7+p s=(r—1)t+p
s#t

(r—)7+714+p—1 (r—1)7+71+p—1

15 W&
+_? ZZ Z Z E [VQEtEQVz] E [E%,t—&—l] E[ F FSVZ] E [8?,8—1—1]

r=1 f=1 icH® t=(r—1)74+p  s=(r—1)7+p
sF#t

(r—1)7+71+p—1

X > E [ViE,Ey) E [€]41]
r=(r—1)7+p
r#t, r#£s
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IN

IN

1 q d (r—1)7+7114+p—1
6 6
—> 3 > Il E IS B [ eh]
1 r=1 ¢=1i€H¢ t:(r—1)7+p
(r—D)71+711+p—1 (r—1)7+714p—1

SEUELD 3 SRS SIS SIS (] (07:30 R

r=1{¢=14i€H¢ t=(r—1)7+p s=(r—1)7+p
s#£t

x (B [(HE)°] + B [eh]) }
(r—1)7+7114p—1 (r—1)7471+p—1

dyyy oy > B[] Bl )

r=1/4=14icH¢ t=(r—1)7+p s=(r—=1)7+p
sF#t

2
x|l B [IEN3] B[] }
(r=1)7+7m1+p—1

q d
=20 > B[R] B Bl

r=1 {=11i€H® t=(r—1)7+p

(r=1)7+71+p—1 (r—1)7+7114+p—1
2 2
<Y IMBEEB] Bl Y B E IER) £ (]
s=(r—1)7+p r=(r—1)7+p
s#t r#t, r#s
Ny _N N N
C (—51 +5— + 15— + 15—31)
7'1 Tl 7'1 7'1

(applying Assumptions 2-2(b), Assumption 2-5, and Lemma B-5)

Ny
‘ (?z») |

It follows that

(r—=1)7+7114+p—1

11 N,
P ¢ max max |— — 'Foey > ¢ :O< >:01.
1<(<dicH°® q;ﬁ t:(;w Vil tEL,t+1 — (1)
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To show part (b), note that, for any € > 0

1 q 1 (r—1)7+711+p—1
P { max max — — Z 'Foe
1<¢<di€H® q 1 Vidlt€et41

r=1 t=(r—1)7+p

1 g DAl
! 3
= max max |— - e S ¢
1<¢<dicHe | q Z T Z Vil t€et+1 >
r=1 t=(r=1)7+p
a | DT 6
< max max - 'Foe
- 1<(<dicHe® q 1 Z Yidt€et+1
r=1 t=(r=1)7+p
y Jensen’t inequality)
| DTl 6
< P - 'F.e > 63
S 255D SR o E S SRR I
= leH‘“ r=1 t=(r—1)7+p

(r—1)1+7114p—1 6

/
E VilliEe i1
r=1(¢=114icH¢° t=(r—1)7+p

IN
mco|’_*
|
M=
Mg

&

| —

The rest of the proof for part (b) then follows in a manner similar to the argument given for part
(a) above.
To show part (c), first note that, for any € > 0,

(r—1)7+71+p—1

1
P maxmax—Z— Z Uip| > €
Zisiete | g - Ye+1Uit| =

t=(r—1)7+p
1 q 1 (r—)1+711+p—1 6
= P{ max max | - Z — Z Yorsiti | > €8
1<¢<dieHec \ q T1 ’
r=1 t=(r—1)7+p
1 q 1 (r—=1)t+714+p—1 6
< P < max max-— — Z Yo t+1Uit > 8
1<¢<dicH¢ q T1 ’
r=1 t=(r—1)7+p

(by convexity or Jensen’s inequality)

(r—)1+711+p—1 6
6
Z Yea1is | =€

IA
e
——
-
(]
| =
M=
| —

ere 1=\ t=(r—1)7+p
11 q d 1 (r—1)1+71+p—1 6
< b q EZ Z b " Z Yo t+1Uit (21)

T
r=1 ¢=14€H¢ t=(r—1)7+p
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Now, there exists a constant C; > 1 such that

6

1 q d 1 (r—1)7+71+p—1
q Z Z Z E . Z Yet+1Uit
1.3 =1 iene L - 1)rtp

q (r—)1+71+p—1
Ch

S % > > | [wirtistigUinWivti) |
a7 r=1i€He | t,s,9,h,v,w=(r—1)7+p
t<s<g<h<v<w

d
x> |E [yf,t+1yé,s+1y€,g+ly€,h+ly€,v+lyf,erl]‘}
=1

Next, note that, by repeated application of Holder’s inequality, we have by Lemma B-5 that there

exists a positive constant C' such that

d
Y B o1y e190,g190 k419041 Y001

)
X

N
N

(E [yl%,t—l—lyl%s—f—lyl%g—&-l]) (E [ylg,h—&—lylg,v—f—lytg,w—&—l])

™=~

~
Il

1

ol
W=

<E [W’SHW@H'?’D%)% ({E [Yena]} <E [lye,v+1ye,w+1l3D%>%

>%
J

s;xEmmnﬂEmwnﬂEmwnﬂEmmnﬂEmmnﬂEmwm

™=~

((E bkeal}

)
X

wl=

M=~

(1B o) ¥ LB [160a]}* {2 [u80))

~
Il
—

ol
N

< ({8 a2 (0] }¥ LB ]}

o=

IN

d E [y
max sup [ve.]

C < o0

IN

<since, given that yp; =€) 4,Y,; E [ygt] < E|Y,||5 < C by Lemma B-5

where C is a constant not depending on ¢ or ¢ )
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Hence, we can write

IN

IN

1 q d 1 (r—1)7+71+p—1 6
_E :E : E E — Z Yei+1Uit
q r=1{¢=14i€H¢ t=(r—1)t+p
(r—1)7+71+p—1
010
E , > | E [witistigtinUivthiw) |
r=14€H¢ t,s,9,h,v,w=(r—1)7+p
t<s<g<h<v<w
(r—1)7+7m1+p—1
01(1 \
Z | E [uiruisuiy] |
r=14cH® ts,g=(r—1)T+p
t<s<g
q (r—=1)t+7m14+p—1

C.C
_17? > Z Z | B [wiptistigUin Win i) |

w—v>max{v—h,h—g},w—v>0
(r—=1)7+7m14+p—1

C1C
1_? Z Z Z | B [witUisWigUin WivUins ] |

v—h>max{w—v,h—g},v—h>0
q (r—1)7+71+p—1

c,.C
_1751; Z Z Z | B [t UisUigUin WinUins |

h—g>max{w—v,v—h},h—g>0
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(r—1)7+7114+p—1

ClC Z 3 3 |E [wiruisuiy) |

r=14i€cH® t.s,g=(r—1)7+p
t<s<g

(r—1)1+7114p—1

CIC Z Z Z ‘E [uituisuiguihuivuiw”

r=1icH t,s,g9,h,v,w=(r—1)7+p

IN

w—v>max{v—h,h—g},w—v>0
C’lC (r—=1)7+714+p—1
Z Z Z |E [{uituistiguin — B (Wittistigtin) } Uivliv]|

r=14i€H¢ t,s,9,h,v,w=(r—1)7+p

v—h>max{w—v,h—g},v—h>0
(r—=1)7+714+p—1
C C
. ZZ > | B (winttistiguin)| | B (i)

r=14icH® t,s,9,h,v,w=(r—1)7+p

v—h>max{w—v,h—g},v—h>0
(r—1)7+7114+p—1
010
Z Z Z |E [{uittistig — E (UitUisUig) } WinWipUiw]|

r=14{cH¢ t,s,9,h,v,w=(r—1)r+p

h—g>max{w—v,v—h},h—g>0
(r—L)7+71+p—1
C C
= ZZ > B (uittiistig)| | B (uinusuttzn)|

r=14i€He¢ t,s,9,h,v,w=(r—1)7+p

h—g>max{w—v,v—h}h—g>0
= T+ L+ B+T+T+7T, (say).
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Consider first 7;. Note that

(r—1)7+7114+p—1

3D SHD SR |

r=14cH® t.s,g=(r—1)7+p
t<s<g

(r—1)7+711+p—1

010 Z Z Z Huztuzsuzgu

r=14i€H® t,s,g=(r—1)7+p
t<s<g

(r—1)7+711+p—1

ClC Z Z Z (E [’Uituis|3})% (E [!uz*g|6D (by Holder’s inequality)

2t [ ()] ) (2 )

t<s<g
(by further application of Hoélder’s inequality)
(r—1)7+7114+p—1

S LT S (E{et)) ()

r=14€H¢ t,s,g=(r—1)7+p
t<s<g

(r—1)7+7114+p—1

ayy y @

r=14i€H¢ t.s,g=(r—1)7+p
t<s<g

IN

win

IN

wln

IN

(r—1)7+71+p— 1<

Clczz >

r=14icH® t.s,g=(r—1)7+p
t<s<g

o=

(= ]’

(SIS

IN

(by Assumption 2-3(b))

IN

0102

_ 0(%)1. -

Next, consider 7. For this term, note first that by Assumption 2-3(c), {u}e ., is f-mixing

with 8 mixing coefficient satisfying

B; (m) < ayexp {—asm}

for every i. Since a;m < B;(m), it follows that {u;};>  is a-mixing as well, with o mixing
coefficient satisfying

@im < ajexp{—agam} for every i.
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Hence, we apply Lemma B-3 with p = 5/4 and r = 6 to obtain

7>
016 q (r—1)7+71+p—1
= e Z Z Z | B [ Wi s WigUip Ui Uiny )|
1 r=14eHe t,s,9,h,v,w=(r—1)7+p

w—v>max{v—h,h—g},w—v>0
(r—1)7+7m1+p—1

ClCZ > > {2(2% +1) a1 exp {—a (w— 0)})' 77

r=1i€H¢ t,s,9,h,v,w=(r—1)7+p

o=

IN

w—v>max{v—h,h—g},w—v>0
4
5

5 [§ %
X (E |Uituisuiguihuiv|4) (E Ui | >
Next, by Liapunov’s inequality and Assumption 2-3(b), we obtain
1 % _1
(Bluil®)® < (Bluiwl")" <T7
Making use of this bound and by repeated application of Hélder’s inequality, we have

5
E i wstigip | 4

3 2
< E |uztuzsuzg| 12:| [E ’uzhuzv|%5} ’
< (E ’uituis’T?) E|uzg’ :| |: E|uzh|4> (E|uw’T> :|
7 z]° 3\ 3 251313
< (%Eruw VE I #)" (Bl )" [(Eruzhrf) (B0l ¥)*]
/ 300 % 300 % l %
— (E]uit|47> (E|uzs|47> (E]um]) <E|uw|4> (E|uw,|4)
300 % 300 % 4 % % 25 % % 25 % %
= [(E’UMF) <E|uis|ﬁ> } [(E’Uih|6>] [(E|uw|7> } [<E|um|7) ]
1 1 2 1 3 1 3 1 5
< [(E !uz‘tl7>7 (E|Uis|7)7:|4 [(Eluz'h|7>7]4 {(EW?)T |:(E|in|7>7:|4
< 6%6%6%6%6% by Assumption 2-3(b
(€)= (C) (by (b))
5

Moreover, let py =h —g, po =v—h, and p3 =w —v, so that h = g+ p;, v = h+ py =g+ p1+ po,

5
w = v+ p3 = g+ p;+ py + p3. Using these notations and the boundedness of E |w;;w;stigintiv|?
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as shown above, we can further write

IN

IN

IN

VAN

IN

IN

— q (r=1)7+7m1+p—1

CL? Z Z Z {2 (21_% + 1) [a1 exp {—ag (w — v)}]l_%_%
1 ey

w—v>max{v—h,h—g},w—v>0

N 1
X (E |uituisuiguihuiv|4) ’ (E !uz‘w!6) ‘

H/_/

q (r—)7+711+p—1

—_ 25__1
Clgz Z Z 2<2% —1—1) [a1exp {—ay (w —v)}]3 C=C7
qary r=14cHe¢ t,s,9,h,v,w=(r—1)7+p

w—v>max{v—h,h—g},w—v>0

— (r—1)7+71+p—1

C1C% < L
! 5 g Z 2 (2% + 1> [a1 exp {—az (w —v)}] %

r=14i€H¢ t,s,9,h,v,w=(r—1)T+p

w—v>max{v—h,h—g},w—v>0
(r—=1)7+71+p—1

GYY Y el

r=1¢cH® t,s,9,h,v,w=(r—1)7+p

w—v>max{v—h,h—g},w—v>0
_57 L
<for some constant C* such that 2 (2% + 1) CiC%a® <C* < oo)

(r=)7+7m14+p—1 (r—1)74+71+p—1 (r—1)74+714p—-1 oo p3 p3

SYY Yy s SR Y el

=lieHc t=(r—1)7+p s=(r—1)t+p g=(r—1)t+p p3=1p1=0p=0
C* (r—=1)7+714+p—1 (r—1)7+714+p—1 (r—1)74+714p—1 oo

=555 S SIS SRS SED SRS G

a7y = 1i€H® t=(r—1)74p s=(r—1)7+p g=(r—1)7+p p3=1
o > 5 - a2
5[5 honl )25 (- el i)
3=1 3=1 3T

@) (%) (by Lemma B-1).
71

57

(24)



Now, consider 73. Here, we can apply Lemma B-3 with p = 3/2 and r = 7/2 to obtain

(r—1)7+71+p—1

ClC
T3 = Z > > | E [{uirvisuiguin — B (wittistiguin) } wivtiw]|
r=1¢cHe¢ t,s,9,h,v,w=(r—1)7+p
1<s<g<h<v<w

v—h>max{w—v,h—g},v—h>0
(r—)1+711+p—1

010 z > > {223 +1) o exp {—az (v— W)}~

r=14€H¢ t,s,9,h,v,w=(r—1)T+p

wln

2
7

IN

v—h>max{w—v,h—g},v—h>0

3
X <E Huirwiswiguin, — E (uitisuigun) } 2)

win

7\ 7
<E|uivuiw‘§> }

Next, note that applications of Holder’s inequality yield

7
E|uivuiw|2 < <E|uw| ) (E| 'L'w| )

1 1
< (C)2(C)? (by Assumption 2-3(b))
= C<oo
and
3 1 3 3
E [uiuisuiguin — B (upuwisuiguin) 2 < 22 <E [ Uit UisWigin|? + B |uitistigWin| 2>

2
(by Loeve’s ¢, inequality)
2

< E |uztuisuiguih| 2
3 3 2
< 22 <E |uztuzs|3> ’ <E ‘uzguzh‘g)
1 3

o o\ 2 3
2 2
<<E|uig’ ) <E|uz’h| ) >

193

E| zg|> <E|uzh|6> :|

: 3k
E|uig|7> <E|Uih|7> }

IN
[\)
Nl
VRS
VS
&
£
\_/
Nl
/N
&
£
g
v
=

IA
[\
Nl

=

IA
[\
Nl

~~
&
£
o
~—
I
~—~
&
g
£
N
ol
/N

(Blual”) (2 el

(by Liapunov’s inequality)

3

47 32
7
<sup B \Uz’t!7>
it

_6
= 2507 (by Assumption 2-3(b))

IA
\V)
nlw

o8



Again, let py = h —g, py = v —h, and p3 = w — v, so that h = g+ py, v = h+ py = g+ p1+
P2, W=7V + p3 = g+ p;+ py + p3. Using these notations and the boundedness of E |uwuiw|% and

3 .
E {uituisuiguin, — E (uipuisuiguin)}|? as shown above, we can further write

(r—1)7+7114+p—1

010
Ty = Z Z Z |E [{uituisuiguih - B (Uituisuiguih)} uivuiw”
r=14icHe¢ t,s,9,h,v,w=(r—1)7+p
tSSSQShSUSW

v—h>max{w—v,h—g},v—h>0
(r—1)7+7114+p—1

o
o

C,C _
) X e mew a0 -n)
r=14€H¢ t,s,9,h,v,w=(r—1)T+p
t<s<g<h<v<w
v—h>max{w—v,h—g},v—h>0
3\ % 7\ %
X <E Huiuisuiguip — E (uituisuz‘guih)}’2> ’ <E Ui Ui | 2) 7}
(r—1)7+711+p—1 2
C,.C L —=5\3 =\ 2
< = Z Z Z 2(2% —i—l) [a1 exp {—az (v—h)}]211 (2%C7>3 ()7
r=14{cH¢ t,s,9,h,v,w=(r—1)7+p
t<s<g<h<v<w
v—h>max{w—v,h—g},v—h>0
(r—1)7+711+p—1 a
2
<Oy y > ew{-Fe
r=14icHec t,s,9,h,v,w=(r—1)7+p
t<s<g<h<v<w
v—h>max{w—v,h—g},v—h>0
_13 1
(for some constant C* such that 4 <2% + 1) CiC7ai' <C* < oo)
(r=1)7+7114+p—1 (r—1)74+714+p—1 (r—1)7+714+p—1 00 03 09
< oyy % > Y XYY ew{ el
r=1icHe t=(r—1)7+p s=(r—1)7+p g=(r—1)74+p ©2=10,=003=0
N 2 a
< o2 1 {—— }
< O3 Z(@ﬁ ) exp | —57 0
0,=1
N | a =
1 a2
= O3 I 2 QQeXp{ 2192} 2 Z QQeXp{ 21° }+ > eXp{ 2192}
02=1 0o=1 0o=1
N
= 0 <—;> (by Lemma B-1). (25)
T1

Turning our attention to the term 74, note that, from the upper bounds given in the proofs of
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parts (a) and (c) of Lemma B-4, it is clear that there exists a positive constant C' such that

(r—)7+711+p—1

1 C
— > |E (uiuisuigup)| < —
T1 71

t,S,g7h:(7"—1)7'+p
t<s<g<h

and
(r—1)7+71+p—1

1 C

T1
vw=(r—1)7+p
v<w

from which it follows that

(r—1)7+7m1+p—-1

010
T, = Z Z Z |E (uituisuiguih)| |E (i Wi )|
r=14{cH¢ t,s,g,h,v,w=(r—1)T+p

v—h>max{w—v,h—g},v—h>0

(r—=1)7+714+p—1 (r—=1)7+714+p—1

C.C 1
< = ZZ Z |E (wiristiguip)| = Z |E (tinUiw)|
r=1icH¢ 1t,s,g,h (r—D)1+p 1 v,w=(r—1)7+p
t<s<g<h v<w
C'1C'
< 25y (5) (%)
r=14icH¢
— oIV
= 01002—3}
-

1
- O(ﬁ)’

Consider now 75. In this case, we apply Lemma B-3 with p = 2 and r = 9/4 to obtain

(r—1)7+7m1+p—-1

010
7'5 — Z Z Z |E [{uituisuig —F (uituisuig)} uihuivuiw”
r=14icHec t,s,9,h,v,w=(r—1)7+p

h—g>max{w—v,v—h},h—g>0
(r—1)7+71+p—1

CIC Z Z Z {2 <21*% + 1) [a1 exp {—a2 (h — g)}]k%*

r=14cH¢ t,s,9,h,v,w=(r—1)7+p

IA
Ol

h—g>max{w—v,v—h},h—g>0

1
X <E ’{uituisuig - F (uztuzsuzg)}‘ ) (E ’uzhuwuzw‘ >
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Next, by repeated application of Holder’s inequality, we obtain

9
E | uip Wiy Wi | 2

IA

Euin|”

IN

Euin|”
= | Eup|”

= |Eug|

IN

E |u|”

AN
N
)]

e
ol
=
&

N
3

and

E {uiuisuig —

Define again py =h —g, ps =v —

E (uiuisuig) }I* <

o

2 <E |uitui3uig|2 + F |uituisuig|2>
(by Loéve’s ¢, inequality)

< 4E ’Uituisuig’2
< 4<E\uit] > <E]uzsuzg\ )
1 3
3
< a(Elal?) (Veurye |uig|6)
1 172
6 6
— [ E Jua|® ] { (2 us) <E|uz-g]6) ]
1172
7
< 4 [(E\uzt] )’ ] [(E | > (") ]
(by Liapunov’s inequality)
% 6
< o |(sprrar
it
_s
< 4C7 (by Assumption 2-3(b))
h, and p3 = w — v, so that h = g+ p1, v = h+ py = g + p1+ pa,
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W =v+ p3 =g+ p;+ py + p3. Using these notations and the boundedness of E |uihuwuiw|% and

E {uiuisuig — F (uituisuig)}|2 as shown above, we can further write

IN

IN

IN

IN

IN

T
(r—=1)7+71+p—1

Ges N e esfao-a))

t,s,9,h,v,w=(r—1)7+p

Ol

h—g>max{w—v,v—h}h—g>0

X (E |{uituisuig —F (Uituisuig)}|2>

— q (r—=1)7+7m14+p—1

XYY 2l menl-al- o) (i)

am r=14icH¢ t,s,9,h,v,w=(r—1)7+p

NIES
O

9
<E |uihuivuiw| 4 )

(e

|

=

8IS
N————
Ol

h—g>max{w—v,v—h},h—g>0
(r—=1)7+7114+p—1

GYY N en{-ita)

t,s,9,h,v,w=(r—1)7+p

*

h—g>max{w—v,v—h},h—g>0
13 1
(for some constant C* such that 4 (2% + 1) CiC7af® <C* < oo)

(r—=1)7+7m14+p—1 (r—1)74+714+p—1 (r—1)7+714p—-1 o 01 ©1

XY Yy S en{-fa)

licHe t=(r—1)7+p s=(r—1)7+p g=(r—1)714+p ©01=10,=003=0

N &
* 2
C— > (a+1) exp{—l—ggl}

1

01=1
gz:@lexl){ Ql}+2§: QleXP{ ?;Ql}“‘gz_:lexp{ 18@1}
1_ 1_ 1—
0 <]j—?l> (by Lemma B-1) (27)

Finally, consider 7g. Note that, from the upper bounds given in the proofs of part (b) of Lemma

B-4, it is clear that there exists a positive constant C' such that

(r—1) +p—1

T+7T1
Z |E (uittisuig)| <

t,S,g:(T—l)T+p
t1<s<g

Sl Q

1
3
T1
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and
1 (r—1)7+71+p—1
7__;{) Z ’E (uihuivuiw)’ <

hyo,w=(r—1)T+p
h<v<w

2L a

from which it follows that

(r—1)7+7m1+p—1

C'1C'
T = Z > > |E (witwistiig)| | E (winUivtiw)|
r=1¢cH¢ t,s,g,h,v,w=(r—1)7+p
tSSSQSthSW

h—g>max{w—v,v—h},h—g>0

oie 1 (r—=1)7+711+p—1 1 (r—1)7+71+p—1
1
< ZZ 3 Z | E (uiruisuig)| g Z | E (winivUiw)|
r=14i€H¢c 1 t,s,g=(r—1)7+p 1h,v,w:(r—1)7+p
t<s<g h<v<w
010 C
< 2Oy (5)(5)
r=14icH¢ 1
N
= qaﬁi
4

1
(M
- O(ﬁ)’

It follows from expressions (21)-(28) that, for any € > 0,

(r—1)7'+7'1+p—1

P maxmax—g — E Ui > €
1<¢<dicHe Yet+1tit) =
r= t=(r—1)7+p

(r—1)7+71+p—1 6

Z Yo t+1it

t=(r—1)7+p

(M+T+T3+Ti+T5+Ts)

3 SCAURCRCEE

N N
= o(1) <by Assumption 2-10(b) which stipulates that —31 ~ T3_Clv1 — 0)
71

(VAN
m@l’_‘
| =
MQ
M~
]

t

| —

IN

which proves the required result.
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Turning our attention to part (d), note that, for any e > 0,

1<(<dicH¢ q T1

1 q 1 (r—)7+71+p—1
P { max max — — Z Yo, 141Ut
r=1 t=(r—1)7+p

1 (T*1)7+71+p 1
= P ma -
1<4<Xd {Iel%[)c( Z 7_1 Z Yo t+1Uit
7= t=(r—1)7+p
1 | DT d Tl
< P max max— - u
S 1<(<dicHe q 7.1 Z Yo t4+-1Uit
r=1 t=(r—1)7+p
(by Jensen’s inequality)
d 1Y | DTl 6
= P Z Z - Z p Z Yot | > €
=y s N R .
11 q d 1 (r—1)7+71+p—1 6
= eq EZ E E - Z Yo t+1Uit

T
r=1{¢=14icH¢ t=(r—1)7+p

The rest of the proof for part (d) then follows in a manner similar to the argument given for part
(c) above.
For part (e), note that, by the Cauchy-Schwarz inequality,

(r—1)7+7114+p—1 (r—1)1+7114p—1

1

1 1 ,
max max |— Z — Z Foeonr | | — Z i
1<i<dieHe | g 7'1 VLt t+ 7’1 Y41
r=1 t=(r—1)7+p t=(r—1)7+p
1 1 (r=1)74+711+p—1 1 q (T‘*l)T+T1+p71 2
< max max —Z — Z "Fl.epia1 _Z it Z i
T 1<¢<dieHc\| ¢ T1 Vidle€et+ p Ye 41U
r=1 t=(r—1)7+p r=1 t=(r—1)7+p
2
1Y = Drdme—l
< max max — - Z o

1<¢<di€H¢
t=dieHe q — t=(r—1)r+p

1 q (r—)7+711+p—1

X | max max — — g 1Uit
1<t<dicHe T1 Y1t
r=1 t=(r—1)7+p

= Op (1)7

where the convergence in probability to zero in the last line above follows from applying the results

in parts (b) and (c) of this lemma. [
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Lemma B-7: Suppose that Assumptions 2-1 and 2-7 hold. Then, the following statements are

true.

(a) There exists a positive constant C't such that

HAYY||2 < C’Tgbmax

where ¢, ... = max {|Amax (4A)|, [Amin (4)]} with 0 < ¢, < 1.

(b) There exists a positive constant CT such that

Ay Flly < CTpax

where ¢, ., is as defined in part (a).

Proof of Lemma B-7:
To proceed, recall first that the FAVAR model, i.e.,

Vi = py+AvwY,  +AvpE,  +e)
F, = pp+ApyY, |+ AppE,  +¢f,

can be written in the companion form

Wy=a+ AW, | + E;

where W, = (W} Wi, - Wi, Wi, )/ with Wi = (¥} F )' and where
1% Ay Ay e Apfl Ap &t
0 Lok 0 -+ 0 0 0
a=| 1 |, A= 0 Ijx 0 |,and B =
0 0
0 - 0 Iygx O

! /
with,uz(lug/ u%),st:(gf’ 5f’>,and

A A
Ay = YYL YR o0 = 1,...,p.
Arve Arrye
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Let P(a4i)p be the (d+K) p x (d+K) p permutation matrix defined by expression (20) in the proof
of Lemma B-5; and it is easy to see that A = Pay K)pAP(’ A+ K)p has the partitioned form

. )
Ax Ay

A =Pk )pAP(,d+K o = d(p;;:dp d(p_z};: o
Kxdp KxKp
Ay Ay

K(p—1)xdp K(p—1)xKp

where A1; = Ayy and Ajp = Ay, i.e., the first d rows of the matrix A as given by the submatrix

[ Ayy Ayr
Now, to show part (a), let T € R% such that ||7], = 1 and such that

— — — ! T =
||Ayy”2 = ’U/AgfyAyyv = ‘niaxl U/AgzyAyy’U = U/AHAMU
vl|[g=

/
and let S; = ( Iy i QKP ) . It follows that

HAYY ||2 = T Al AyyT
YY

T

— ! T =
’U,AllA]_]_U

< \/U’ZIHZHE + @/2,21221@ + E’Zglzgﬂﬂ + @/22112415

T

TS, A AS T

U SyPar 0w A P a1y Pla+ ko APy 1) Sa¥

<. <

V' ST Parr)pA’ APE I K)deU (since Pa+K)p 1s an orthogonal martrix)

< [ max vAAv (noting that || Pla, s, SaT| | = /TSPl k0 Play )57 = 1)

[vll,=1

< CT¢pae (by Assumption 2-7)

where ¢, = max {|Amax (A)], [Amin (4)|}. Note further that 0 < ¢, < 1 since, by Assumption

2-1, all eigenvalues of A have modulus less than 1.
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To show part (b), let ¥ € RE? such that [|[|, = 1 and such that

1 Al ~ Y ~! T~
||AYFH2 =v AYFAYF'U = mnax v AYFAYFU =V A12A12'U

llvll=1

0
Sk = .
(d+K)pxKp IKp

and let

It follows that

|Ayrll, = /0" A} pAyFD
YF

i

~—! & ~

= \/T’/Z/uzlﬁ + U Ay Aoy + T Agy Ao + 0 Ay Ago®

7

v S AASKD

ﬁ/S}(P(d+K )pA/PEd+K)pP(d+K )pAP(,d-‘rK)pSK v

. =

515}(7)(d+ KA’ AP(’ d K)pS KU (since Pla+K)p is an orthogonal matrix)

< max v'A’Av (noting that HPEC”K)I’SKEHQ = \/55'5’}(77(d+K)p77(/d+K)pSK'ﬁ = 1)

f[vll;=1

= [IAll
= Omax (4)
< CT¢a (by Assumption 2-7)

where ¢, = max {|Amax (4)],|Amin (A)|}. As noted in the proof for part (a), 0 < ¢, < 1 since,

by Assumption 2-1, all eigenvalues of A have modulus less than 1. [

Lemma B-8: Consider the linear process

&= Vjerj
j=0

Suppose the process satisfies the following assumptions

(i) Let {et} is an independent sequence of random vectors with E [e;] = 0 for all . For some

0 > 0, suppose that there exists a positive constant K such that

E ||5t||§+5 < K < oo for all t.
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(ii) Suppose that e; has p.d.f. g, such that, for some positive constant M < oo,
Sltlp/ lge, (Vv —u) — ge, (V)| de < M |ul

whenever |u| <& for some constant & > 0.
(iii) Suppose that
o0
DTl < oo
j=0
and

o0
det ¢ Wyzd b £0 for all z with |2| <1

j=0
Under these conditions, suppose further that

)

oo oo 1+6
S I, < o%;
J=0 \k=j
then, for some positive constant K,
5
fo%s) fo%e) 149
Be(m) <K > Y [Tkl
Jj=m \ k=j

where

Be (m) = sng [sup {|P (B|F{_) —P(B)|: B e F&im}] -

With Ft,—OO =0 (""7§t—27§t—1’§t) and F§3+m =0 (€t+m’§t+m+17§t+m+27 ....).

Remark: This is Theorem 2.1 of Pham and Tran (1985) restated here in our notation. For a
proof, see Pham and Tran (1985).

Lemma B-9: Let A be an n x n square matrix with (ordered) singular values given by
o) (A) = 0@) (A) > >0 (A) >0.

Suppose that A is diagonalizable, i.e.,
A=SAS™!

where A is diagonal matrix whose diagonal elements are the eigenvalues of A. Let the modulus of
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these eigenvalues be ordered as follows:

M) (D] = Ay (D] = = [Ag) (A)].

Then, for k € {1,...,n} and for any positive integer j, we have

X (9) 7 Ay (A)] < ey (A7) <X () [Awy (A)]
where
X (S) =o@) (S)aw (571).

Proof of Lemma B-9: Observe first that we can assume, without loss of generality, that the
decomposition
A=SASt =8 diag (A, Mo,y An) - STE

is such that
Ai = Ay (A) fori=1,..,n

with

v

Ay (D] = Ay (A)] = - = A (A)].

This is because suppose we have the alternative representation where
A= 37\5‘1 e g . d@'ag <X1,X2, ,Xn) : :57—1

and where \; # Aiiy (A) for at least some of the i's. Then, we can always define a permutation
matrix P such that
PAP = A

so that, given that P is an orthogonal matrix, we have
A=SAS™! = SPP'APP'S™! = SAS™!

~ ~ —1 ~
where S = SP and, thus, S~ = (SP) — P51,

Next, note that, for any positive integer j,

AT = SAS™Px SAS I x - - x SAS™! = SAIS!
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where

N = diag (A{, N, Ag;) — diag ()\j

1y (A) Xy (A) s Xy (4))

(2) 77 (n)

Moreover, since A (A7) = )\{k) (A) for any k € {1,...,m}, we also have
N = diag (A{, N Ag;) — diag (M) (A7), Ay (A7) o0 Ay (A7)

In addition, let Ay, (A7) denote the complex conjugate of Ak) (Aj) for k € {1,...,m}, and note
that, by definition,

o (M) = /Ny (A0 Ay (47) = [Agy (47)]
Since [\ (47)] = ‘)\gk) (A)‘ = A (A)‘j, the ordering
M) (D] = A (A)] = - = A (4)]

implies that
Ay (A)] = [Ae) (A7) =+ = [Aw) (4)]
and, thus,
o) (W) 2 o) (M) =+ >0 (V)

for any positive integer j.

Now, apply the inequality

Oire—1) (BC) < 0py (B) o (C)

fori,0 € {1,...,n} and i + ¢ < n+ 1; we have

om (A7) = o (SASTY)
< o (SN)oq (577)
< om (M) o) (S)ow (57
= oy ($) o) (571 A (4]
= x(9) | w (A)! for any k € {1,...,n}

70



Moreover, for any k € {1,...,n},

Aw (A)] = o (V)
= oy (S7SAISTIS)
= om (S” 1478)
< oy (ST o (A7) oy (5)
> A (47)] A (A7)

S e e T = &)

Putting these two inequalities together, we have, for any k € {1,...,n} and for all positive integer

Js
)7 Awy ()] < o (A7) < x(9) A ()] O
Remark: Note that the case where j = 1 in Lemma B-9 has previously been obtained in Theorem

1 of Ruhe (1975). Hence, Lemma B-9 can be viewed as providing an extension to the first part of

that theorem.

Lemma B-10: Let p be such that |p| < 1. Then,

G+ = TR

J=0

Proof of Lemma B-10: Define

Sn(p)=1+p+p +- +p"=
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Note that

S (p) = 1420430+ +np" !
(nt1p"  1-p"
L=p  (1-p)

1-p" —(n+1)p"(1-p)

(1-p)?
_ 1_pn+1_(n+1)pn+(n+1)pn+l
(1-p)°
(1-p)?
_ 1-p"—np"(1—p)
(1-p)?
It follows that
n—1
1t (1— 1
Shop)=>» (G+1)p = L np2( p)_) 5 asn — oo, [
o (1-p) (1-p)

Lemma B-11: Let W; = (Y/, F} )’ be generated by the factor-augmented VAR process
Wipi =p+ AW+ -+ AW _pi1 + 41

described in section 2 of the main paper. Under Assumptions 2-1, 2-2(a)-(c), and 2-7; {W;} is a

B-mixing process with S-mixing coefficient Sy (m) such that
Bw (m) < Crexp{—Com}
for some positive constants C7 and C5. Here,
Bw (m) = sup E [sup {| P (BlA"s) = P (B)] : B € Ay}

with A" = o (..., Wi—g, Wy—1, W) and A, = 0 (Witm, Witm+1, Wetmt2, -..).-

Proof of Lemma B-11:

To prove this lemma, we shall verify the conditions of Lemma B-8 given above for the vector
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moving-average representation of Wy, i.e.,

Wi = Jayrx (Larkyy — A) Jairh+ Z Jark A Ty ger—j = iy + Z Uier_j,

J=0 J=0
where
1 .
e = Jarx Larryp —A) Jiwwchts V5 = Jarx A Toy i,
Ay Ay - A Ay
ik 0 o o 0
Jar K = [Id—&—K 0o --- 0 0},andA: 0
(d+K)x (d-+K)p
0O -+ 0 Ipnx O
To proceed, set
§ = E Wjer—j (29)
§=0

and note first that, setting ¢ = 5 in Lemma B-8, and we see that Assumptions (i) and (ii) of Lemma
B-8 are the same as the conditions specified in Assumption 2-2 (a)-(c). Next, note that, since in

this case ¥, = Jd+KAjJ(’i+K, we have

1illy < W arscla [147]]; 1724l

\/Amax (Jé_,_KJd—l-K) <\/>\max {(AJ)/ Aj }> \/)\max (Jd+KJC/l+K)
Amax (Jarx iy ) (\/)‘max {() Aj})

= \/Amax {(Aj)/ Aj}

O max (Aj)

C [max {}/\max (Aj)} , })\min (Aj) } }] (by Assumption 2-7)

C [max {|Amax (A)|, [Amin (4)[}
CPhax

IN

I VAN

where ¢ .. = max {|Amax (4)|, [ Amin (4)|} and where 0 < ¢, < 1 since, by Assumption 2-1, all
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eigenvalues of A have modulus less than 1. It follows that

DT, <CD " Ghoax = T . <>
_]:0 _]:0 max

Moreover, by Assumption 2-1,
det {I(g k)p — A1z — - - — ApzP} # 0 for all z such that |z| <1
and, by definition,

Z\Iszj =V (2) = (layr)y — A1z — - — Apzp)_1 for all z such that |z| <1
j=0
so that
U (2) (Iarkyp — A1z — - - — ApzP) = I gy k), for all z such that |z <1
In addition, since
det {¥ (2)} det {I(d+K)p — Az — = ApAPY

= det {\If (2) (I(d+K)p —Ajz—--— Apzp)}
= det {Tasrp}

it follows that

det Z\Iszj = det{VU(2)}
j=0

1
det {I(d+K)p —Ajz—---— Apzp}
# 0 for all z such that |z] < 1.
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Finally, note that, setting § = 5,

5 5

fo%) fo%) 1495 fo%e) fo%e) 6
> (R23P? = D (DIl
i=0 \k=j =0 \k=j

=S

IA
NE
™
Q
-
S??‘
B

J=0 \k=j
5 (o] (o] 6
_ 3 k
DI DI
J=0 \k=j

(VAN
[M]8
|AM8
~~
-
gcnlcn
NG
E

T

m
D ai

i=1

(by the inequality

m
<cr Z la;]" where ¢, =1 for r < 1)
i=1

S

- c i(jﬂ) (¢§m>j

<

olo

-2
5
= C [1 - gzﬁr%ax} (by Lemma B-10)
5
< o0 (since 0 < dfhax < 1 given that 0 < ¢ . < 1> .

Hence, all conditions of Lemma B-8 are fulfilled. Applying Lemma B-8, we then obtain that

75



there exists a constant C such that

ol

55 (m)

IN
Ql
M

> 1l
k=j

[N (9]

IA
Ql
NE
™
Q
5
B

IN |
o Ql
R
Mg {[V]e
M=
ol £
2 E
S~—
= oot

J=m k=j
5 [ B > 5 \J
= CcCs <¢>&ax> > G+ <¢&ax>
=0
5 5 m f 5 -2
= 606 <¢16nax> |:1 - ¢§1ax:|

5

-2
= CCt [1 - qﬁﬁlax} exp {— [g In (bmax\] m} (since 0 < Ppax < 1)

Cyexp{—Cam} — 0 as m — oo.

IN

for some positive constants C7 and C5 such that
. R 5
C,>CCs [1 — qﬁ&ax} and Cy < 6 In x|

It follows that the process {{;} (as defined in expression (29)) is 8 mixing with beta coefficient
Be (m) satisfying
Be (m) < Crexp{—Caom}.

Since

oo
Wt = My + Z\Iljgt—j = My + gt
j=0

and since p, is a nonrandom parameter, we can then apply part (a) of Lemma B-2 to deduce that

{W;} is a 8 mixing process with [ coefficient By, (m) satisfying the inequality

Bw (m) < Crexp{—Com}. O
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Lemma B-12: Let Y, = ( Y, Y/,
F, =

/
! !
Y e Yipn ) and

/
( F) Flq - Fl_ 5 F_,4 ) . Under Assumptions 2-1, 2-2(a)-(c), 2-5, 2-7, and 2-

10(b); the following statements are true as N,T — oo

(a)
1 q (T*l)T+T1+p71
- "(F,Y'! - E[EY! u
12i2aienic | g ; t=(r21)7+p i (Y [E:Y1]) avye| =0
(b)
1 q 1 (r—1)7+71+p—1
L '(F,F, — E[F,F) %0
[Sisaict. qz1 1 t=(rz1:)T+p RE - FIRED v 2
(c)
q 1 (r—=1)7+7m14+p—1
p
max max —Z;T— t (21:) . Vi (Ey — E[Ey]) pry | — 0
=(r—1)T1+p
(d)

1 q 1 (r—1)7+71+p—1

max max — — "Y(F, — E[F +(F,Y, - E|F.Y!])«
s 2 (7 (Z) VA{E — BE) prg + (EY] ~ B [EY]) ayyy

+ (EF, — E[F,F]) ayre})®

20

(e) There exists a positive constant C' such that

Ti.0T
max 1max — o
1<l<dicH*¢ qT1
r—1)7+714+p—1
12 1 Y

= max max— — Z Vi{E[Edpye+ E [FY ] ayye+ E [FFi] aype}
Staor q r=1 1 t=(r—1)7+p
1 q 1 (r—1)7+7m1+p—-1 2
= max max -~ — > YE[Ewel
=tsar q r=1 1 t=(r—1)7+p

C < o0

IN
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1 q 1 (r—1)1+71+p—-1

- - 'F Y! F —0,(1).
max max -~ > ME [pye +Yiavyve + Ejay ey p (1)

r=1 t=(r—1)t+p
(8)
1 q 1 (r—=1)r+7114+p—1
- - (F, — E[F
Imax max | = Yo N(E-EE) pyy
r=1 t=(r—1)7+p
1 (r—)1+711+p—1
+— Y (EY - E[EY)]) ayye +7, (BE — E[EE)]) ayrd
L Drtp
1 (r—1)7+711+p—1
x| = D> VEE]mye B [EY ] avye +viE [E L] ayre}
Ve 1)rap
20
(h)
1 q 1 (r—1)7+71+p—1
- - 'F Y, F
SRR\ 7, ey Xierves B
r=1 t=(r—1)7+p
(r—D)1+711+p—1
X 7_— Z Yet+1Uit
Ve 1)rap
)
(i)

(r—1)7+71+p—1

1< (1 ,

max max |— — - +Y'ia + Fla

1<¢<dicHe q; (SU (21:) . Vidt [MYJ LYY T Ly YF,Z]
= =(r—1)7+p

(r=1)7+7m1+p—1
1 3 /
X | — ’YiEtEE,tJrl
T1
t=(r—1)7+p

Proof of Lemma B-12:
To show part (a), note that, for any ¢ > 0,
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IN

IN

IN

IN

IN

(r—1)7+7m1+p—1

1 g 1 ! / /
g@&%g;;-ugbwwerWJMWHZe
= =(r—1)7+p

(r—1)1+7114p—1 2

1<4 1
maxmax | =S — Y A (EY-E[EYi])ayvye| =€
- e L

1 q 1 (r—=1)7+7m14+p—1 2
maxmax=%" (= Y A (EY - E[EY)])ayye| =€
sfsdreing r=1 1 t=(r—1)7+p

(by Jensen’s inequality)

P

~

T\ 2

(r—1)7+711+p—1

d q
1 1
max [|v;[5 > 52 — Y (BY-E[EY)])avye

1 q 1 (r—1)1+7114p—1
2
P ietic 19iod ¢ Z Vi T Z (EY, — E[EYY)) ayyy > €
r=1 t=(r—1)7+p ]
d 1 1 (7“—1)7+71+p—1 2
/ , , 9
P {g%xz q Z Vi| 7 Z (E.Y, — E[EY}]) ayyye > €
=1 " r=1 t=(r—1)7+p

P icHe¢ T1
=1 r=1 t=(r—1)7+p
1 (r—1)7+71+p—1
x|= Y (EYI-E[EYi])ayye | =€

T1
t=(r—1)7+p

(r=)7+7m14+p—1 (r—1)7+71+p—1

d q
1N 1
P § masx [, ) 55 = > ) Oy (EY) — E[E,Y]])

t=(r—1)7+p s=(r—1)7+p

x (Y, - E[EY.])oyye> e}
(r—1)7+714+p—1 (r—1)7+71+p—1

maxicre |73 v~ 1 o 1 ,
€2 ZQZT_% > > {ahye

t=(r—1)7+p s=(r—1)7+p

<B[(EY] - BEY]) (X~ B[EY])] avy]

(by Markov’s inequality)
(r=1)7+7m14+p—1 (r—1)74+71+p-1

1<~ 1
527—% > > {dhw

t=(r—1)7+p s=(r—1)7+p
<E|[(EY, - E[EY]]) (EY. - E[EYL)] ayye} (30)
(by Assumption 2-5)
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Next, write

IN

Let e, 4 be a d x 1 elementary vector whose

(r—-1)7+714+p—1 (r—1)7+71+p—1

; (% qul Ti% Z Z {O/YY,e

t=(r—1)7+p s=(r—1)t+p
<E|(EY, - B[EX]]) (Y.~ B [EYL)] avve})
q 1 (r—1)7+71+p—1
N5 Y B (B - BEX) (EY - B[EY])| avye
1

(r—-1)7+714+p—2 (r—1)7+71+p—t—1

21
EZT_% Z Z {O/YY,e

t=(r—1)7+p m=1

<B |(EY = B [EYL)) (EvomYhim = B [ErpmYiim]) | avve})

1 (r—1)7+71+p—1
S5 Y dwEB |(BY - BEY]) (BY - E[EY])] avye
1

(r—-1)7+714+p—2 (r—1)7+71+p—t—1

2~ 1 .
EZT_% Z Z ‘O‘YY,K

t=(r—1)7+p m=1

<B [(EY) — B [EX])) (EemYtim = B [EronYhym]) | avve| )31

0" component is 1 and all other components are 0, and
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note that
q 1 (r—1)7+71+p—1

r=1 t=(r—1)7+p

( 1 q (r—1)7+714p—1

-
q r=1 t=(r—1)7+p

d 1 q (r—1)7+7114+p—1
=D =) Y. chadvyE [LEEY] Ayyer
Lr=1 \ t=(r—1)7+p
(r—1)7+71+p—1
- ) dJAvwE Y] E[FY}] Ayyer
t=(r—1)7+p
(r—1)7+71+4p—-1

d
P ND SR (1 {EATRS A
/=

r=1 t=(r—1)7+p

IN

IN

.13 ¢ A ¢ (ch vy Apyera)

1 q (r—1)74+71+p—1 . - 2
4 4 2
=3 B D8] B [had] navy i3 (e aeea)

(VAN
M= 1M 1=
>—=N:|H
MQ

T
3
3
:
AN
g
=

IN

=1 715 t=(r—1)7+p
d CT 2 q (r—=1)74+714p-1
< A9 s 2 D) 1] 6
am r=1 t=(r—1)7+p
(by part (a) of Lemma B-7 and by the fact that e 4 is an elementary vector)
<

£:O<L>,
T1 T1

max?

1
T Y G P[(Y - BEX]) (B - BIEY) vy

2> daAwE |(BY - B[EY]) (BY - E[EY])| Ay
1

1 (r—1)7+71+p—1 - - 2
/ 4 . .
= Z Z E HE t”2_ \/ E (e’& dAythX;A’YYeg’d) (by CS inequality)

for some positive constant C' > d(C’T)2 \/E {HEtHg} \/E [||XtHg} 2 > Which exists in light of

Lemma B-5 and the fact that 0 < ¢, < 1 given Assumption 2-1.

To analyze the second term on the right-hand side of expression (31), note first that by Lemma

B-11, {(Y{, F{)'} is f-mixing with 8 mixing coefficient satisfying

By (m) < Crexp{—Cam} for some positive constants C; and Co.

Since ., < By (M), it follows that W, = (Y/, F})" is a-mixing as well, with o mixing coefficient
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satisfying
aw,m < Cyexp{—Com}

Moreover, by applying part (b) of Lemma B-2, we further deduce that X; = F,Y A}y -epq is also

o-mixing with o mixing coefficient satisfying

IN

Crexp{-Ca(m—p+1)}
CT exp{—Caom}

axX m

IN

for some positive constant C7 > Cjexp{Cs (p — 1)}. Hence, we can apply Lemma B-3 with p = 3

and r = 3 to obtain

Ay B [(BY — B [EYL)) (ErymYiam = B [ErpmYiim])] avyl

= e/&dAny [(Etzz/s - F [Etxﬂ)/ (EterXz/ter - L [Et+mzé+m])} AS/YGM

Kp
= Z eé,dAYYE [(Etz;f - LK [EtZé] )/ ethpe;L,Kp (Et+ng+m - F [Et+ng+m] )} A,eré,d
h=1
Kp ) 1 , 3\ 3
< Z 2 (2§ + 1) a;’(’m (E ‘eé,dAYY (F,;Y: —F [F*Yi]) eh,Kp) )
h=1

1/3
B (E ‘e;Lva (Et-i-mZ;er - B [Et+ng+m]) A%Yegvd|3> }

where ax ,, denotes the o mixing coefficient for the process {X;} and where, by our previous
calculations,

1
3
aX,m

< (Cf)% exp {_C’ng} for all m sufficiently large.

It further follows that there exists a positive constant C3 such that

Sob, = @ Y ew{-2"}

m=1 m=1

IN
8
(]
@
"
T
|
co| S
3
——

IN
—~
Q
*
N~—
wl—
| — |
—_
|
@
>
o
—
|
w|@
——
| S
AN

< C3

where the last inequality stems from the fact that ZOO o &XP {— (Com/3)} is a convergent geometric
m=l
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series given that 0 < exp {—(C2/3)} < 1 for Cy > 0. Next, note that
3
B |haAyy (EX:— B [EY1]) enc

< 22 {E }GZ,dAYYKtE;,@h,KpP + ‘E [627dAythE£6h,Kp] ‘3} (by Loéve’s ¢, inequality)
< 22 {E ‘eZ’dAythEth,KpP + (B [|etaAyyY  Eien kp] )3} (by Jensen’s inequality)
/ 1A 3
ep Ay Y Yy Ayyera e, il ien i 3
= PNEE T S (B (| advy Yoo
22 3
< 4z [E |} 4 AyyY Y Aiyeral® + B |¢), e, EiFlen i) }
+4 <\/ (€A v Y Y1 Ay ena| \JE [encpFrFlen iy )
(by Loéve’s ¢, inequality and by the CS inequality)
/ / 3 6 6 2 3 / / 3 2 3
< 2|epadvy Apyecal” BIY S+ 2B BN +4 (BILI3)" (ehadvy Avyed)® (EIIE3)
6 T 6 % + 2 %
< 2leqal} (C) 6B 1L IS + 28 | EJIS +4 (EnYtn ) llevall (0) s (EIEN2)
¢ .6 6 6 t
= 2(0) B IS + 28 |+ 4 (B Y1) (1) b (£121E)

(since |legqll, =1 for every £ € {1,...,d} given that e q’s are elementary vectors)

< Cy

3
for some positive constant Cy > 2 (C1)° @8 B X4l +28 | EN5+4 (B 1X5) " (C1)* Ghnax (B 1£13)
which exists in light of Lemma B-5 and the fact that 0 < ¢, < 1 given Assumption 2-1. In a

similar way, we can also show that there exists a positive constant C5 such that

E ‘eZ,KP (Et-‘rng-‘rm —-F [Et—l—ng-‘rm]) A/YYef d‘g

< 2]ecalls (CT> e Yol + 2B | Evyom I
3
+4 (E Hzt-l—mH ) He@ dHQ (CT) max (E HEt-&-mHE) :
< (5 <@
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IN

IN

IN

VAN

9 d (r—-1)7+71+p—2 (r—1)7+714+p—t—1
Lg=1 t=(r—1)7+p m=1
K [(F*Y{‘ - K [F*Y:‘])/ (Et+mK;t+m - B [Et+mxff+m})} AS’YGM)

4<2§ +1> d (r=1)74+71+p—2 (r—1)7+71+p—t—1 Kp

Z Z Z Zan (E ‘ee JAvy (nyf _E [nyi])/ eh,Kp’?))

1
3

t=(r—1)7+p m=1 h=1
1/3
X (E |€;L,Kp (Etﬁ—ngprm —F [Et—l—mZ;er]) S/Yeﬂ,d}3>
4dKp (23 + 1) 0303 (r—1)74+714p—2 oo . Com
T2 > > (C)ie { 3 }

t=(r—1)7+p m=1

Cr(11-1) « Cym . N R
r_1< 1 );GXP{_T} (Wherec 24de(23+1)(Cl)3C43053>
Cr & { CQm}

— expy ————

T1 3

o(2)
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It then follows from expressions (30), (31), (32), and (33) that

IN

IN

IN

1 q 1 (r—1)7+711+p—1
P 1@?2%?&%{}6{ a Z P Z i (Ffo‘ -E [nyi]) ayyy| > €
T =T t=(r—1)7+p
C d 1 q 1 (r—=1)7+7m14+p—1 (r—1)74+71+p—1
axliam X S hadvy
=1 r=1"1 t=(r—1)r+p s=(r—1)7+p

<E|(EY, - E[EY]]) (EY. - E[EYL)| Apyera)

(r—=1)7+7114+p—1

d q
1 1
> ( Y5 D cahwE [(Etﬂ ~EB[EY)) (EY, - B [Etzi])} A'erf,d)
=1 \1 L t=(r—1)r+p

C d 1 q 9 (r=)7+7m14+p—-2 (r—1)74+714+p—t—1
2l e X >, ldbadvy

€ q 1 t=(r—1)7+p m=1

<E (B}~ B [EX)) (EornXiin = F [ErynYian])| Avyerd

ClC ClEor&E C
IR M I B

qr:l 1 r=1 m=1
CC1 CC*1 & Com
e n e ZGXP{_T}
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Next, to show part (b), note that, for any € > 0,

(r—1)7+71+p—1

1
P Loy tene gz_ Z Vi (B E; — E [E Fi]) aype| > €

t=(r—1)7+p
1 q (r—=1)7+7m14+p—1 2
_ - / o / 2
= Pomame | D3 o 3 h(EE-PIEE])ave )| 2
r=1 t=(r—1)7+p
1 q 1 (r—1)7+7114+p—1 2
< max max — — Z fy; (FfFi —F [FfFﬁ]) QyFy > €
1<0<dicH° T1
r=1 t=(r—1)7+p
(by Jensen’s inequality)
1 q 1 (r—=1)7+7m14+p—1 1\ 2
/ / / 2
= Pommmegd g 2 (BE-BER)erw | 2
r=1 t=(r—1)7+p |
d 1 q (r— 1)T+7'1+p 1 2
< P = F.F;— FE [F,F; > ¢
= {22{%2(]2 ( Py [ t +])05YF,Z Z €
/=1 r=1 7" 1 7——|—p
d 1 q 1 (r—=1)7+7m1+p—1 !
2
< Pomaxlyld (=X | = Y (BE-BIEE]) ave
/=1 q r=1 1 t=(r—1)7+p
1 (r—1)7+7m1+p—-1
x|— Y (EE-EB[EE])oyr | =€
Y
d 1 q 1 (r—1)71+714+p—1 (r—1)7+71+p—1
= Plmax|l3Y -5 > > m
i€H — q — 71
=S AT e e =0t
X (E,F; — E[F,F))) (EFy— B [E,Fl]) ayry > €
max H’Y H 1 q 1 (r—1)74+7114+p—1 (r—1)7+71+p—1
EHC HarieHe I7Till2
S —a Z DD > avmy
r=1"1 t=(r—1)7+p s=(r—1)t+p
<B [(EE— E[EE)) (ELL— E[EE])| avre)
(by Markov’s inequality)
C d 1 (r—1)7+714+p—1 (r—1)7+71+p—1
< 2 E}g > D, ok
(=1

=1 t=(r—1)7+p s=(r—=1)7+p

<B[(EE - BEE)) (EE - B [EE])|are)

(by Assumption 2-5)
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Note first that

/
Z Z Ay Fe

(r—)7+714+p—1 (r—1)7+714+p—1
t=(r—1)7+p s=(r—1)t+p

<E |(EF,~ B [EF)) (EE, - E[EF])] ayre)
1 (r—1)7+71+p—1
S5 Y hrE |(BE - BER) (EF - EEF)| oy
1

(r—1)7+714+p—2 (r—1)74+71+p—t—1

241 /
L S S

t=(r—1)7+p m=1

XL [(Etﬂft - B [EtE:t])/ (EyymEiom — E [EterE;erD} QYF 75)

1 (r—1)7+71+p—1
>S5 Y hrE |(BE-BER) (BE - EEER)| avn
1

(r—D)7+7m14+p—-2 (r—1)74+71+p—t—1

491
+ZEZT_% Z Z ‘O‘Q/F,z

t=(r—1)7+p 1

xE [(F+F:‘ - LK [F*F:‘])/ (Et+mE:t+m —-FE [Et+mE;+m])] O‘YFI‘ (35)

VAN
M~
RS
| =

Consider the first term on the majorant side of expression (35), whose order of magnitude we can
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analyze as follows

d (r—D)1+711+p—1
= S| =Y Y deAveB|[(BE - B[EE) (EE - B [EE))] A recy
=

d
1
= Z — Z Z {raAyFE [E,FiF,Fi] Ay pega — €Ay rE [Ey L] B [F ] Ay pepa)
4T
2
)’
- - 2
HEtH;1 \/E (e’&dAYFEtEQA’YFeM) (by CS inequality)
- - 2
12 08] 2 [1EE] (v A peca)
1 d q (r=1)74+71+p-1 - - 3
4 4 2
L3S S B[]y B (I 14y el (chee)

AN
M-
3
™
™
ey
[
=
<
s
E
eS|
&

IA
M=
3=
Il M»@

T

M3

:
|
=

IA
M=
3=
HM@

=

=
M
3

i
-

e

IN

IA
q
=R [~—r
[\
M~
M=

a R
Z E HEtH2 ¢I2nax

1r=1 t=(r—1)74p i i

(by part (b) of Lemma B-7 and by the fact that ey 4 is an elementary vector)

< §—0<i>. (36)

for some positive constant C' > d (C’T)2 E [HE t||l2l} $2 ., Which exists in light of Lemma B-5 and
the fact that 0 < ¢, < 1 given Assumption 2-1.

To analyze the second term on the right-hand side of expression (35), note first that by Lemma
B-11, {F;} is B-mixing with 8 mixing coefficient satisfying

Br (m) < Crexp{—Cam} for some positive constants C; and C.
Since apm < B (m), it follows that F} is a-mixing as well, with o mixing coefficient satisfying

apm < Crexp{—Com}
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Moreover, by applying part (b) of Lemma B-2, we further deduce that X; = F,F} A} pepq is also

o-mixing with o mixing coefficient satisfying

IN

Crexp{—Cy(m—p+1)}
CT exp {—Cam}

axX m

N

for some positive constant C} > Cjexp {Cs (p — 1)}. Hence, we can apply Lemma B-3 with p = 3

and r = 3 to obtain

@y B [(F L — E[EF ﬂ), (ErymEtim — E [Et+mE:§+mj|):| O‘YF,E‘

= eIZ,dAYFE [(Etﬁé -FE [Etﬁé] )I (Et-i-mE;-i-m - F [Et-‘rmE;f-‘rm] )} A/YFeé,d‘

Kp
- Z ezvdAYF L [(Etﬂt -FE [Etﬂt] )/ eh7Kp‘3;qu (Et—&-mE:H-m -K [Et+mﬂ‘+m] )} Ag’Fefad
h=1

Kp

3 {2 <2§ n 1) ozim (E ‘elg’dAYF (E,F, — E[F,F]) eh,Kp)3>

1
3

IN

1/3
X (E ’6;171{1) (Et+mﬂt+m - L [Et+mE:5+m]) AS/F‘BMF)) }

where ax ,,, denotes the alpha mixing coefficient for the process {X;} and where, by our previous

calculations,

1 C
ay, < (C’f)% exp {— ?))m} for all m sufficiently large,

It further follows that there exists a positive constant C'3 such that

s 1 sy L > Cgm
Sab, < @Y ew{-2

m=1 m=1

N
9
\;7/“—‘
(]2

@

»
e

|

| S
3
——

IN
9
*
N~—
Wl
—_
|
D
>
kol
—
|
w|§
——
| S
L

A
2
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Next, note that

E ‘eé,dAYF (B F;— E [FfFi])/ eh,Kp‘g

< 22 {E ‘ez JAvrFE,Fiep, Kp}g + ’E [ezjdAYFEtﬁgeh,Kp] ’3} (by Loéve’s ¢, inequality)
3 o :
< 22 {E |er Ay FE Fien, Kp‘ + (B [|e gAy rE Eien kpl]) } (by Jensen’s inequality)
/ 1Al / ' 3
e a Ay FEL Ay pera € gpiEien s 3
< | p|atrrb s B\ (5 (|, Ay e s
2 / I Al 3 / /1 3
< 4§ [E et 4 Ay FE LAy pega|” + E e, gpE i F e ] }
+4 (\/ [ee dAYFF FtA Fee, d} \/E €h KthFteh Kp )
(by Loéve’s ¢, inequality and by the CS inequality)
3 3 3
< 2|epgAvrAypecd’ BIENS + 2B BN +4 (EIENS) (chadvr Ay peca)®
3
< 2eral (O) BB IS + 2B S + 4 (ENENZ) llewalld (CF) u
= 2(C1) S IR+ 2B B3 + 4 (BIEJE) (O7)
(since |legql, =1 for every £ € {1,...,d} given that e/ q’s are elementary vectors)
< Cs

for some positive constant Cg > 2 (CT) 6 F ||Ft||2 +2F ||Ft||2 +4 (E | F4ll5 ) (C )3 iax Which
exists in light of Lemma B-5 and the fact that 0 < ¢, < 1 given Assumption 2-1. In a similar

way, we can also show that there exists a positive constant C7 such that

E }eIh,Kp (Et+mE:‘,+m - F [EterE;er]) A,YYef,d‘g S 2 Hef,ng <CT> maxE HFt+mH2 +2E HFterHQ

+4 (EHFt+mH) lecall3 (CT> Bna
< C7r <o
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Hence,

IN

IN

IN

IN

(r—=1)7+714+p—2 (r—1)74+714+p—t—1

d
% > > |¢taAyF

{=1 t=(r—1)7+p m=1
<B (B}~ B [EE)) (EvinErom = B [EvonFiin]) | Ay peca)

4<2§ +1> d (r=1)r+r14p=2 (r—1)r+71+p—t—1 Kp

T Z Z Z Z {aFm (E ‘ee dAvr (B — E [Etﬂf])/eh,Kp’?))

=1 t=(r—1)7+p m=1

1
3

1/3
< (B lehy (EvomElim B (B in]) Avpera”) " |

2 1

4dKp (23 +1 Cg’C3 (r=D7r+714p—2 o0 ) c
1 om
() 5 b {-Com)
1
t=(r—1)7+p m=1

c* 7'1—1 > Cgm 2 1 1 1
— — h C* > 4dKp (2 1) (CH3C2C3
() Sor{ G} (e (ot ) el
C* & { C’gm}
T1 3
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It then follows from expressions (34), (35), (36), and (37) that

1 q 1 (r—1)7+711+p—1
P -y — (E,F, — E[F,F, >
PR 2 | 2 HEEEIRE] vk 2 e

r—1)7+714+p—1 (r—1)7+71+p—1

692 Z (% Zq:% Z Z oy pE [(Etﬂ — E[F,F}] ), (EE, — E[EF] )} aYF,Z)

t=(r—1)7+p s=(r—1)7+p

IN

(r—1)1+7114p—1

(g Sk Y ahnB|(EE - BRE) (BE - BEE)] )

t=(r—1)7+p

IN
A
M=

C d 1 q 9 (r—1)714+714+p—2 (r—1)7+71+p—t—1
/
el lE X I
1 t=(r—1)7+p m=1

xE [(EtEQ —FE [EtE:t] )/ (Et—&—mE:H-m - F [Et—&—mE;—l—m] )] O‘YFJ‘

INA
Tl Q
Q| =
IMQ
7l
+
Dl Q
| =
MQ
29
[M]8
@

>

ko)

|
o |

3
H/_/

1, €1 G
e n €2 TL = P 3
1 1
o))
T1 T1
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Now, to show part (c), note that, for any ¢ > 0,

IN

IN

IN

IN

IN

(r—1)7+711+p—1

1L 1 ,
max max (— E —_— (F, — FE|F >
1SZ§Xdi€H}C< ¢ T t—(r§—1:)7+p Vi (£ [_t])MY,e Z€

(r—1)7+71+p—1 2

1
—1 Z Vi (£, — E[E]) Pye | = €

1
max max -
q t=(r—1)7+p

1<¢<dieH¢®

(r— 17'—|—7'1+p 1 ] 2

(Fy — E[Ey]) Ky.e > ¢

i
1 7“ 1 T+Tl+p 1 2
- / _ S 2 - .
ax, ?61%% p Vi (Ey = EE ) pye | >¢ (by Jensen’s inequality)
1<(<dicH® (

|
|
p%mmx
|
|

t= (r D1+p

(r—1)7+7114+p—1

Y| - Z (Ly — E[Ey]) pye > €
1 t=(r—1)7+p

MQ

d
1
m%XE -
y (&
1€ — q

ﬁ
I
MR

(r—=1)7+7m14+p—1

Sl Y E-BEDy

1 r=1 t=(r—1)7+p

max ;5
icHe 1112

M&

~
Il

(r—1)7+7m1+p—1

1
x<|— > (E-EE)py|] =€
R (O P
d 1 (r—=1)7+114+p—1 (r—1)7+71+p—1
P q max |1y,]3 Z;Z? > >y (B~ EIE)) (Es— EE) iy > €
t r=1 "1

~
Il

1 t=(r—1)7+p s=(r—1)7+p

N eHc ”"}/ H q (7‘71)7'+T]_+p71 (r—1)7+71+p—1

— Z Z = D >, mE[E - EE) (E - EE])

r=1 "1 t=(r—1)7+p s=(r—1)7+p
(by Markov’s 1nequahty)
q 1 (r=1)7+7m14+p—1 (r—1)74+71+p—1

= Z S TEDS > B (& - EE) (E - BIE)] (38)

r=1 1 t=(r—1)7+p s=(r—1)t+p
(by Assumptlon 2-5)
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Note that

(r— 1’7’+’7’1+p 1(r—1)7+71+p—1

(% >4 S RE[E - BIEY (E - FBIE)]

-
=1 t=(r— 1)T+p s=(r—1)t+p

<

(r—=1)7+714+p—1

o~

I M& ~

= Il Q.
)

11
= E Z 2 Z MY,KE [(Et - F [Et]), (Fy,—E [Etm
r=1 1 (r—1)7+p
d 9 q 1 (r—1) T+T1+p 2 (r—1)7+7m1+p—t—1
+ (2= S E[E B (Brm— B [Em))]
1 q r=1 Tl 7‘ 1)T+p m=1

1 (r—D)1+71+p—1
_% Z NY,EE [(Et —F [Et]), (£, —FE [Et])]

VAN
=~ -
=
MQ

(=1 L )
q (r—1)7+711+p—2(r—1)7+71+p—t—1
= > [EE-BIE) (Eim— E[Ein) >Zuw (39)
q Lp=1 ¢= (r—=1)7+p m=1

Consider the first term on the majorant side of expression (39), whose order of magnitude we can

analyze as follows

(r—1)7+7m1+p—-1
Z M%/,ZE [(Et -F [Et]), (Et —F [Et])]
t=(r—1)7+p
(r—1)1+7114+p—1
Z H%f,e {E [Ez/tﬂt] ) [Et], E [Et]}
1 t=(r—1)7+p
(r—1)7+71+p—1

o~
uMg
()
'QIP—‘
leH

‘ -

2
>

q
q

=N

T
r

M= 1M

1 q
< ) Z Z 13 [HEtH%}
P I e R oy S
q (r—1)7+71+p—1 d
= e Z P> EIE3] S (4)
(r—=1)7+p (=1
q ('r r+71+p—1
< > Z S BIEN] vl
t=(r—1)t+p
C 1
< Yo <_) . (40)
1 1

for some positive constant C' > ||,uy||§E [||E t||§}, which exists in light of Assumption 2-5 and
Lemma B-5.

To analyze the second term on the right-hand side of expression (39), note first that by the same
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argument as given for part (b) above, we can apply Lemma B-11 to deduce that {F};} is S-mixing

and, thus, also a-mixing with o mixing coefficient satisfying
apm < Crexp {—Com}

Hence, we can apply Lemma B-3 with p = 3 and r = 3 to obtain

|E [(Et - E [Et]), (Et+m - t+m ‘ Z Ky
Kp d
= Z eZ,dAYFE [(Et -E [Et])l (Eter - F [Et+m])] Angef,d ZN%/,E
h=1 =1
u 2 i / 3\ 3 , 1/3
< Z 2 (23 + 1> aF,m <E }(Et -F [Et]) eh,Kp{ > <E }eh,Kp (Et+m ) [Eter ) ZMY(
h=1

Moreover, there exists a positive constant C'5 such that

S ok, <

m=1

e}

o Fomf-82) s

My ol
*—‘wp-‘

7m

where again the last inequality stems from the fact that ZOO o &XP {—(Cam/3)} is a convergent
m=
geometric series given that 0 < exp {— (C2/3)} < 1 for Cy > 0. Next, note that

E|( ‘ F,— E[F])) ey Kp}
< 22 {E }Fteh Kp‘ + !E [F;eh Kp] ‘ } (by Loéve’s ¢, inequality)
< 22 {E }Fteh Kp‘ + ( HE’eh KPH)B} (by Jensen’s inequality)
3
< { F/Ft 2 (e, KpCh, Kp) } <,/ [FLF /e, KpCh, Kp> } (by CS inequality)
3 2]\ 2
< a{B[iz) + (2 [izig))*}
< (3

for some positive constant Cg > 4 {E [HEtHg} + < [HF I D } which exists in light of the result

given in Lemma B-5. In a similar way, we can also show that there exists a positive constant Cgy
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such that

VAN

E|ey(Eipp— E [Et+m])‘3

(B 12l + (B [IEnli]) )

Cy < 00

IN

Finally, by Assumption 2-5, there exists a positive constant Cjg such that maxj<y<g ,u%/’ ) < ||,uy\|g <

Cho < o0. Hence,

IN

IN

IN

IN

9 q (r—)71+714+p—2 (r—1)74+71+p—t—1 d
- Z 2 Z ‘E [(Et ) [Et])/ (Et+m -E [Et+m])] | ZN%/,@
q r=1 1 t:(r—]_)‘r+p m=1 =1

Kp 4 (2% + 1) )
Z - 2 ey (2
h=1 1
(r—1)7+71+p—2 (r1)7+71+pt1{
a

W=

m (BNE = EE) ener|)

Ty wl=

X <E{€?L7Kp (Eypm — E [Et+m})}3>l/3}

11
AKp (2% + 1> CZC3 Cho (r—1)Til+p—2 i o Com
exX —
2 L exp 3

t=(r—1)7+p m=1

(-1 Com . 2 11 1
7_—< - )Zexp{— 3 } (Where(] 24Kp<23 +1>013C§’C§’Cm>

0 (%1) (41)
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It then follows from expressions (38), (39), (40), and (41) that

1 q 1 (r—=1)7+714+p—1
P { max max QZ pon Yo NEEEDpye|ze
=1

1<¢<dicHe
t=(r—1)7+p
C d 1 q 1 (r—-1)7+714+p—1 (r—1)7+71+p—1
< gxl:2m X > HE[E - BE) (B, - BIE,])
1

t=(r—1)7+p s=(r—1)7+p
(r—1)7+71+p—1

O (11 , ,
axlsrz X BB -BIE)(E-EL)

<
T\ =T )
Cc1 LI (r—1)7+711+p—2 (r—1)7+71+p—t—1 ,
+6—252p > > |E[(E; = E[EY) (Epym — E [Eii)) }ZMY@
r=1 "1 t=(r—1)7+p m=1
<c1q6 C1l & O & Cym
< minta s Lol

L 0C1  CCr 1 & Com
e 7'1+ €2 Tlmz_lexp{— 3 }

Turning our attention to part (d), note that, by apply Loeve’s ¢, inequality, we obtain

1 q 1 (r—=1)7+7114+p—1
max max — — Z i {(Et — EFy]) py, + (EtX;: - K [Etxg]) ayyy.

1<¢<di€eH¢ T
- 4 r=1 ! t=(r—1)7+p

+(E,Fy — E[E,F))) ayre})’
2

(r—1)7+71+p—1

I (1
3 max max — — "(F, — E|F
Ist<dieHe ¢ < \ 71 (TZ;T+p Vi (E [E4]) by

IN

1 (r—1) T+T1+p 1
7__ Vi (Etzg - B [EtX:‘,]) ayy,e

( (r— 1)T+p

q
+3 max max — Z
1<U<di€H* q “=

1 (r—1) 7‘+7'1+p 1
7__ Vi (EtE; - K [EtE;]) QyFry

1
+3 max max — E
=1 (r— 1)T+p

1<(<dicHe q
.
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It follows from the arguments given in the proofs of parts (a)-(c) above that, for any € > 0,

1 q 1 (r—-1)7+71+p—1 2

Py iche g . Y. n(EXYI-EBIEY])ayve| >e

r=1 t=(r—1)7+p
< ¢ 1
- €eqr?
d q (r—=1)74+711+p—1(r—1)7+71+p—1
DI DINEDY S ohweB|(EX - B[EY)) (EYL - B [EYL)] avr
=1 \r=l t=(r—)7+p  s=(r—1)7+p
= o(1),

1 q 1 (r—1)7+71+p—-1

P 122 ieie g . Z Vi (EFi—E[EFi])aype | > e

r=1 t=(r—1)7+p
C 1
d (r=)7+7m14+p—1 (r—1)7+71+p—1
Z Z > > B |(BE - E[EE]) (EE, - E[EF])|ave
=1 t=(r—1)7+p s=(r—1)7+p
= o(1)
and

1 q 1 (r—)1+71+p—1 2

P { max max — - '"(F. — EIF > e
mEmg o \n | 2 D

IN

2 2
q7'1

q (r—1)7+714+p—1(r—1)7+71+p—1

XZ Z > S BB - EIE) (B, - E[E,)]

t=(r—1)7+p s=(r—=1)7+p
= 0(1),

from which we deduce via the Slutsky’s theorem that

1 q 1 (r—=1)7+7114+p—1

max max — — "I(F, - FE[F +(FY, —E[FY!) ayys
mrye | | X B BED e+ (BL - BIEY]) oy

+ (E,F, - E [EF]) ayred)?
= Op (1)
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as required.

For part (e), note that

IN

IN

IN

IN

T30, T
max max — 5
1<¢<dieH¢ qTy
1 q
max max — —
1<t<dicH¢c q T1
r=1
1 q
max max — —
1<e<diceHe q T1
r=1
1< [ 1
max max — —
1<t<dicH¢c q 1 T1
r—=

1< (1
max —
HC
ic q r=1

T1

(r D7+p

(r—1)7+7114+p—1

2

t=(r—1)7+p

(r—)1+711+p—1

>

t=(r—1)7+p

(r—1)7+7114+p—1

2

t=(r—1)7+p

Vi{EE ] pye + E [E Y3 ayye + E [E FY ayre}

{’YQE L] pay o + ViE [Etzfs] Ayyera+ViE [Etﬂ:] A’YFeé,d}

{E

(by triangle and Jensen’s inequalities)
(r—1) T+T1—|—p 1

(V] |1yie| + B [[ViEY 1A yeral] + E [|[ViE LAY pecal] }

CEREE

max |uy|

+\//71 Ft

\/max eé dAYYE [Y Y ]Ag/yead

+\/’Y;E [ F]

1 q
<Ig%)§H%Hg> p >

r=

1

1

>

t=(r—1)7+p

(r—=1)7+7m14+p—1

2
Vi \/1f§?<xd ey Ay P E [Ey L] A@Fef,d})

{VELEIR ma v

2
2 2 2
+\/E ||Et||2\/E HXtH2\/1IE?<Xd elg,dAYYA,yyeﬁ,d + E | Fy3 \/1T£1?<Xd €ZydAYFA§/F€z,d}>

1 q
(smaeloel3) -

r—=

1

1

Ly

t=(r—1)7+p

(r—1)7+7114+p—1

{VEIEIE i

2
2 2 2
+E IR EIY, 150" G [ mx € e+ ENEdl5 O o, | max, eé,dez,d}>

(by Lemma B-7)

1 q
<Ig%)§H%Hg> p >

r=

1

1

T1 Z

t=(r—1)7+p

(r—=1)7+7m14+p—1

{VEIEIR ma v

2 2 2 2
+¢E||£t||2¢Ethngc*«zsm+E||£t||20*¢max})
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1 q 1 (r—1)7+711+p—1
2 2
< (max|lylz) =) — > E|E,|l3 max |py,)|
i€H¢ q T1 1<0<d
r=1 t=(r—1)7+p -
2
E|E A/ E Y NAC ¢ + E |E, |2 CT
+ =tll2 ||—t||2 ¢max ||—t||2 ¢max
1 q 1 (r—1)7+711+p—1
2
< (o)X= X (VEIEB I
qT=1 1 t=(r—1)7+p
2
VB IEIE B ILIBC b + B NI 1
< C < oo

for some positive constant C' such that

2
- 2 2 2 2
> (lga rmuz) BIE (HwHQ B IO b + /B Hztuzcwm)
Z C

where such a constant exists in light of Assumption 2-5, Lemma B-5, and the fact that 0 < ¢, <1

given Assumption 2-1.
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To show part (f), note that

1 q 1 (r—=1)t+714+p—1 2
nax max — — Z ViE, [My,z +Yiayye + Eiaypyl
SEOCO I\ = D
1 q 1 (r—1)7+711+p—1
< maxmexcod (o 3 AH{E - By + (B - BEY]) avve
=r=at q r=1 1 t=(r—1)7+p
+ (E,F, — E [EF]) ayre}
1 (r—=1)7+71+p—1 2
+— Y BByt B[EY ] ayy+ B [EF] ayre}
1 t=(r—1)7+p
9 q 1 (r—=1)t+7m14+p—1
< max max-— — Z Vi {(Ey — E[E)) pye + (BY4 — E[EYG]) ayyy
Srear q r=1 1 t=(r—1)7+p
2
+ (EtE; - F [Etﬂﬂ) aYF,Z})
9 q 1 (r—=1)t+7m1+p—1 2

/ ! /
tmpmes ) | o t_(z:)m) Vil BB pye + E [EYi] vy + B [EF] oy}

(by Loeve’s ¢, inequality)
= 0,(1)+ O (1) (applying the results given in parts (d) and (e) of this lemma)
= 0p(1).

To show part (g), we apply the Cauchy-Schwarz inequality as well as parts (d) and (e) of this
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lemma to obtain

(r—1)7+71+p—1

1 1
Joa max | > — > {7 (B, = EE]) o + v (EYG — B [EYS]) avyy
7‘:1 1 t=(r—1)7+p
(B - B [EE]) avre)
(r—=1)7+71+p—1
1
<\ = X hEE]ye+7iE [EY] ayye + 7B [EE] ayre}
1 t=(r—1)7+p
(r—=1)r+714+p—1
IR |
< max max - — Y E - BIE)pye+9 (BYL - E[EYi]) avye
sts I\ =D
+7; (B — B [EF]) aveey)
(r—1)7+7m1+p—1
1
<\ = X {NEE uye+ B [BY] avve+ 9B [EE] ayred
R (Y P
(r—1)74+7114+p—1
I~ (1
S | rex = Z {7i (£, — E[E)]) pye + i (Y4 — B [EYS]) avy,
Stsaedt g r=1 1 t=(r—1)7+p
/ ' ' 2]1/2
+v; (FfFf - B [FfFf]) OZYF,K}) i|
1/2
(r—=1)7+7114+p—1 2
I~ (1
X | max max — > {VEE pye + 7B [EY3] ayye + VB [E ] aype}
Stsaeldt g r=1 1 t=(r—1)7+p
= op(1)O(1)
= op(1)

For part (h), we apply the Cauchy-Schwarz inequality as well as part (d) of Lemma B-6 and
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part (f) of this lemma to obtain

(’I“*].)T+T1+p71

1 / ! /
maxmax—z Z F +Y .« + Fla
fos max | ViEy [y + Yooy + Fioy pyl

r=1 t=(r—1)7+p
1 (r-1) ‘r+‘rl+p 1
— Yet+1U4t
1 t= (r 1)1+p
1 r 1 T+T1+p 1
< max max — Z YL F +Y« + Fla
< mex max- - ViFy [y + Yoy + Fiay ]
r=1 t=(r—1)7+p

(r—)1+711+p—1

1
X | — g Yo t+1Uit
T1
t=(r—1)7+p

(r—=1)7+7114+p—1

I (1
< max max — — 'F +Ya + Fla
T\ 1StsdieHe g =\ T Z L e+ Yiovya+ v

t=(r—1)7+p
X | max max — — Yet+1Uit
1<¢<d€H qr:l T1 t=(r—1)r+p
= 0p(1)op(1)
= op(1)

Finally, for part (i), we apply the Cauchy-Schwarz inequality as well as part (b) of Lemma B-6
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and part (f) of this lemma to obtain

>

1< (1
max max |— E —
1<t<diele |q = \ T1

r=

1

1

X

1 < 1
max max —
1<(<dicHe q

VAN

>

T1

(r—=1)7+714+p—1

Vi [y + Yiayye + Eioypy]

t=(r—1)7+p
(r—1)7+71+p—1

2

t=(r—

/
viEeri+1
1)7+p

(r—1)7+71+p—1

ViFy [y + Yoy + Fiay ]

r=1 t=(r—1)7+p

1
T1

X

(r=1)7+7m1+p—1

>

/
Vil i€e 141

t=(r—1)7+p

1

max max —
L<i<dieHe q £
r—=

IN

(1
T1

(r—=1)7+7114+p—1

>

t=(r—1)7+p

ViE [y + Yiayye + Eioy g

1< (1
X max max — Z —
I1<t<dieHe q = \ 71
= 0p(1)op(1)
= o0,(1). O

(r—=1)7+71+p—1

2.

t=(r—1)7+p

YiliEe 41

Lemma B-13: Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3(a)-(c), 2-5, 2-7, and 2-9 hold and

suppose that Ny, Ng, T — oo such that N1/73 =

are true.
(a)
max max
1<¢<dicHe®
(b)
max max
1<¢<di€He

Proof of Lemma B-13:

N1/ LT(‘)D‘IJ3 — 0. Then, the following statements

Si,E,T —HieT| p
T N )

HieT

Vier — TieT
i 0T

20

To show part (a), note first that by applying parts (a) and (c¢) of Lemma B-6, parts (a)-(c) of
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Lemma B-12, and the Slutsky theorem; we obtain

gi,E,T — Mo
max max ————
1<¢<dicHe qT1
1 1 (r—1)7+71+p—1
N 1 L ! / /
T iluiche q Z 1 Z Villy [y + Yiovye + Eloyry
r=1 t=(r—1)7+p
1 q 1 (r—=1)7+71+p—1 1 q 1 (r—1)7+71+p—1
+- Z o Z YiFeo 41+ = Z = Z Yo, +1Uit
r=1 t=(r—1)7+p q r=1 1 t=(r—1)7+p
1 q (r—1)7+71+p—1
—= Z p— Z {ViEE] py o +7iE [EYY] ayye +viE [EE) ayre}
! t=(r—1)t+p
1 q 1 (r—1)7+71+p—1
/
[hax max |- > p— Yo A E - EE) pyy
r=1 t=(r—1)7+p
1 q 1 (r—=1)7+714+p—1

! / /
* 1Si<d et EZ T t=(1”21:)7'+p Vi (B = E[EY3]) avyy

r=1

IN

r=1
q 1 (r—=1)7+7114+p—1

+ 1??2% Tege q Z 1 tZ(TZI)T+p Vi (B, Ey — E [EJFy]) avrg

1 q 1 (r—1)1+711+p—1
-l-maxmax—Z— Z "Foepi41
1<i<dicHe |q &~ 71 VidaCltt

r=1 t=(r—1)7+p
1 q 1 (r—)1+71+p—1
+ max max |- Z— Z Ut
1<t<dieHe |q 4= 11 Yt+1th
r=1 t=(r—1)7+p

= op(1)

Moreover, by Assumption 2-9, there exist a positive constant ¢ such that for all IV and T sufficiently

large
. . | MieT
min min |[———
1<¢<di€H¢| qT1
. q 1 (r=1)14+711+p—1
= min min |- » — Z Vil BB by + B [EY3] ayyye + E [EFy] ayre}
1<(<di€H® |q £ T1 t=(r—1)7+p
> ¢>0
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It follows that

S — igT

Sie — WigT
qT1

HieT

/ min min
q71

1<(<dicHe

< max max
1<t<dicH®

max max
1<(<di€He

=o0p(1).

HieT

Now, for part (b), note that, applying parts (d), (g), (h), and (i) of Lemma B-12, parts (b),
(d), and (e) of Lemma B-6, and the Slutsky theorem; we have
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Vier — TioT
qri
14 1 (r=1)74+11+p—1
max max — — Z Vi {(E; — E[E)) py+ (B Y — E [F YY) ayyy
Ist=dicd® q =1 \ T1 t=(r—1)7+p
+ (B, — E [EF)]) ayred)?
q (r—1)7+471+p—1

2 1
+max max | =% ¢ | — > i {(E - BE) pye+ (EYG - B [EYY]) ayys
e el N S S S

+ (EF, — E [EF]) ayre})
(r—=1)7+71+p—1

max max
1<¢<di€Hec

1
<\ = D BB+ E[EY] ovye+ B [EE] ayrd
! t=(r—1)7+p
181 Dl 2
+ max max — — 'F.e
1<(<dicH® q ; T, (21:) N ViLeCe 41
= =(r—1)7+p
1 & T 2
max max — —_ U
+1§€Sdi€ch7_1 L, (21:)+ Yet+-1Uit
= =(r—1)7+p
1 q 1 (r=1)7+71+p—1 1 (r—=1)7+711+p—1
femaxmax oS0 = Y viBen | [ Y e
- = ! t=(r—1)7+p 1 t=(r—1)7+p
1 q 1 (r—1)7+7114+p—1
+2 max max |— — a3 +Ya L Fla
1<(<dicHe | q ; T, (T_ZUTW Villy [y + Yioyve + Eoy py]
1 (r—)7+711+p—1
x [ — .
- Z Yet+1Uit
t=(r—1)7+p
13 1 (r—1)7+714+p—1
+2 max max |~ 3 | — > Vil'y [py e + Yioyye + Fiayry]
Istsdiet g = \ ! t=(r—1)7+p
1 (r—=1)7+714+p—1
X . Z ’Y;Etfe,tﬂ
1 t=(r—1)7+p
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Moreover, note that, for all N and 7T sufficiently large,

. . 4T
min HllIl—2
1<(<dieHe T}

q (r—1)7+71+p—-1

_ : . 1 i / / / / '
= min min - ; — t:(;;)m) {ViE [E) pye + ViE [EYY) ayve +ViE [EE] aypel

2
q (r—-1)7+71+p—1

. 1 1
= wpmp > (S BRI+ B EY eyt BEE] aved)

r=1 t=(r—1)7+p
1 (r—)7+71+p—-1 2
> minmin | -> = >, {EElmy+E[EX) avve+ E[EE] avre}

t=(r—1)7+p
(by Jensen’s inequality)

q 1 (r—)7+711+p—1
- 12121351 min |- Zl = . 213 X Vi EE by + E [FY] ayye + E [EFy] ayre)
=(r—1)7+p

(r—1)7+7m1+p—-1
= | iz, —Z; 2 HABEdmgt BIEL]erve+ BIEE]avr)

> >0 (by Assumption 2-9).

It follows that

Vier — Tior
2
qT71

Vier — TieT
i, T

< max max
1<(<dicHe®

max max
1<¢<di€He

. . 5.0,T
/ min min Z’£’2 =o0,(1). 0O
1<(<dieHe \ qr3

Lemma B-14: Let a,b € R such that a > 0 and b > 0. Then,

i
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Proof of Lemma B-14: Note that

(\/E—x/5)2 = a—2y/avb+b
= Va(va-vb)+vb(Vi-va)
< va|va- Vi +Vb|Vb- vdl
= (Va+vh)|va-vil

- [(er ) (-9

Taking principal square root on both sides, we obtain
]\/a— \/13’ <Vla—0. O

Lemma B-15: . .
P{ﬂA,} > P(A)—(m—1)
i=1 i=1

Proof of Lemma B-15:

e} {00}

i

m

= 1-P {U Af} (by DeMorgan’s Law)
i=1

Lemma B-16:

(a) For ¢t >0,



where ¢ (t) and @ (t) denote, respectively, the pdf and the cdf of a standard normal random

variable.

Let N = Ni + Nj. Specify ¢ such that ¢ — 0 as Nj, Ny — oo and such that, for some

constant a > 0,

» > Na
for all N1, Ny sufficiently large. Then, for all Ny, No sufficiently large such that

1- -2 >0(2

we have

o (1— i) <21 +a)VInN.

2N

Proof of Lemma B-16:

(a)

1-®(t) = t \/_exp{ 2}d
By
< i) wee{te

52
u=—— and du = —zdz

Let

so that

/00 ~ o { ZQ}d /OO ! exp{u}d
xpy —— pdz = — xp {u} du
t \/271' P 2 12 \/271' P

It follows that



(b) Let t > 0 and let

Note that

and, by the result given in part (a) above,

1—q>(t):1_(1_£>:i§¢(t)

The latter inequality implies that

so that

N
Int < In¢g(t)+In2+In (—)
¥
1 1

1
= —§t2—§ln2—§ln7r+ln2+ln

1

1 1 N
= —§t2+§1n2—§lnﬂ'+ln<a>

14 1 N
—=t —In2+In(—
< 5 +2n +n<¢>

< —lt2 +In2+1In <E>
2 ¢

or

~+
N
A

N
2(In2 —Int) +2In <—>
P

(Y an(3

IA

so that

21n <E> for any t = &1 (1 -
2

(%)

tS\/§ ln<ﬂ> foranyt:‘b_l(l—ﬁ)ZZ
%) 2N

Hence, for Ny, No sufficiently large so that

¥

1- X >a(2) or '1t1,t:<1>—1<1—£>
> ®(2) or, equivalently. 5N

2N
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we have

qu<1—£) — ¢

< o (3)
= V2y/InN —Ingp
— V2vVInN Inp

" InN

< VoV /1o Y
In N

= V2(1+a)VInN. O

Lemma B-17: Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3(a)-(c) 2-4, 2-5, 2-7, and 2-8 hold.
Let ®(-) denote the cumulative distribution function of the standard normal random variable.

Then, there exists a positive constant A such that
P(|Sisr] 2 2) <2[1- @ ()] {1+ A1+ 2P T-0-o0F} (42)

for
ie H={ke{l,...N} :v, =0},

for £ € {1, ...,d}, for T sufficiently large, and for all z such that
0 <z < copmin {T(l_al)%,T%z}

with ¢y being a positive constant.

Proof of Lemma B-17:
Note first that, for any ¢ such that

ieH={ke{l,....N}:v, =0},

the formula for S; o 7 reduces to

=

q (r—1)7+71+p—1 2\ 2 g (r—1)74+114p—-1
SieT = Z E Yo, t4+1Uit E Z Yo, t4+1Uit -
r=1 t=(r—1)7+p t=(r—1)7+p
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Hence, to verify the conditions of Theorem 4.1 of Chen, Shao, Wu, and Xu (2016), we set X;; =

UitYe,t+1, and note that

EXy] = Eluwyei]
= PEy [Euit)yesy1] (by the law of iterated expectations
given the independence of u; and yp ¢y in light of Assumption 2-4)

= 0 (by Assumption 2-3(a))

so that the first part of condition (4.1) of Chen, Shao, Wu, and Xu (2016) is fulfilled. Moreover,
in light of Assumptions 2-3(b) and Lemma B-5, we see that there exists some positive constant c;
such that, for ¢ € {1...,d},

31 31
E[|Xit|10} = E[|uityz,t+1 10

IN

186 ?j_ 3—0 . .
E Jui |29 ) ( Ve, 4+1] ) (by Holder’s inequality)

<

AN
| — | | — | /N
VS /N
&=
g
=
-
gg
~—
’_'|t\)
> ©
| I
-
|
=
<
>
o~
Jr
—
4

< ¢

Hence, the second part of condition (4.1) of Chen, Shao, Wu, and Xu (2016) is also fulfilled with
r= 10 > 2. Moreover, note that, by Assumption 2-8, forallr > 1,7y > 1, and 7o =7—71 > 1

2 2

1 (r—1)7+7114+p—1 1 (r—1)7+7114+p—1
FE —7_ Z Xt = F —7_ Z Yo t+1Uit
VI D VI Dt
(r—1)7+71+p—1 (r—1)7+714+p—1
1
I Z Z E {yo+1uitwisye,s+1}
t=(r—1)7+p s=(r—1)t+p

E
or 9 9
(r=1)7+7m1+p—1 (r—1)7+7m1+p—-1
E > Xit =FE > Yet+1Uit > cT1,
t=(r—1)7+p t=(r—1)7+p
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so that condition (4.2) of Chen, Shao, Wu, and Xu (2016) is also satisfied. Finally, by Lemma
B-11, Assumption 2-3(c), and Assumption 2-4; {(y&t_H, Uit)/} is f mixing with § mixing coefficient
satisfying

B (m) < ayexp{—asm}
for some constants a; > 0 and ag > 0. It follows by part (a) of Lemma B-2 that {X;;} (with
Xit = uityer+1) satisfies the 5 mixing condition (2.1) stipulated in Chen, Shao, Wu, and Xu (2016)
for all i+ € H. Hence, by applying Theorem 4.1 of Chen, Shao, Wu, and Xu (2016) for the case

where § = 1!, we obtain the Cramér-type moderate deviation result

P {E’,@,T/ Vier > Z}

T =140(1)(1+2)>T (-3 (43)

for all 0 < z < ¢p min {T(lfal)%,T%z} and for |O (1)] < A with A being an absolute constant.
In addition, note that

p {E’,@,T/ Vier < —Z} p {_gi,é,T/ Vier > Z}

d(—2) N b (—2)
p {_gi,é,T/ Vier > Z}
- 1-®(2)
Since
q (r—=1)74+714+p—1
~Sisr=>_ > (—uityes+1) »
r=1 t=(r—1)7+p

for this case, we can take X = —u;yp 441, and note that, trivially, by calculations similar to those

'Note that Theorem 4.1 of Chen, Shao, Wu, and Xu (2016) requires that 0 < § < 1 and § < r—2. These conditions
are satisfied here given that we choose 6 =1 and r = 31/10.
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given above, we have

EXy] = E[-uuyei+1] =0,
31 31 31 3L
B|[Xul®] = B ||~uiyeenl®] = E [Jugee| P | <l and
2 - 2

(r—1)7+71+p—1 (r—1)7+71+p—1

E E Xit = F Z (—itYe t+1)

t=(r—1)7+p L t=(r—1)7+p
[(r—1)r+7m14p—1 2
= b > Uit Yo 441 > CT1
| t=(r—1)7+p
Moreover, it is easily seen that {X;} (with X;; = —uiye+y1) also satisfies the § mixing condition

(2.1) stipulated in Chen, Shao, Wu, and Xu (2016) for every 7. Thus, by applying Theorem 4.1 of
Chen, Shao, Wu, and Xu (2016), we also obtain the Cramér-type moderate deviation result

P {gi,Z,T/ Vier < —Z}

_ 23 f(lfal)%
53 1+01)(1+2)3T (44)

for all 0 < z < ¢pmin {Tl__Gal,T%z} and for |O (1)| < A with A being an absolute constant.
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Next, note that

IN

P(|Sier|=2)
21— (2)]

<smce S :@>
P(Fz,é,T/ V€T>Z> 1 P(Sier/ VeTS—Z> )

21— (2)] I 23 (—2) 3
s R e
% P<S~7g[7z“/ :(Z;T > > 1 +% P<§-7£,T/q> (ZT < — > 1
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so that in light of expressions (43) and (44), we have

P( 22)_1

Sier/\/Vier
2[1 - (2)]

P(|Sierl>2) 1’
2[1 =@ (2)]

= % T—a(2)] 2 B (—2)
< §(1 + )P ey é (14 2)3 7 (-3
= A(1+ 27 (e
It then follows that
~A(4 9Tt < TEMEED 1< 4142 0o ()

Focusing on the right-hand part of the inequality in (45), we have

P(Sier| > 2)

_1< 3 —(l—al)%
31— (%) 1<A(1+2)0°T

Simple rearrangement of the inequality above then leads to the desired result
P(|Sier] 2 2) <2(1- @ ()] {1+ A1+ 2P T-0-o0F ],

which holds for
ieH={ke{l,....N}:v, =0},

for ¢ € {1,...,d}, for all T sufficiently large, and for all z such that
0<2< comin{T%l,T%z}. 0

3 Appendix C: Supporting Lemmas Used in the Proofs of Theo-

rems 3 and 4

Derivation of the h-step Ahead Forecasting Equation Given in Expression (23) of the
Main Paper:
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Consider the FAVAR process
Wit =p+ AW+ -+ AW _pi1 + €41, (46)

where W; = (Y/, F})'. Suppose that equation (46) satisfies Assumptions 2-1 and 2-2 of the main

paper. Then, similar to a VAR process, we can rewrite this model in the companion form

W, =a+ AW, , + E

where

Wt Et

Wi_1 0 0

w, = : , Wy = , By = S |l,a=| i |,and
Fy

VVt—p—&—Q

Wi—pt1 0 0

A Ay - Aga A,

Ik 0 oo e 0

A = 0 (47)

0 o 0 Ipx O

Successive substitution for the lagged W, ’s gives

h—1 h—1
Jj=0 j=0
Let
Ja Z[Id 0o --- O}and Jar K :[I(HK 0 --- 0
dx (d+K)p (d+K)x(d+K)p

and note that

JaW iy, = Yern, Jark Eirh—j = €trn—j,
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and

Et+h—j Et+h—j
Ijig 0 -+ 0 . J . J
/ 0O 0 --- 0
JaykJirk Bryn—j = =
0 0 0
Hence,
Yieh = JdW,yy,
h—1 ’ h—1 .
= Z JgAl o + JdAhEt + Z Jg A JC,H_KJd—i—KEt—i—h—j
j=0 Jj=0
h—1 ' h—1 '
= JaA o+ JGATW, + 3 " T A Ty gceeinj (48)
j=0 §=0

Furthermore, let Py, i), be a permutation matrix such that

Yy Fy
Y, : :
PatrrypW, = , where Y, = : and F; = : . (49)

=t
Yipt1 Frpi1

and note that P4 ) i an orthogonal matrix, so that P(,, xy Pla+x)p = Ld+5)p = Pla+s)pP iy x)p-

Next, for g = 1,...,p, let e, be a p x 1 elementary vector whose ¢'" component is 1 and all other
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components are 0; and define

egp @ I
Suy B 9.p . Sk = dpx K ,
(d+K)p><d prd (CH—K)])XK eg’p ® IK
So = (Sux Siz - Sap)
(d+K)pxdp
€1p®fd e2p@Ig - epp @Iy
- 0 .. 0
Kp><d Kpxd Kpxd
I ®Id Idp
Kp><dp Kpxdp
Sk = (SK,l Sk2 - SK,p)
(d+K)pxKp
0 ... 0
— dp><K dpx K dpx K
e1p DIk ep @Ik -+ epp® Ik
0
= dprp = dpxKp
( I (] IK IKp
It follows that
Iy 0
S = Sd SK = WEP N = Tk
(d+K)px (d+K)p (d+K)pxdp (d+K)pxKp 0 Iy i
Kpxdp

In addition, using these notations, it is easy to see that
S!/LgP(fHK)pwt =Y g1 forg=1,....p

and, similarly,

S}(,gp(dJrK)pmt =F _gpforg=1,..p.

(51)

(52)

Hence, making use of expressions (48) and (50) and the fact that P44 ), is an orthogonal matrix,
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we can write

Yien = JaWyp

h—1 h—1
= Z JaAl o+ JdAhPfdJrK)pP(dJrK Wy + Z Ja A Jc/l+K5t+h—j
j=0 §=0
h—1 h—1
_ 7 hp! ! i
== ZJdA -+ JdA P(dJrK)pSS P(d+K)pwt + ZJdA Jd+K€t+h*j
7=0 7=0
h—1 ‘ D h—1 ‘
= Z JaA o + Z JdAhP(,d-‘rK)p (Sd,gsél,g + SKygS}{,g) 73(d+K)pEt + Z Ja A Jc,l+K5t+h—j
§=0 g=1 =0

so that, in light of expressions (51) and (52), we further deduce that

Yieh = JdW,yy,
h—1 ' P h—1 ‘
= Y Jala+ Y TaAPly e, (SagShy + SkgSicg) PlaripWe + Y JaA Thy erin—
§=0 g=1 §=0
h—1 ‘ P p
= D JaAa+ Y JaA"Plg, 0,SagSagPlarpWe + Y JaA Py i)y SK oSk g PlariopWa
7=0 g=1 g=1
h—1 '
+ Z JaA Ty ketin—j
§=0
h—1 ‘ P P
= Y Jala+ Y JaA Pl 0y SaaYi-gi + Y JaA Pl k), Sk g Fiog i1
7=0 g=1 g=1
h—1 '
+ Z JaA T3y kEtin—j
§=0
P P
= /80 + Z Bi,gn*g+1 + Z Bé,gFt*Q%*l + Nevn
g=1 g=1
where
h—1 ‘ h—1 A
Bo = Y JaANa,m =Y JaA Ji gerin,
§=0 §=0
h
Big = J;A P(,d+K)de,g and Béy = JdAhPEd+K)pSK,g forg=1,...,p. (53)
Next, define B} = ( By, Biy - Bip ) and Bf = ( B§71 B§72 Bé,p ), and note that,
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by expression (53) above,

Bi - JdAhpEd+K)p ( Sd71 Sd72 e Sd,p ) - JdAhPZd+K)de
B, = JdAhPEd+K)p( Ska Sk2 - Skp ) = JdAhPédJrK)PSK‘

Finally, let Y, and F, be as defined in expression (49), and we can write the h-step ahead forecast

equation more succinctly as

p p
Bo + Z By Yi g1+ Z By gFi—gt1 + My
g=1 g=1

= Bo+BY,+ByF, +n. O

Yien

Lemma C-1: Let 7;, =T — h — p + 1 where h is a (fixed) non-negative integer and p is a (fixed)
positive integer. Suppose that Assumptions 2-1, 2-2(a)-(b), 2-2(d), 2-5, and 2-7 hold. Then, the

following statements are true.

(a) There exists a positive constant ¢ such that

1Tfhoo

Amin § 7 D D Ao kB [er-jel ] Javx (41) 3 >e>0,
t=p j7=0

where A is the coefficient matrix of the companion form given in expression (47) and where

Jirx =[1d+K 0 - 0}. (54)
(d+K)x(d+K)p

(b) The matrix
v 1 EXY B
=Y | Elv) ElYY) ElY.F)

"\ EIE] E[EY] E[EF)

is non-singular for all T'> h +p — 1.

Proof of Lemma C-1:

For part (a), we prove by contradiction. To proceed, let

Jd+K,r = e',r,p ® Lo+ K for r € {1, ....,p}
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where e, is a p X 1 elementary vector whose rth

component is equal to 1 and all other components
are equal to 0. Note that, under this definition, Jy1 k1 = Jy+ i, where Jyy i is as defined previously

in expression (54). Suppose that the matrix

o0
N AT i daika (A7)
=0

is singular; then, there exists b € R(+5P\ {0} such that

o0
S VAT erJarka (A1) b=0
=0

This, in turn, implies that Jy4 1 (Aj )/ b =0 for all j. Now, partition

by
(d+K)x1

bo
b= (d+K)x1

bp
(d+K)x1

Note that, for j =0, let Lo = I+, and it is easily seen that

0 = Jurk (AO)/b

= Jayk,1b
b1
bo
= | Ik 0 -~ 00
by 1
bp
= b1 (= Lob1)
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Now, for j = 1, define A = [ Ay Ay -+ A, 4 A, |, and note that

0 = Jayr1A'D

A Iyx O 0 by
Al 0 Ik : ba
=[x 0 00| 2 g :
A 0 v Ink bp—1
A0 e 0 by
= Jd+K’1[Z/ Jarky Jike 0 Jirp |

= [Jd+K,1ZIJd+K,1 + Jark2| b
= [LiJagka + LoJar k2] b
= Liby + Lobs

where Ly = Jgt KJZ’ = A]. Since previously we have shown that b; = 0, it follows that
bog = L1b1 4+ Lgby = 0.

Moreover, for j = 2, using the fact that Jyix,J), g, = larx and Jay i Jy, g, = 0 for v # s, we

obtain
0 = Jaxa (A)%
—/
= Jarka [ A J&+K,1 Jc/l+K,2 T Jc/lJrK,pfl c/lJrK,p } b
= [LiJark + Lodayk 2] { A Jr,1+K,1 Jr,i+K,2 J(’HK’IF1 J(’HK’p ] b
= ([Lle+K,1 + Lodus o) Adarxcn + LiJasxa + Lon+K,3> b
= (LoJayxa + LnJark2+ LoJark,3) b
= Loby + Liba + Lobs
where

Ly = [L1Jayr + Lon+K,2]ZI

Given that by = 0 and b = 0, as we have previously shown, it then follows that

bs = Laby + L1by + Lobs =0 (since Lo = Id+K)
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We will show by mathematical induction that, in fact, b, = 0 for every r € {1,...,p}. To proceed,
suppose that by = by =--- =bj =0 and 0 = Jgyx1 (A )j b. By straightforward calculations, one
can show (in a manner similar to the case where j = 0, 1, or 2 given earlier) that Jyi 51 (4’ )7 b has
the representation

Jitr 1 (A')j b= Ljbi + Lj_1by+---L1b; + Lobj11

for coefficients Lj, L;j_1,..., L1, and Lo where Lo = I k. It follows from the induction hypotheses
that

bj+1 = ijl + Ljflbg + - 'lej + Lobj+1
= Jayra (4) 0
= 0.

Hence, by mathematical induction, we conclude that b, = 0 for every r € {1, ..., p}, but this implies
that

by
b2

b=| : |= o
(d+K)px1
by

by

which contradicts our initial assumption that b # 0. It then follows that the matrix
o0
; N
S AT g daria (A7)
§=0

is positive definite and, thus, also non-singular, so that there exists a positive constant C, such

that

Amin ZAjJé+K,1Jd+K,1 (Aj), >Cy>0
=0
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Moreover, in light of Assumption 2-2(d), this further implies that

T—h oo
)\min Th Z ZA Jd+KE [€t ]5t ,]:| Jd+K (Aj)
t=p j=0
00 1 T—h
= Amin EA]Jd+K1 ZE e1—j€i—j] Jarxa (A7) ¢ (since Jarrca = Jarx)
j=0 t=p
> )\min{ZA Jd+K1Jd+K1 (A] mln{ ZE 515 Jat —Jj }
7=0
> A iAjJ’ J (Aj/ inf Apin {F [e1—i€)_
= min d+K,1Yd+K,1 ) p mm{ [t J t*]]}
j=0
> C.C

> ¢>0 (by choosing ¢ < C,C).
where the second inequality above follows from the fact that

— !
r-h [st_]et_]}

Th

ZA —[St kel

T,

1 I=
= ?h tX_}:} Amin {E [Et—j‘(;;ﬁ*j} }

> lrtlf Amin {E [Et—jgl/ffj} } :

>\min

v

t=p

Now, to show part (b), note first that extpression (18) in the proof of Lemma B-5 gives a vector

moving-average representation for W, of the form

1 > ;
W= (Iarryp = A) " Tipuct+ Y A T e,

=0
where Jg = Jd+K71 = [ Igvge 0 -+ 0 O } Now, let
1 0
Sy = g and Sk = | dpxKp ||
(d+K)pxdp Kpxdp (d+K)pxKp IKp

126



and let P4 g, be a permutation matrix such that

It follows that

and

Moreover,

I~

t = Sélp(d-‘rK)pEt

o0
-1 .
= SyPuasryp Ly —A) " Joswti+ Y SiPariopX Jiswer—
=0

F, = S}(P(d+K)pwt

- S%P(dJrK)p (I(d+K)p - A)il J(,HKN + Z Skp(d—f—K)ij Jc/l+K€t—j-
§=0

E Y, Y]]

E { (5&P(d+x)p (Lasmyp — A) " Thgn+ > SiParrp A’ J(/HKEtj)
=0

0o
X (,U,/Jd-i—K (I(d+K)p — A’)*l ,Péd—l—K)de + ZE;?de_;'_K (Aj)lpéd_’_K)PSd) }
k=0
—1
PE«HK)de

+ Z Z S&P((HK)ij Jé—&-KE [5t—j52—k] Jav i (Aj)/ 7DédﬂLK )de
=0 k=0

—1
SaPa+iy (Tarxy — A) " Japriid Jarx (Tarrp — A)

—1 -1
SaPasyp Tarxy —A) " Japxi' Jarkx (Tarxyp —A) " PlayrpS

+> SuPar kA Tk E [eo-jetj] Jaric (A7) Play seypSas
=0
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and

E [F,F}]

E { (Skp(dJrK)p (Tarrp — A) " Thixn+ Y SkParrpA’ J(I1+K5tj)
=0

X (;/J(HK (Layrcrp — A) Plasx)pSK + is;_deH( (A7) Py K)pSK> }
k=0
SiPariop Tarop — A~ Tirmi Jaskx (Tasrp — A) "~ PlayropSk
+ i i Sk Pl A Thy i B [er—jei] Jari (A7) PlyyropSi
=0 k=0
SiPariop Tarop — A~ T Jaskx (Tasrp — A) "~ PlayropSk

+ 3 SkPlariopd ik E [er-jet ;] Javr (A7) Plas Sk,
=0

E[Y,F}]

1 e .
E{(%PMK (Iarry — A) J@Kﬂ+§:%mewAU@K&j)
=0

(MJdH<1w+K)'—A) P@+KWSK*‘§:5;kLHK(A”IP@+KmSK>}
k=0

-1
SiPasrop Tarip — A~ Taremi Jas i (Tarrp — A) " PlayropSk

o olNe o)
/

+3 ) SiPar A Tk B [ee-jetoi] Jark (A7) PlassoypSic
=0 k=0

~1 -1
SaPasy Tarry —A) " Japxii Jarr (Larryp —A) " PlasrpSK

o
. N\
+ > SiParrpA Ji ik E [er-jet ] Javic (A1) Play xSk,
=0

In addition, since

EWy = (Iarryp — A)il Jarxci and
EW W] = (Iarxp —A) " Joprcntd Jarx Lapryy — A)
o0
+3 ATy kB [eiel ) Jark (A7)
7=0
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and since

s

it is easy to see that

E[Y,Y)] E[Y,F)
E[EY) EI[EF)

S/

s - -
= ( \ ) Plaryp (Larxp — A) ' Jar bt Jarxe (Lasryp — A') 1 Plat iy ( Sa Sk )

Sl >
+ ( ) Zp(dJrK Al Jd+KE [Et j‘st ]] Jd+K (A ),,PEd+K)p< Sd SK )

SK 7=0

Lap

Kpxdp

dpxKp
Ixp

= Py Larrw — A Thpcmi! Jarxe (Lasryp — A)

+ Z P(d+K)ijJfli+KE [Et—jg;ﬁfj] Jarx (Aj), pEdJrK)p

§=0
= Plarpl [Etﬂ;r] P(,d+K)p

and

(B EIE])
= </~LJd+K (Hasryp — A')
1

= pJarrx (Lgerop — A

)
/)1

1

IL

= ' Jarrx (gsrop
= b [EQ] P(,d+K)p

-1

= Ly x)p

PEd+K)p

-1
Pd+K Sa W Jari ([(d+K)p - A/) ,PEdJrK)pSK >

Plariop ( Sq
PlatK)p

Making use of these expressions, we can then write

—_

ElYi  E[E]
ElY,Y] EY,F) | =
[FY! EI|EF

ff] f+]

& =

= 1<

~+

[
[

1
Plarxypl Wyl Playi)pl
1 0 )(
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E [mg] Péd—&-K)p )

1

W,

E Wi

W, Wi

)

1 0

0 ,PngrK )p

) |



Next, note that

G v Fm
EW,) BWW)

= det(1)det { F [W,W}] — B [W,] E [W;]}
= det {E [W,W;| - E[W,] E [W;]}
— det {(I(d+K)p ~ A T et Jark (Lasryp — A) 7
+ Z AjJCIHKE [Et_jééfj] Ja+ K (Aj)/
j=0
— (Tasrp = A~ T Jar (Tasacp — A) '}

= det {ZAJ’JC’HKE [et—jet ;] Jark (AJ’)’}

=0

Now, by Assumption 2-2(d) and by the same argument as that used to prove part (a) above, we

see that there exists a constant ¢ such that

=0

Amin {ZAjJ(Ii+KE let—jer—j] Jark (Aj)/}

v

Amin {Z Ach/1+KJd+K (Aj)/} ig;f Amin {E [515—]’5273‘]}

J=0

v

c>0

for all ¢, which, in turn, implies that in this case

J=0

ot ( 1 E W} ) — det iAch/l E [gt & ] Ja+ K (Aj)/
— + —J<t—
E[W, E[W,W} ]
cldHE)P -

for all t. Furthermore, since the matrix

0 P(d—l—K)p
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is nonsingular, it follows that the matrix

T h 1 ElY;  EI[F]
EY,Y;] E[Y,F}
P\ E[E] E[EY]] E[EF]]

_(1 0 )1%( 1 E[M])(l 0 )
0 Ptk Th = \ B, BEW,W 0 77éd+K)p

will be nonsingular and, thus, positive definite as required. [

Lemma C-2: Let T, =T — h — p+ 1 where h is a (fixed) non-negative integer and p is a (fixed)
positive integer. Suppose that Assumptions 2-1, 2-2(a)-(c), 2-5, and 2-7 hold. Then, the following

statements are true.

(a)

where

Wt—p+1
1 T—h 1 T—h
— Y, Y, — — ElY, Y] = O < )
T, t_p Lty T ; [—t—t] 2

=p

1
VT
—h 1 T—h 1
F tEQ—T—h;E[EtE;] = Op<ﬁ>,and
—h T—h 1
Z”’ 7 2 EILE) - o (77

where Y, and F, are as defined in expression (49).

(c)

131



T—h
1 1 1
?h Z y, = Sélp(d+K)p (I(d+K)p - A) Jc,i+K# +Op <_T> )
t=p
| T=h , ]
?ﬁ;i:ig - S%Pw+KW(IM+KW“A) {%+Ku4—0p<—75>.
t=p
e
© . 1 .
— Z Wynyn = Op (—) , where 1, ), = Z JaA Ty, getin—j
Th t=p \/T j=0
with  Jy :{[d 0o - O}and Jat+ K :[Id+K 0o --- 0]'
dx(d+K)p (d+K)x (d+K)p
f
v 1 = 1 1 = 1
r_ 1o
Th ;tht-‘rh =0p (ﬁ) and Th Z;Etnwh =0Op <_T> )

where 7, is as defined in part (e) above.

(2)

—h
S, 1 TE ( 1 >
= — = O —— = O 1 .
Th Th = 77t+h p \/T P( )

1 T—h 1 T—h 1
et St )
T, tZ:; Nt+n"Mt+h T tz:; [7715+h77t+h] P \/T

where 7, is as defined in part (e) above.

Proof of Lemma C-2:
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To show part (a), we note that for a,b € RUTEIP such that ||a||, = ||b]|y = 1, we can write

2

T—h

E Tih > (W Wb — E [o/ W, W10
t=

_ 1N, [(a’WtWQb B [a’WtWQb]f]
Tn = — —
2 T—h—1T—h—t

Z > E{(dWWib— E [d WD) (/W Wiy b — E [ Wy, W00 )
t=p m=1

Note first that

1 T=h 1 T—h 1 T—h
= Y B|((wwip - B [dw,wp)’| = Z (W W) — = S (B [ W, W)
h t=p h t= Th t=p
1 T—
< Z (W Wia) (YW, W5b)]
h t=p
T—h
: T,f S VE @W Wiy B @, winy?
t=p
<

1
2 Z E|W,[3

£
where the fourth inequality above follows from applying Liapunov’s inequality and the result given
in Lemma B-5.
Next, note that by Lemma B-11, {W};} is f-mixing with § mixing coefficient satisfying Sy (m) <
Ciexp{—Coym}. Since aw,, < By (m), it follows that W is c-mixing as well, with o mixing
coefficient satisfying aw.,, < Cjexp{—Cym}. Moreover, by applying part (b) of Lemma B-2, we

further deduce that X; = o'W, Wb is also a-mixing with « mixing coefficient satisfying

IN

Crexp{-Cy(m —p+1)}
Cy exp {—Cym}

axX m

IN

for some positive constant C7 > Cjexp{Cs (p — 1)}. Hence, we can apply Lemma B-3 with p = 2
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and r = 3 to obtain

|E{(a W Wb — E [a' W, Wib]) (/W Wiy b — E [/ Wy, Wb )
1 1 9 , , 3 1/3
< 2 (22 + 1) o o\ B (W, Wb) (E |0/ W Wb )

where ax ,, denotes the a mixing coefficient for the process X; = a'W,Wib and where, by our

previous calculations,

o=

m < (C7)

ol

a

)

exp {_C’ng} for all m sufficiently large.

It further follows that there exists a positive constant C3 such that

S, < @F Y en{-2)

m=1 m=1

A
8
e
[]¢

@

”

T

|

o[
3
——

IN
—~
9
*
N~—
N
| — |
—_
|
@
>
ko]
—
|
cn|[g)
——
| S
L

< C3

where the last inequality stems from the fact that Zoo o &XP {=(Cam/6)} is a convergent geometric
m=
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series given that 0 < exp {— (C2/6)} < 1 for Cy > 0. Hence,

E { (a/wtwgb - LK [alwtmgb]) (alwt+mw;+mb - B [alwtmw;mb] ) } '

IN

E { (a/wtwgb - F [alwtwgb]) (a/wt-&—mw:ﬁ—&-mb - F [a/wt-&—mwg—kmb] ) H

IA
:%| =~
—
™
+
—_
N—
™M
Q
X@lH
3
=
B
=
=
=
[\]
—
=
BN
[F
+
3
=
+
3
Sl
N—
B

o=

IN
B
—

=

+

—
~—

Ti}?T_h_ —h—t {a)%(,m {E (a'm)ﬂ 1/4 [E (blﬂt)ﬂ 1/4 [E (alﬂtm)ﬁ}
1

X {E (blwtw)ﬂ %}
1 L T-h-1 oo

V1) (s [lweld] ) (swr [lwf] ) 75 3 Yo

t—p m=1

Va+1) (s B[] ) (sup [nmn%])% L3 203
)

IA
i
><c>|»—-

,m

IN
W

/N VS
|

2
h t=

[ 1 — 4
?h =0 <T> (Where C>4 (\/§+ 1) (Slsz [\thllz

1

" (s [lzg] ) 03>

=

IN

It follows that

T—h 2
3 - )

b

E

IN

i ;E[ (W Wip — B o'W, w3p])°]

T—h—1T—h—t
2

T2 Z Z ‘E{ a WtW/b E [a WtW/b]) (a/wt+mw£+mb - B [a/wﬂrm—gﬂrmb])}‘

t=p m=1
1
- 0=
()
so that, applying Markov’s inequality, we get

T—h

ZE o' W, W3b] = 0p<

S5l
SN—

T—h
/
ThZ“WtW
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Since this result holds for every a € RHEP and b € REHEP such that ||a||, = ||b]|, = 1, we further
deduce that

1 T—h 1 T—h 1
R / —_ — / f— JR—
i ;mm T ;E (W, W] = O, < ﬁ)

To show part (b), note first that

Sélp(d-‘rK)pEt = < Idp 0 ) dpx1 _ Xt,

By the result given in part (a) above, it follows from applying Slutsky’s theorem that

1 «— 1
— E — E EY.Y!
Th — T, = [_t_t}
= SP L Tihj W~ Tihj E[wWwW,|P S
d (d+K)p Th —~tt Th ——trt (d+K)p d
t=p t=p

o)

—ZFF’——ZE F,F})
htp

= SkPla+r)p ( ZWtW/ T ZE (W, ) Pla+K)pSK

o)
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and
1 T—h 1 T—h
n Z LE -7 Z E[Y,F]
T—h
= SdP d+K ( Z WtW/ h Z E [Wtwé]) P(d+K)pSK
t=p

~o(L)

To show part (c), let a € REFEIP such that ||al|, = 1, and write

T—h T—h 0o
1 1 _ .
T Z dW, = T, Z a ([(d+K)p - A) ' Jarcht + Z a' AV Jy gcer-
L — L — =0
L 1 T—h oo '
= (Iarrp —A) Jarxp+ T Z ZG/AJ Jay KcEt—j
t=p j=0
Next, note that
T—h oo 2 T—hT—h oo o0 ,
T ZZG’,A]Jd+K€t —j = T2 Z ZZZG’,AJJd+KE Et ]Es k?] Jd+K (A > a
h t=p j=0 t=p s=p j=0k=0
T—h oo
T 12 o S S AT B [e el ] Jaek (4) a
h t=p 7=0

2 T—h—1T—h—t oo

t= > Y N dA T kB [aiel ] Jak (A" a

t=p m=1 j=0

1 T—h oo
) N
= T o/ ATy, E [er—jei_j] Jarr (A7) a
h t=p j=0
2 T—h—1 oo T—h—t
/
Z aAJJd+KE [Et ]Et —j Jd+K A'] Z
t=p j=0 m=1
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Now,

1 T—h oo

T2 Z Za’AjJC’HKE [ét_jfs;,j] Ja+ i (Aj)/a
h t=p =0
T—h oo
T2 Z EE lee—jll3 @’ A Th e Jas e (A7) a
h t=p j7=0
T—h oo

TQZZ(EHeun) A1 (4 a

h t=p j=0

IN

VAN

(b Liapunov’s inequality and Apax (Jc'l L xJdt K) = 1)

IA
A 3
3=
g
Ing
S8
=
=
=

/N
=
=
@}
=
¢}
Ql
Vv
—_
7
<
Q
Q
=}
w0
=+
Q
=
w0
o
@)
=
=+
=
Q
=+
&=
o
=
52
A
Q
A
on
<
g
»n
w0
o
=
ol
.
o
=}
[\V]
s
=)
N~—
N—

INA
A
:%| =
>~
=
%
——
s
B
==
Q\
S

IA
CBIL

Z C max { ‘)\max (Aj) ‘2 , |)\min (Aj) ‘2} (by Assumption 2-7)

t=p j=
T—h

0
= g 33 max { e (O i (A}

7=0

- Z ¢max

wl»—t

where ¢, .. = max {|Amax (4)|, [ Amin (A)|} and where 0 < ¢, < 1 since Assumption 2-1 implies
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that all eigenvalues of A have modulus less than 1. It follows that

1 T—h oo ' ., 1 T—h oo
= Y S AT B [y ] e () 0 < THOZ Y S o
h t=p j=0 Ty t=p j=0
-1 T—h-— 1 1
= C°C 2 Al 2
T3 1 — ¢ ax
—1 1 1
_ 030_—2
Th1 = Pax

Moreover, write

g Toho1 o 4 Tht
— Z Ea'AJJC’HKE [Et,jsgfj] Javi (A7) Z (A™ a
h  t=p j=0 m=1
2 T—h—1| oo [ Tht
< Z ZGIA Jark E [er-jei_;] Jarx (A7) (A™'a
l=p |j= m=1
2 T—h—1 [e%S)
< Z Z ad AV, B [st_jegfj] E {Et—jgé—j} Jirx (A a
t=p 7=0
00 Tf - T—h—t
D> ’AmlAJJd+KJd+K (A1) > (A™) a
7=0 m1=1 mo=1
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Observe that

Za’AjJ(’HKE [51‘,7]'527]‘] E [&,je;,j] Jai Kk (Aj),a

§=0
< Z Amax (E [et_js;,j] FE [5t_j5£,j]) a’AjJ(’HKJdJrK (Aj)/ a
§=0
< D dmax (B [e et ] B [eret;]) Coflax
j=0
= CZ )\12118,)( (E [Et*jgg—j]) ¢121{ax
§=0
< O (tr{E e ,]})” ol
j=0
e 2 .
= O (Elletsll})” 6
§=0
o0 2
< Cz (E ||5t_j|]g> * ¢2  (by Liapunov’s inequality)
=0
IO
< CC—F5—
- ¢max
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and

oo T—h—t T—h—t
> d A AT e daiw (A7) (A

j:O m1=1 mo=1

—h—
Z a A AT (A) (A™2) q

Mg
MD‘

I
Q
8 L[V]s
-
S

&

|a’ A (A™2) a

7=0 m1=1 mo=1
T—h—tT—h—t
ON TS VaAms (Am ayfaamz (Am2) o
7=0 mi=1 meo=1
0o T—h—
< O o S Y ooy oo
=0 mi1=1 mo=1
T—h—t T—h—t
< max (bmax Z max
7=0 mi1=1 mao=1
1 1 2
e
1_¢max 1_¢max
It follows that
9 T—h—1 oo T—h—t
!/
ﬁ Z ZCL/A Jd+KE [Et ]Et —j Jd+K AJ Z
h t=p j=0 m=1
9 T—h-—1 [e's)
< T—E Za’AﬂJd+K [st €L ]]E[st € ]} Jatrr (A7)
t=p j=0
oo T—h—t T—h—t
S S WA AT e (AT S (Ama)
j=0 mi1=1 ma=1
T—h—1 2
< 2SS e o L ()
Th t=p 1- max 1- max ('bmaX
e () ()
h \1 max 1_¢ma.x
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Putting these results together, we obtain

2
T—h oo

T Z Z“,A]Jd%ft —J
t=p 7=0
1 T—h oo ) .,
= —}% Z ZCLIAJJZHKE [515—]‘5;_3'] Jd+K (AJ) a
t=p =0
T—h—1 oo

2 Z Za,AJJd+KE [Et jEt —j Jd+K AJ ' Z

m=

T—h—t

—

t=p ;=0
1
- ¢ (;)
so that, upon applying Markov’s inequality, we get
T—h oo , 1
—;jZOaA Jyixet—j = Op (ﬁ)

from which we further deduce, upon applying Slutsky’s theorem, that

T—h oo

T h
1 1
EE AW, = d (Iaixy—A) Jd+KN+T > Y A AT ke
t=p j=0

1 1

Since the above result holds for all a € RHE)P such that ||a, = 1, we further deduce that

T—h
1 B . 1
i tE_p W, = (Iarry — A) Jagxh+Op <_’_T> :

To show part (d), note again that
dpx1
SaPlarropWe = ( It ) th =L
dpx1
SkPuar Wy — ( WO Ik ) | -E
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By the result given in part (c¢) above, it follows by Slutsky’s theorem that

1 T—h 1 T—h
Y = SiPusiorg W
t=p t=p
) 1 T—h oo ‘
= SiPasiop Larip = A) " Jirxn+ SiParkpg YN AJjker
t=p 7=0
. 1
= Sélp(dJrK)p (I(d+K)p - A) ‘]c,i—&-K:“ +Op <ﬁ> )
1 T—h 1 T—h
T ; E, = SiPakny, tz_; W,
) 1 T—h oo A
= SkPuarryp Larxyp —A) Jopxn+ Skp(d%)pT—h o> Ak
t=p j=0

-1 1
- S}fp(d-*-K)p (I(d+K)p - A) J(,HKM +0p (ﬁ) .

Turning our attention to part (e), let a € RTKIP and b € R? such that ||a||, = 1 and [|b, = 1;

and, by direct calculation, we obtain

| T=h 2
E ?h tz:; a’wtni+hb]
= ) ) g Th1T—h-t
= T_if Z B [(a/ﬁt) (77§t+hb) } + T_,f E Z b {(G'Etni+hb) (Q/Etern:H—m—i—hb)}
t=p t=p m=1

Let omax (A7) denotes the max singular value of A7 and let @, = max {[Amax (4)]; [Amin (A)|},
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and note first that

4
h—1
E (blnt+h)4 E Zb/JdAjJ@K&“tJrhfj
=0
h—1 .
< B Z E [(b'JdAJ J£I+K6t+h—j)4} (by Loéve’s ¢, inequality)
=0
h—1
, , 2
< By B [(b/JdAJ Tracder (XY T)” (i seeens)?
=0
_ 3 - / it N 7 2 4
> (b T AT e dasr (A7) Jdb> Ellevinjl
=0
h-l o, 2 .
< 1wy (b'JdAJ (A7) ng) Ellein il
=0
h—1
< W3S ok (A7) (VIaip)? B levin—ills
j=0
_ 13 -— 4 j 4
= h Zama.x (A ) Ellet+n—jlly
=0
h—1
< m Z? [max { [Amax (Aj)| , | Amin (Aj) ‘}]4 E HEHh,jH;L (by Assumption 2-7)

— .
= 1°) CouxE lerin—il;

T
- O

<
Il

h—1
< CSORY ¢l

j=0
< C (55)
2 2
where the next to last inequality follows from the fact that £ HaHh,jH;l < (supt E ||€tH6> <03
by Liapunov’s inequality and by application of Assumption 2-2(b) and where the last inequality
follows from the fact that & is a fixed integer and 0 < ¢, < 1 in light of Assumption 2-1. Applying

the Cauchy-Schwarz inequality and the existence of moment result given in Lemma B-5, it then
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follows that

1 T—h

/ 2/ 2 1 (= 1 N2 4
7 2 B[ (hb)’] < g VB @i B ()
t=p t=p
T—h
Ti,f Z \/E HMIIE\/E (b’m+h)4
t=p

c__ ¢ (L
T, T—-h—p+1 T

IN

IN

Next, observe that

E{ (' W 1b) (W i minb) }
= F { (C’/th:f-&-hb) ( Et+mnt+m+hb)}

—1 h—1
= {a W, Wi\ ma Z V JaA Jg ceein—j p b JaA Ji getimin- k}
7=0 k=0

h—1h—1
= F {a/wtw2+ma Z Z b/JdAj J3+K5t+h—j5;+m+h_kjd+l( (Aj), J&b} s
7=0 k=0

so that, for m > h, we have

E { a tht+hb a Wt+mn:f+m+hb)}

h—1h-—1
= E{aWtWHmaZEdeA T kEtthiEhpmanpdri (A7) Jdb}
7=0 k=0

h—1h—1
a WtWHmaZZb’JdA T k€tin—i B [ehimannl FEI] Jas i (Aj)/JC’lb}

e 5
oy

h—1h-1
W Wy a0 0 JaA T werin B (el min—i]) vk (47’ Jflib}
=0 k=0

= B

E
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Hence, defining Z (a W,n,,1b) (a’wt+mn;+m+hb)’ = 0, we have

VAN

VAN

IN

IN

IN

T—h—1T—h—t '

2
T2 Z E E{(a'Wy ) (/W ymsnd) }
t=p m=1

T—h—1min{h—1,T—h—t}

T2 Z Z E{(d'Wyninb) (' Wy imnb) }
T—h—1min{h—1,T—h—t}

T2 Z Z E (W) (0'We i m i)

T—h—1min{h—1,T—h—t}

T2 Z Z \/E /WtW;f+m \/E b77t+h77t+m+hb)

T—h—1min{h—1,T—h—t}

T2 > X VE (W Whad Wy, WS, 0) ¢E{<b'nt+h>2<b'm+m+h>2}

T—h—1min{h—1,T—h—t}
T2 > X V(2 1822 { 0000)? )}
T—h—1min{h—1,T—h—t}

2 DY (B 1l8) " (5 12 2)

2(T=h—-p)(h-1)

Ty

2(h—1)C
Th

1

< (b/nt+h)4> ’

=

<E (b/ﬁt+m+h)4> '

C (applying Lemma B-5 and expression (55) above)

(since T, =T —h—p+1)

It follows that

T—h 2
Th Z a tht+hb]
| T=h ) ) g Th-1T—h—t
T_,f Z E [(a’m) (744 1b) } + T_,% Z Z E{(a'Winb) (Wit ymind) }
t=p t=p m=1
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so that, applying Markov’s inequality, we get

Since this result holds for every a € R@+5P and b € R? such that |lall, = 1 and |||, = 1, we
further deduce that

1= 1
=3 W =0,(—=)-
Ty, &t h T <ﬁ>

Now, for part (f), note that

S&P(d+K)pwt = ( Idp 0 ) dpx1 = Xt’

dpx1
S}<P(d+K)pwt = ( Kp(>)<dp Iy ) px _F,
Hence, it follows by applying the result given in part (e) above and the Slutsky’s theorem that

1 T—h 1 T—h 1
- Y / = S, _— W 4 = O — d
T z‘Z:; X Mh dp(d-l—K)pTh tZ:; WMt P (\/T) an

1 T—h 1 T—h 1
— F.n = S — W, =0, —=
T, tz:; L4 Mevn Kp(d+K)pTh tZ:; W Tt h P (\/T)
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To show part (g), let b € R? such that [|b]|, = 1 and write

2
VS ur )2 1 =
E(Z=22) = BE(—=Y ¥
( VT VI Z Teth
T—hT—hh—1h-1

- T, Z Z ZZbIJdAJJdJrKE [5t+h FAT k] Jar K (A"’),Jéb

t=p s=p j=0 k=0

T—h h—1
1 , .
- STV IA Ty o E [evin—setin_ ;) Jark (A7) Tjb
t=p j=0
T—h—1T—h—t max{0,h—2} ‘ .
Z > Z VJa A7 Ty kB [evin—ictin_j) Javr (A™H) Jb
t=p =1
1 T—hh—1
T, Z Zb/JdAJJdJrKE let+n—i€tin—j] Jark (A]) b
t=p j=0
T—h—1 max{0,h—2} ,T h—t
Z Z Vg Ty 1B [erin—icipn—j] Jarr (A7) D (A™) Jib
t=p m=1
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Now,

IN

IN

IN

IN

IN

T—hh—1
1

n STV IA T (B levin—setin_ ] Jark (A7) Tib
t=p j=0

T—hh—1
Ti SN Ellerin—jlla V' JaA Ty e Jari (A7) Tib
7ot
T ; Z (B letsncslS) Var? (4 T30
(by Liapunov’s inequality and the fact that Amax (Ji g Jarx) = 1)
1 T—hh—-1 , ; AJ J )
3 — T ; ]ZO b Jg A ]

(where C > 1 is a constant such that HEt—jHS < C < 0o by Assumption 2—2(b)>
1 T—hh—1
3 Z > Amax {47 (A7)} Tu T3

t=p j=0

T—hh—1

ZZAW{ (49) AJ}

=p j=0
(smce /\max{ A]) } = Amax {(Aj)/Aj} , Amax (JdJC'l) =1, and b'b = 1>
T—hh—1

T Y e (4)
t=p j=0

1 T—hh—1

5Thz:X:C’max{}/\max )} ,‘ min (Aj)‘Q} (by Assumption 2-7)
t=p j=0

Ql
’ﬂl

Zﬁ

= |

Ql
H|

T—hh—1

% Th Z ZmaX{P\max | 7| min (A)|2j}

t=p j=0
T—h h—1

%c DI

t=p j=0

where ¢, .. = max {|Amax (4)|, [ Amin (A)|} and where 0 < ¢, < 1 since Assumption 2-1 implies
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that all eigenvalues of A have modulus less than 1. It follows that

| T=hh-1 ' N _1 q T=hhor
D D VI Ty kB [eronejehin ) Jaex (A1) b < TR0 >
i h v=p j=0
-1 T —h- 1 1
< Tio—= 12 —
h max
—1 1
- 0301 - r2nax
(since Tp, =T —h—p+1)
= 0(1)

Moreover, write

9 T—h—1max{0,h—2} . ‘ /T—h—t
T S Y VIAI T KE [ern—ician ) Jarx (A7) D (AT b
t=p 7=0 m=1
9 T—h—1 |max{0,h—2} T—h—t
. N m
< 7 > > VI Ty kE [eeinjetin ) Jarx (A7) (A™) Jhb
t= §=0 m=1
9 T—h—1 max{0,h—2}
T > S VAT B erineih ] B Eenoishi ] Javr (A7) b
t= §=0

max{0,h—2} T—h—t T—h—t
X S>> VIAMALT, Tk (AT) (Am2) Thb

j:O mi=1 mo=1
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Similar to the argument given previously, we have

IN

IN

IN

IN

IN

max{0,h—2}
ST VI T B [evinieiin ) B [eein—ieiin ) Jarr (A7) Jib
=0
max{0,h—2}
; N
> max (B [ern—seton—] B [evrn—seiinj]) VIaA Ty e Jas i (A7) Thb
j=0

max{0,h—2} ‘
D max (B [errn—jehin—g) B [renjeiin-]) Coflax
=0
max{0,h—2}

C Z )‘gnax (E [Et+h*j€:€+h*j]) ?r{ax
=0

max{0,h—2}

2 .
C Z (tr {E [etsn—jetin—j]}) -
=0
max{0,h—2} 9
C Y (Bllewnil}) 0¥
=0
max{0,h—2} 2
6 .
C Y (Bllewnsll)” o
=0
_2 1
35 C———
1- max
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and

max{0,h—2} T—h—t T—h—t ‘ 4
SN DT VI A™ AT e daik (A7) (A™2) Thb
7=0 mi=1 mao=1

max{0,h—2} T—h—t T—h—t

< Z SN vaaAm AT (A7) (A2 Tb
mi1=1 mao=1
max{O,h 2} T—h—tT—h—t
S CY XD pAm A gy
7=0 mi1=1 meo=1
max{0,h—2} T—h—t T—h—t
< COY Y ST daAm (am) Ty 1 ggAme (Ama) T
7=0 mi=1 mo=1
max{0,h—2} T—h—tT—h—t
< c Z e S S oo Jcem
mi1=1 mo=1
max{Oh 2} T—h—t T—h—t
< Z Grax D, Pmkx Y Dz
mi1=1 mo=1

1 1 2
< C?
B 1_¢I2nax (1_¢max>

It follows that

2 T—h—1h—-2 T—h—t
!/
T, Z Zb,JdA]Jd+KE etrh—jetiny] Jarx (A7) Z
h t=p j=0 m=1
9 T—h—1 max{0,h—2}
< 7 2 > VA B e B |ty Jar (49) T
t=p 7=0

max{0,h—2} T—h—t T—h—t
X Z DD VIAMALTL Ty (AT) (Am2) Jib

mi=1 mo=1

T—h—1 2
—2 1 1
— E C*0——— x/ >
t=p 1 — Pnax max — Pmax

1 gT—h—p—i—l( 1 )( )
= 203C?
Th 1_¢max _¢max

(1)

IN

|
Q
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Putting these results together, we obtain

| Th 2
El — b'n
( o )
_ Tﬁhhilb’J AT, E / J AN T
= EZZ dJa1 K [5t+h—j5t+h—j} d+K( ) d
t=p j=0
9 T—h—1 max{0,h—2} , i , ; ,T—h—t .
+= > VJGA Ty 1B [erin—icionj] Jarr (A7) D (A™) Jgb
hoi= =0 —
= 0(1)

so that, upon applying Markov’s inequality, we get

1 T—h
— Uneen = O, (1).
\/Th ; t+h p

Since the above result holds for all b € R? such that [|b]|, = 1, we further deduce that

| T=h
—= 2 htn = Op(1)

and that
1 T—h 1 1 T—h 1
JE— = — —_— = O — = O 1 .
T, ?_p Ni+h T, ( T, ;_p 77t+h> p( /—T> p( )

Lastly, to show part (h), let a,b € R? such that ||a||, = ||b]|, = 1; and write

T—h 2
1
b T, D (st nb— B [a/”t+h772+hb])]
t=p
1 T=h / / / / ;
- T_i% Z b |:(a nt-l—hnt—l—hb -k [a 77t+h77t+hb]) i|
l=p
T—h—1T—h—t

2
+T_,§ Z Z E{(a' M nmtnd — E [0 00])
t=p m=1

X (a’nt+m+hn2+m+hb —FE [a’nt+m+h772+m+hb] )}
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Making use of the Cauchy-Schwarz inequality, we then have

T—h
1
T2 Z E {(alnwh?ﬁmb - E [alnt+h77£+hb] )2}
1 Th 2
7 t=p h t—p
1 T—h

ﬁ Z E (a'm+hni+hb)2
h t=p

T—h

1
T2 Z \/E (a,nt+h)4\/E (b'nt+h)4
h t=p

IN

IN

In the proof of part (e) of this lemma, we have shown that, given Assumptions 2-2(b) and 2-7,
there exists positive constants C and C such that
h—1
4 =
(b nt+h < h’3 Zc¢maxE HEtJrh*jHQ < C < oco.

7=0

where ¢, = max {|Amax (A)], [Amin (4)|} and where h is a fixed integer and 0 < ¢, < 1 in light

of Assumption 2-1. In a similar manner, we can also show that

FE (a nt+h < h3 Zc¢maxE Hgt+h*jH§ < 6 < 0.

7=0
It follows that
T—h
1 2
T2 Z E [(a’m+h772+hb — E [a'nntnb]) } S Z \/E (a'nep) \/E v 77t+h
h t=p h t=p
1 T—h
< 5> C
h t=p
T —-h—-p+1
= C T}?
C
= — (sinceTp=T—-h—p+1)
Ty
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Next, observe that

a'nt+h772+hb - E [a'nt+hn2+hb]

h—1h—1 . ,
= D > ATl Tk (rrnsEtin—k — B [errn—seiini]) Jark (Ak> Jab

j=0 k=0

h—1h-1 ‘
= 3 (VA Tk © 0 aA o ) {vee (sein-setini) = vee (B [etrnsetoni]) }
0k
1h

> <.
Il
= O

= (bIJdAch,HK ® ' Jg A Jc,l+K) {(et+n—k @ €tn—j) = E ettt ® €151}
=0 k=0

<.

and

/ / / /
a 77t+m+h77t+m+hb ) [a nt+m+hnt+m+hb}
h—1h—1

_ ! L7 ! / N 7/
= D> dJaA Tk (eremih—tEtminr — B [EttmintEtimin—r]) Jark (A7) Jib
£=0 r=0
h—1h—1

- Yy <b’JdATJC’l+K ® a'JdAfJg+K) {vee (Stsmin—tZhimin_y) — vee (B [erimenrichimini])}
¢=0 r=0
h—1h—1

- Z Z <b,JdAch/z+K ® a/JdAZJc,lJrK) {(et4m+n—t @ Etomin—r) — E [Et4mth—k ® Ermn—r]}
=0 r=0

Moreover, note that, for m > h

E{(annmipnb — E [aneminb]) (@0 s nepmand — E (00 nMipmind]) }
h—1h—1h—1h-1

= L33 {(Hat i i)

=0 k=0 =0 r=0
XE ([(et+h—k @ etrn—j) — E(et4h—k @ €t1n—j)]

X [(Et4mth—t @ Etgmth—r) — E (Et4man—t ® 5t+m+h77")],)
/
X <Jd+K (AT)/ Jéb & Jd+K (Az> Jéa) }
=0

Note further that, when h = 1, we will always have m > h, given that by definition m is an integer

> 1. This implies we need to distinguish between the case where h = 1 from the case where h > 2.
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Consider first the case where h = 1. In this case, we have, for all m > 1

E { (a'm+m£+1b - F [a'm+1n£+1b]) (alnt+m+177;s+m+1b - K [alnt+m+177;£+m+1b] )}
= (V1A Tk ©d JaA T}, k)
XE ([(et11 ® et41) — B (et11 @ e041)] [(Etrma1 © etvmy1) — E (etrme1 ® etpmyr)]’)
% (Jarr (A T3 @ Jasie (A°)' Tja)
=0

so that, in this case, we have

T—1 2
1
E T Z (a/nt+177:t+1b —F [a’mﬂniﬂb])]
t=p
= )
- 72 Z b [(a/ntﬂ%ﬂb — E [a'n417m110]) }
1=
g T-1T—1-t
+ﬁ Z E{(a"M31mt11b — E [a'ny1m1410])
1 t=p m=1
% (a/nt+m+1nl/ﬁ+m+1b - B [a/nt+m+177;+m+1b} )}
T—1
1
= = S B [(@nanhanb — F [ niab))’]
1 t=p
= O <%> (as shown previously in expression (56)) (57)

Consider next the case where A > 2. In this case,

E { (a/nt+177;+1b ) [a’mﬂnéﬂb]) (a/m+m+1172+m+1b - F [a/m+m+1ni+m+1b] )} =0
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for all m > h as previously shown; however, for 1 < m < h — 1, we have

‘E {(alnt+h77;t+hb -E [alnt+h77§+hb]) (alnt+m+h77:t+m+hb - E [alnt+m+hn;+m+hb] ) }‘
h—1h—1h—1h—1

- YY Y Y { <b’JdAkJC’l+K ® a’JdAjJU’l+K>

=0 k=0 (=0 r=0
XE ([(et4h—k ® €t4n—j) — E (Et4h—k @ Et4n—j)]

[(Etrmrh—t ® Etrmih—r) — B (Et4minh—t ® 5t+m+h—r>],)
!/
X <Jd+K (A™Y T @ Jai i <A€> Jga> }

1h—1h—1h—-1

= Z Z Z { (bedAkJC’HK ® a/JdAJ'JC'HK) E (et4h—kEhpman—t © Eth—iC€tamihr)
7=0 k=0 ¢=0 r=0

/
X (Jd+K (Ar)/ Jcllb ® Jit K <A€> Jc’la> }
h—1h—1h-1h—1 4
Z Z Z Z { <b/JdAkJ(/1+K ® a' JgA? J(/HK) E (et1h—k @ €tih—j) E (Etmth—1t @ Ettmih—r)
j=

0 k=0 ¢=0 r=0
’ 2\’
X (Jd+K (A™Y Tb® Jox (A ) Jga> H
h—1

S NV TaA Th g ® a JaA Ty i) B (ersni€iin—j @ Eten—iCiin—j)
=0

x (Jasw (A7) Tib @ Jurxc (A7) Ta)|

IN

h—1h—-1

> > ’ <b,JdAk‘]c,i+K ® a' Jg A Jc,i+K> E (et+h—kEtrh—k @ Etth—jEtsh—j)
7=0 k=0
k#j

x <Jd+K (A’“)l Tib @ Jayx (A7) Jc’la>

+ ‘ (b/JdAkJ(/HK ® a/JdAkJ(/HK) E (Et+h*k€;+m+h76 ® 5t+hfk5£+m+hfe)

(s (4) T3 g (4) )

+ ‘ <b,JdAch,l+K ® a,JdAZ‘]c/HK) B (et+h—kE1mih—t @ Ettm+h—tEt1hk)

x <Jd+K (Af)' T @ Jusw (A’“)l J;la> ‘
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h—1h—-1

AN (VT A T g ® d/ TaA T ) B (g @ Erghes) B (Etpmih—t ® Erpminr)
7=0 ¢=0

x (J(HK (Af)' T & Jasx (Af)' Jga>

Analyzing each term on the majorant side of the function above, we have

h—1
| (V' JaA? T i ® @ JaA? T ) B (Sein—jtin—j © Evvh—iCiin—y)
=0
A Ny
x (Jasx (A7) Jib @ Jurxc (A7) Tia)|
h—1
< T (b’JdAjJ(’HKJd+K (47’ ng) <CL/JdAjJ(I1+KJd+K (47’ Jga)
=0
h—1
= UZ b J A (AJ')/J(’ib} {a'JdAJ' (Aj)'JC'ia] (since Amax (Jos g Jari) = 1)
j=0 ~
bt S 12
< TY A {47 (40)'}] 0030 [ JaT ]
j=0 i
h=1 . Y12
= UZ Amax {AJ (AJ),} (since JgJy =15 and a’'a = b'b = 1)
j=0 " ’
hol 12
= T [ { (49)" A
j=0 i
h—1 ‘
= UZ o (A7)
=0
h—1
< 62 C* max { ‘)\max (Aj) }4, Amin (Aj) ‘4} (by Assumption 2-7)
=0
h—1 . A
~ 0Y C"max {|Am (AY ), Amin (A)r*f}
=0
h—1
= C C*gbﬁ{ax (where 0 < ¢ = max {[Amax (A)[ , [Amin (A)[} < 1)
=0

IA

ChC*  (since 0 < oy < 1 and @2, = 1)
< C (forahC*§C<oo),
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IN

IN

IN

IN

h—1h—-1

> ‘ <b,JdAch,l+K ® G,JdAch,erK) E (€t4h—kEprn—k © Et+h—jCtin—j)
J=0 Q;Q
J

Ql
™7

T
L

S
g

B
I

T
L

S
N

B
I

T
L

S
N

=~
Il

T
L

Ql

x (Jd+K (Ak)' Tib @ Jay i (A7) Jéa)

—_
>
[y

o
> TS
Il
= .0

o
> FE
Y
= .0

o
& I
Y
— SO

o
& T
It
— SO

s (9]

s (#9)]

max {

k)l
k)’

Ak

(b’JdAng ke ask (Ak)/ ng) <a’JdAj Ty redasrc (A7) Jga>

-/ k K\ g / i A3\ 7t n / _
b J4A (A ) Jgb [a Ja A (A7) Jda} (since Amax (g g Jari) = 1)

[/ JaJyb] [ JaTal

(since JdJ(; =J;and d'a =b'b= 1)

o L A7 (A
N {Ak (A
A\ (A’“)l

f
|
e () 4

k#j
h—1h-1
62 Z (C*)2 ¢I2I{ax¢12fax (Where ¢max = max {‘)\max (A)‘ ’ ‘)\min (A)‘})
k=0 k=0
k#j
Ch2 (C*)? (since 0 < ¢y, < 1 given Assumption 2-1)

C <f0r Ch2(C*)? <C < oo) :
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IN

IN

IN

h—1 h-1
’ (b’JdAkJ(’HK ® a’JdAkJ(’HK> E (St4h—kEhrmah—t @ Etth—kEppmih—t)
=0 Ll
« <Jd+K (Af)' T ® Jurx (Af)' nga>
h—1 h-1
3 { [(b’JdAkJC’l k@ d T AR T, K) E (€orh kEhpn @ Eren kErinr)
W= it

/ / 1/2
x <Jd+K (A’“) Th @ Jasr (A’“) Jc’laﬂ

/ I / N ! /
X [(b JaA Jg g @ a’JaA Jd+K> E (t+mth—tEtmih—t @ Etbm+h—Et4m+h—r)

/ / 1/2
e (sovsc (2 70 s (4) i) }

oy ¥ VY TLAR T e Taie (AR Tip) (! JuAR T e daiie (AF) Tha)
=0 et
$ (VAT e Tarc (AYY T3D) (' TaALT) e Taie (AY) Tha)
53> V [V TaAR (AR T] [ Ja A (AR) Jha]\/ [0 JaAY (A8 J1] [ JaAl (AY) Jha]
k=0 (=0
LF#k+m
(since Amax (Jc,i+KJd+K) = 1)

Ql
>
L
=
L

:Am {A’f <A€>I}: [/ Ja ) [a! JaTha]
)

o (1) 4

{0}
{0}
(e}

i
S
T
=1
el
3

ST
TOIMT
I IMI

3
> ~ >
LIIME
3

i
S
T
=1
o]
3
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IN

IN

ral 2 k 2 ¢
Ckz:: O max (A ) Oinax (A )

o (4] e s (1)

c (C*)? S P (s10CE Pryaye = max {[Amax (A)] s [Amin (A)]})

Ch? (C*)? (since 0 < Py < 1 and PO o = 1)
C (for Ch2(C*)? < C < oo) :
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IN

IN

IN

h—1 h-1
’ (b’JdAkJ(’HK ® a’JdAfJ(’HK> E (St4h—kEfpmah—t @ Etdm+h—tErth_i)
=0 Ll
« <Jd+K (Af)' T ® Jar (A’“)l nga>
h—1 h-1
3 { [(b’JdAkJC’l k@ d T AT, K) E (Sosh kEhpnts @ Etsmth 1 smint)
W=

!/ !/ 1/2
X (Jd+ x (Ak) Jh @ Jasr (A’f) Jéaﬂ

X [(b,JdAZJc/l+K ® a/JdAch/HK) E (ettm+h—tEtsmih—t ® Et-+h—kEtrh—k)

!/ / 1/2
(e (4 0 s (47 230)] }

h—1 h-—1
C V VTLAR T e Taie (AR Tip) (! JaALT e agxc (A Tha)
=0 hitm
X\ (VAT e Taerc (AYY T3D) (! TaAR Ty g T (AR) Tha)
h—1 h-—1
C V [V TaAR (A% T] [ JaA (A% Jha] /[0 TaAC (A T3] [a JaA* (AF) Jhal
kzoféffm
(since Amax (Jc,i+KJd+K) = 1)

Ql
>
L
=
L

:Am {A’f <A€>I}: [/ Ja ) [a! JaTha]
)

o (1) 4

{0}
{0}
(e}

i
S
T
=1
el
3

Ql
>
L
=
L

(since JgJy =1z and d'a = Vb= 1)

i
S
T
=1
el
3

Ql
>
R
>
R

i
S
T
=1
o]
3
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IN

IN

ral 2 k 2 ¢
Ckz:: O max (A ) Oinax (A )

o (4] e s (1)

c (C*)? S P (s10CE Pryaye = max {[Amax (A)] s [Amin (A)]})

Ch? (C*)? (since 0 < Py < 1 and PO o = 1)
C (for Ch2(C*)? < C < oo) :
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and

IN

IN

IN

S
N

h—1h—1

SN NV I Ty i ® a JaA T i) B (Erin—j @ erin—s) E (Eramin—t @ erpmin—re)’
7=0 ¢=0

X <Jd+K (AZ>/ Jib @ Jark (AZ>/ Jéa)

h—1h—1
S AV T Tj g @ a JaA T i) B (etrnj @ errnj) B (Erpnj @ erpnj)
j=0 (=0
-, o, 1/2
% (Jark (A7) Jib @ Jaric (A7) Jia)|

X [(bIJdAZJc,HK ® a,JdAEJc,lJrK) E (et4mth—t @ Etymin—) E (Etymin—t @ Etrmin—t)
, . 1/2
(e (2 T D (4 230 }

\/ (0 Jg AT T} e Jarrc (AT) Jib) (0 JaAI Ty, o Jav i (A7) J)a)

?‘
—_
;l"
=

Ql
<
Il
o
o~
Il
=)

x ) (W TAC T g T s (AYY T4D) (! TuALT) e Tavic (AY) Tha)

h—1h—1

C Z\/ [/ Jg AT (A7) Jhp] @/ T4 AT (AT Jgia]\/ b/ T4 AL (AL J'b] [al JyAL (ALY Thal
7=0 £=0

(since Amax (J&+KJd+K) = 1)

‘3‘
—_
;"‘
—_

e {49 (47"} :)\max {Af <A€>/}: (b J0J3p) [/ Tl
e (0} P o (0
e 0 ) e {0

A
o () o2 (1)

> .
[l
- O
7T
|

— O

S
N

(since JgJy =I5 and d'a = b'b = 1)

Il
- o
T T
|
_ O

> .
|

Ql Ql
LM
T T

5[\3

ag

<

I
<)
o~

Il
=)
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_h—l h—1 9
C’ZZ(C’*)2max{|)\max (A7)]7,
§=0¢=0
(by Assumption 2-7)
_h—l h—1 ) )
= T3 (€ max { P (AN, in ()} mae { A (D i () }

7=0 ¢=0

2

)

VAN

Auin (47) [} max { uma ()

o (1))

S 6 Z (C*)2 ¢?r{ax¢3rfax (Since (bmax = max {’)\max (A)‘ ’ |>\min (A)|})

=0
= Ch*(C*)? (since 0 < oy < 1 and P = 1)
< C (for Ch2(C*)? < C < oo) ,

where upper bounds given above have made use of the fact that for all £ and s

E [ese; ® £5€%]

Ellet®es) (et ®es) ]

t/’ﬂ {E [(Et ® 53) (Et ® 53),]} ° I(d+K)2

(where the inequality holds in positive semi-definite sense)
Eltr{(et®es)(e1®es)'}] - Ly iy

= F [tr {(515 ® 55)1 (Et X 58)}] : I(d+[()2

= Elgeeies] Ly

= B [lleell3 s3] - T s

4
< SlipE [H%?t’b] LKy

IN

< C-1Ip (by Assumption 2-2(b))
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and

Ee®e)E(g®e) < tr {E (et ®@et) E (et ® 5t),} : [(d+K)2
(where the inequality holds in positive semi-definite sense)

= E(&t ®€t)/E(6t ®5t) . I(d+K)2

I
B

Q

I

1§
Q o~ o~ o~
HM@. ] a0 a0 a
— —_ —_ —

(B [egeen])? - Ly

Q
Il
—

M=~

(E legicu])® Ly

]~

E [e3] B [f,] Lty

Q
Il
—

Z 5&] "+ K)?

2
E el ) Ty
gy 5y (by Assumption 2-2(b))

Il
Q| /-\

IN

for some positive constant C. It follows from these calculations that, for 1 < m < h — 1 where
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h > 2, we have

|E{(dnmh”%hb“E[dnmh”@hﬂ)(dnmmu%nﬁthb“E[dnumwh%+m+hﬂ)ﬂ

h—1
< DT Ty © 0 e Ty i) B (Sein-jeiin- @ etvh-ichin )
=0
% (Jaric (A7) Tgp @ Jasic (A7) Tya)|
h—1h—1 ‘
+ Z Z ‘ (b’JdAkJC'HK ® a' Jg A JC’lJrK) E (et4h—k€tin—k @ Etrh—j€tsn_j)
7=0 k=0
k#j
!/ .
X (Jd+K (Ak> J(/ib ® Jd+K (Aj), Jéa)
h-1 h-1
+ Z Z ‘ <b,JdAch,l+K ® a,JdAch,H-K) E (€t+h—k62+m+h—z ® 6t+h—k6;+m+h—ﬁ)
h=0 E;flfzJ(r)m
!/ /
i (asse () T g () )
h—1 h-—1
+ Z Z ‘ <b’JdAkJC'l+K ® a'JdAeJ(’HK> E (et4h—k€tmih—t @ Etym+h—tEtin_t)
h=0 K;fk:—l(-)m
/ /
x <Jd+K (Af) T @ Jari (Ak) Jéa) ‘
h—1h—1 ‘
+ Y Y NV Ty © d JaA T ) E (Ein @ erng) E (Stamin—t @ etpmin—e)
=0 (=0
/ !/
X <Jd+K (A4> T @ Jasx <A£> Jéa)‘
< 5C
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so that, when h > 2,

T—h—1T—h—t

2

T2 Z Z E{ a77t+h77t+hb E [a 77t+h77t+hb]) (a 77t+m+h77t+m+hb E [a 77t+m+h77t+m+hb])}
t=p m=1

T—h—1min{h—1,T—h—t}
= T2 Z Z E{(a/m+h77;+hb—E [alﬂt+h77;+hb])

X @ N n Mot mand = B [0 M mnmnD]) H
T—h—1min{h—1,T—h—t}

< Z Z }E { (a/nt+h771,t+hb - E [a’nt+hn2+hb])
X (a/nt+m+h77;+m+hb -FE [a,nt+m+h77;5+m+hb] ) H
2T—h-—p
< Wk-1C (since T, =T —h—p+1)
Ty

o)

Putting everything together for the case where h > 2, we see that

T—h 2
1
E T, Z (@ Npnnind — E [a’m+h77£+hb])]
t=p
T—h
- T,f Z E [ (@M nnb — E [a" 0w nb]) }
t=p
2 T—h—1T—h—t
Z E {(a" 0y nmsnb — E [0 4]) (@M gmsniemnd = B [N ngmand]) }
t=p m=1
1 1
- <?> +o(z)
1

_ 0 (T> (58)

In light of the results given in expressions (57) and (58), we can apply Markov’s inequality to
show that regardless of whether h =1 or h > 2

T—h | T=h 1
a b— Ed tanbl =0 <—> .
T, Z Mg W4 T, Z [0y 1 nb] P\ YT

t=p

Moreover, since the above result holds for all a,b € R? such that [lall, = ||b], = 1, we further
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deduce that for all (fixed) positive integer h

1 T—h 1 T—h 1
T > Mesnllian — T > E[nenien] = Op <ﬁ> -0

t=p t=p

Lemma C-3: Suppose that A is an N x N symmetric matrix which we can partition as

An Aro
A= rXT rX(N—r)
Ag1 Az

(N=r)xr (N—r)xX(N-r)

Then,
[Az1]ly < [IA]l5 -

Proof of Lemma C-3: Define

Let T € R" be such that ||T]|, =1 and
v A AT = max v’ A Agv
l[vll;=1

It follows that

[A21lly = /0" A5 AT

IA
<

U,A/HAH@ + ﬁ/Aél AT
= U’Bi A’ABT

max v'A’Av <n0ting that | B10|y = /T B{B1T = VT'T = 1)

[[vll;=1

= (4], O

Remark: This is a well-known linear algebraic result. A similar result has also been given in the

beginning of section 6 of Johnstone and Lu (2009).

Lemma C-4: Let .

1
Mpp ==Y E|[FF}] (59)
Ty &

where Tp = T' — p + 1. Then, under Assumptions 2-1, 2-2(a)-(b), 2-2(d), 2-5, and 2-7; there exists
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a positive constant C' such that
Amin {Mrr} > C >0
forall T >p—1.

Proof of Lemma C-4:

To proceed, note that we can write

T / / T

1 ElY,Y! E|[Y,F) 1 o
_E : =P — E E\WW,P

T ( plry) Bleg) ) oo 2P A P,

from which it follows that

)1 d ElY,Y;] E[Y,F] _ )
Amm{%2< BIEY]] EEE >} T

t=p

%
>
g
=}

T

1

TO Z FE [Etﬂé] } Amin {P(d-i-K)pPEdJrK)p}
t=p

T

1

T Z E [W W] } Amin {L(a+K)p )
t=p

P(d+ K)p i an orthogonal matrix)

ZEWt }

(sinc

mm

>

2.

=]
/—’HCD/—JH/—’H/—’H

Next, note that

T T
1 1 _ _
TO g E [wtwﬂ = To E (I(d-I—K)p - A) ' J(Ii+KMM/Jd+K (I(d—l—K)p - A,) !
t=p t:p

+7 ZZA Jh kB [eejer_;] Jarr (A7)

t=p j=0

= (Iarrp —A) " Jd+KW~L Jarr (Iarryp —A)

+ZAde+K ZE er—j€t—j] JarK (A7)

= t =p
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so that there exists a positive constant C such that

Amm{ ZE WtW’]}

0 %= =p

v

Amin {(I @i — A) 7 Ty et Jarre (Iavrop — A/)il}
mm ZA JdJrK ZE Et JEt J] Jd+K (Aj)
0
(by Weylj’s Theorem (see Theorem 4.3.1 of Horn and Johnson, 1985))
> Amin ZA i w7 ZE erjer_i] Jarw (A7)
0
> c>0 f(])r all T >p—1 (by the result given in part (a) of Lemma C-1)

It then follows that

min {MFF}

= mm{ ZE FF’}

N ET: EY,Y! E[Y,F)
"\ Tz \ EIEY)) E[EF)
( by the Poincaré¢ separation theorem (see Corollary 4.3.16 of Horn and Johnson, 1985) )

T
)L /
Z )\mln {TO ; E [tht] }

> C>0forall T>p—1,

v

as required. [

Lemma C-5: Let T, =T — h —p + 1 where h is a (fixed) non-negative integer and p is a (fixed)
positive integer. Suppose that Assumption 2-3 hold. Then,

(a)
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1 T—h
= 37 1B (wisuig)| = O (1)
h t,s,9=p
t<s<g
(c)
1 T—h
72 Z |E (uiuistuiguiy)| = O (1)
h t,s,9v=p
t<s<g<w
Proof of Lemma C-5:
To show part (a), first write
| T=h | T=h | T=h
— B [uittin]| = = Y E[ul] + = |E [tinti]| (60)
k3 el & St 1 3
v<w v<w

Consider now the first term on the right-hand side of expression (60). Note that, trivially, by
Assumption 2-3(b),

1 T—h
2 Eli]<Cc=0@) (61)
v=p

For the second term on the right-hand side of expression (60), note that by Assumption 2-3(c),

{uit}i2 o is B-mixing with § mixing coefficient satisfying
B; (m) < ajexp{—agm}.

for every i. Since a;m < B;(m), it follows that {u;};o . is a-mixing as well, with o mixing

o0

coefficient satisfying

aim < a1 exp{—aym} for every i.
Hence, in this case, we can apply Lemma B-3 with p = 6 and » = 5/4 to obtain

1 T—h
T_h Z | B [tintin]|

v, W=p
v<w

T—h 1
1 _1_4 s 5
o Z 2 (21_% + 1) [a1 exp {—az (w —v)}] 7575 <E |uw|6> ¢ (E |uiw|4>
h vw=p
v<w

IA
Ot
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Application of Liapunov’s inequality then gives us
6 % 3 % 6 % 6 %
(Blual®)” (Bluwl?)® < (Blual®)” (Bluwl)

o) 3
< <supE!uit\>
t

= 03 <o (by Assumption 2-3(b))

Moreover, let ¢ = w — v, so that w = v + p. Using these notations and the boundedness of

1 4
6 5\ 35 .
<E |uw|6> (E |Uiw| 4) as shown above, we can further write

1 4
— > 2(27 1) fmrexp {—az (w— )55 (Blual®) " (Blusli)’

IN
[N]
/N
[\]
oo
+
—_
N—
B
[
D
»
e}
—~=
|
S
[\
—~~
S
|
<
~—
-
w
o

IA
519
|M'

D

ks

I
|

o)

——

v<w

1
<f0r some constant C* such that 2 (2% + 1) C%afo <C*< oo>

IA
=9
]

=)

]
@]
5

e

g
IS

——

o
_ o _22
= ¢ ZleXp{ %¢)
= O(1) (given Lemma B-1) (62)

It follows from expressions (60), (61), and (62) that

1 T—-h 1 T—h 1 T—h
= |B [wiuin]l = 7 > E[uf,] + = |E [uiguin]]
T U;p 10 Uiw T, ; w T, U;p
v<w v<w
= 0)+0(1)
= 0(1).

173



To show part (b), first write

T—h T—h T—h

1 1 1
T Z |E uztuzsuzg)| = ? Z E |Uit|3 + T Z |E (Uituisuig)|

1,8,9=p h t=p h t,8,9=p

t<s<g t1<s<g

s—t>g—s,s—t>0
1 T—h
+?h Z |E (uiruistig)| (63)
t,s,9=p

t<s<g
g—s>s—t, g—s>0
For the first term on the right-hand side of expression (63) above, note that, trivially, we can apply
Assumption 2-3(b) to obtain

1 T—h
3
- . < — .
T tE_p E |u| C=0(1) (64)

Next, note that, for the second term on the right-hand side of expression (63) above, we can

apply Lemma B-3 with p = 6 and r» = 5/4 to obtain

T—h

1
E Z |E (wiristig)|

t,8,9=p
1<s<g
s—t>g—s,5—1>0

T—h 1 4

1 4 G 5\ §

<= Y 2(21—%+1> a1 exp {—az (s — £)}]* 8 3<E]ult\ )6(E\uisuig]1>5
h t,5,9=p

t1<s<g
s—t>g—s,5—t>0

@

Next, applying Holder’s inequality, we have

1 N 1 ! sy L\ 5
() (ern) = (mat)? ((e10af)? (2t
3 5\ 2 5\ %
- (E|Uzt|> (Bluisl?)" (2 usgl?)
1 1
< (Blal)” (Blual)® (Blul)?

(by Liapunov’s inequality)
= (2 < (by Assumption 2-3(b))

Moreover, let p; = s—t and g = g— s, so that s =t+p; and g = s+ 95 =t + 0;+ 0. Using these

174



SIS

1
3 5
notations and the boundedness of (E |uit|6) ¢ (E ]uisuigﬁ) as shown above, we can further write

I
Sl=

IN

IN

IN

IN

T—h

T Yo B (wiuisuig)]

t,5,9=p
t<s<g
s—t>g—s,5—t>0

T—h
1_4

1

> o(2 1) mesp e (s~ 0N (Blual®)” (B luisug )
t7s7g:p
1<s<g

s—t>g—s,5s—t>0

C’% T=h 5 1
T tszg_p 2 (26 +1> [a1 exp{—ag (s —t)}]30

t<s<g
s—t>g—s,5—t>0

C* T—h as
T_h Z exp {—%m}
t,s,9=p

1<s<g
s—t>g—s,5—1>0

4
5

1
(for some constant C* such that 2 (2% + 1) C%afo <C*< oo)

T—h oo 011

ThZZZeXp{ }

t=p ;=1 =0
« I'—h oo

Z > o eXp{ 3091}

t=p 0,=1

c Z QleXp{ 0}}
0,=1
O (1) (given Lemma B-1) (65)

Similarly, for the third term on the right-hand side of expression (63), we can apply Lemma
B-3 with p = 6 and r = 5/4, we have

1 T—h
?h Z |E (wiristig)|

t,8,9=p
t<s<g
g—s>s—t, g—s>0

T—h

1 1 4_1
- 3 2(21 s+1) a1 exp {—az (g — 5)}] 576 (Eyunuwy )
1y,
t,s,9=p
t<s<g
g—s>s—t, g—s>0

Ot
N[

(E fusgl°)
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Next, applying Holder’s inequality, we have

4 1 1 1 4 1
(E‘uituis‘%>5 <E\uig]6>6 < < E‘Uzt’%>2 (E ’uis’%>2>5 <E‘Uig’6>6
5 % 5 % 6 %
(EW) (B luisl?)" (2 iyl
1 1
(i) () (et

(by Liapunov’s inequality)
= (%<0 (by Assumption 2-3(b))

Moreover, let p; = s—t and g = g— s, so that s =t+p; and g = s+ 9y =t + 07+ 0. Using these
1

4
N 1
notations and the boundedness of <E |uitu¢s|1> > (E |uig|6> ° as shown above, we can further write

1 T—h
ﬁ Z |E (uittistig)|

t,8,9=p
1<s<g
g—s>s—t, g—s>0

T—h

4 1
E 2 <217% + 1) [a1exp{—ag (g —s)}]' 757F (E |uiruis|4 )
t,8,9=p
1<s<g
g—s>s—t, g—s>0

C T—h 5 N
T Z 2 <26 +1> [a1 exp {—a2 (g — 5)}]30
t7s7g:p
t<s<g
g—s>s—t, g—s>0

T—h

C*

= 2 en{-ge
t,s,g=p
t<s<g

g—s>s—t, g—s>0

N
S

(S

N[

(E !uz‘g|6>

Nl

IN

IN

1
<for some constant C* such that 2 (2% + 1) C%af’o <C* < oo)

« I'—h oo

Z > Z exp{——&}
t=p 0,=10,=0
T—h oo

- EFS e 30}

t=p g,=1

i 02 €Xp {——QQ} + i eXP{—%QQ}
1

02= 02=

= O(1) (given Lemma B-1) (66)

IN

*

= C
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It follows from expressions (9), (10), (11), and (12) that

T—h

> |E (uiuisuig)|

t7s7g:p
t<s<g

1
Ty

1 T—h 1 T—h
= 7 > Elual’ + T > B (viruistg)]
t=p t,8,9=p

t<s<g
s—t>g—s,s—t>0
1 T—h
+? Z |E (wirtistig)|
h
t,s,9=p

t<s<g
g—s>s—t, g—s>0

— 0()+0(1)+0(1)
- 0().

Finally, to show part (c), we first write

1 T—h
72 > B (wiruistiiguay)|
h t.s,9v=p
t<s<g<v
1 T—h 1 T—h T—h
= ﬁ Z ’E [uitu?s] ’ + ﬁ Z ‘E (uituisuiguwﬂ + ﬁ Z
h ts=p h t,8,9,0=p h t,s,9,v=p
t<s t<s<g<w t<s<g<w
v—g>g—s, v—g>0 v—g<g—s, g—s>0
1 T—h 1 T—h
= fg}j’Eﬁmuﬂ’+§§ 2: |E {uirwis — B (uiuis) + E (Uigis) } wigtiy]
h t,s=p h t,s,9,u=p
t<s t<s<g<wv
v—g>g—s, v—g>0
1 T—h
+= |E [{uiruis — E (wiptis) + E (wirtis) } wigtin]|
T
h t,5,9,0=p
t<s<g<v
v—g<g—s, g—s>0
1 T—h 1 T—h
< Z |E [uiru] | + T2 Z |E {uirwis — E (wigis) } wigtiv]|
h t,s=p h t,s,9,u=p
t<s t<s<g<wv
v—g>g—s, v—g>0
1 T—h 1 T—h
+7 > B [{uiruis — B (uivuis)  uiguin)| + 5 >, B (uirwis)| | B (uiguiv)|
h = h ts.gv=
e, 12329
v—g<g—s, g—s>0 v—s5>0

For the first term on the right-hand side of expression (67) above, note that, by Jensen’s inequality,
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the Cauchy-Schwarz inequality, and Assumption 2-3(b); we have

1 T—h

h t,s=p t,s=p
t<s t<s

1 T—h
= 3 VB i\ B i
t,s=p

\/ E |uis|®

t<s
(by Liapunov’s inequality)

T—h
2
C3T}

1 6
7z > (Bluil’)
<

= 0(1) (68)

IN

IN
o

ol

IN

t<s

(by Assumption 2-3(b))

Next, for the second term on the right-hand side of expression (67), we can apply Lemma B-3

with p =4/3 and r = 6 to obtain

T—h
1
= D B s — B (uivnis)} uigui|
h t,5,9,0=p
t<s<g<w
v—g>g—s, v—g>0
1 =h 3 3_1
< T2 Z {2 (21_Z + 1> [ay exp {—ag (v —g)}]' 7176
h t7 39, V=
13g<y

v—g>g—s, v—g>0

LY

4
X (E H{uiruis — E (uiruis) } u¢g|3>

<E|uw|6>%}
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Next, by repeated application of Holder’s inequality,

][V}

z
12179

. ]
E {uituis — E (uipis) F uigl? < | E (uipuis — E (uirtsis)) ™ ] [E |Uig|6}

- s 1 PN 2
< |27 (E [wittis| ™ 4 | B [witis]| 7 )} ? [E |uig|6] ?
(by Loéve’s ¢, inequality)
[ .5 12 12 g 2
< |27 (E |witis| T + E |uipwis| 7 )] ’ [E ’uig‘ﬂ ’

(by Jensen’s inequality)

ol

12 12 T
— (2% Euguss| 7}9 [E yuig|6}

M 1 1 2
< 23 <E\uit]2_;l>2(E]uiS]2_#>2 [E\uigyﬂg

4 3 g
< o (E\ulty)G(EruisyG)] |5 i ]
< 93 (C)% (C’)% (C)% (by Assumption 2-3(b) )
— 2303

Moreover, let oy = g —s and g9 = v — g so that g = s+ p; and v = g+ 09 = s+ 0; + 0o.

4
Using these notations and the boundedness of E [{u;tuis — E (ujuis)} uig|® as shown above, we can
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further write

T—h
1
= D B i — B (uiis) } uiguin)]
h tsgu=p
t<s<g<w
v—g>g—s, v—g>0
1 T=h 3 3 1
<= Y ) menla@-gy i
h t,5,97”:p
t<s<g<v
v—g>g—s, v—g>0
4\ 3
(E |{uztuzs E (uztuzs)} uig|3> (E |uw| )
1 = 1 1 4 2 3 1
= —_ =3 = 4 =
<oy 2241 mep{—a -9 (2i05) (O
h t,5,9,0=p
t<s<g<v
v—g>g—s, v—g>0
T—h
C* (Z2
< T_;f Z exp {—592}
t,s,9,v=p
t<s<g<w
v—g>g—s, v—g>0
1
<for some constant C* such that 4 <24 + 1) C% ai? <C* < oo>
« T—hT—h oo 02—1
< CY S S en{-t)

t=p $=P 05=10,=0

= C" Z %) eXP{——Qz}

p2=1
= O(1) (given Lemma B-1) (69)

Similarly, for the third term on the right-hand side of expression (67) above, we can apply
Lemma B-3 with p =2 and r = 3 to obtain

T—h
1
T2 Z |E {uituis — E (uittis) } wigtiy]|
h t,5,9,0=p
t<s<g<u
v—g<g—s, g—5>0
1 T=h 1 1 1
<= > {2 men (a9
h tysygyv:p
t<s<g<wv

v—g<g—s, g—s>0

o=
Wl

X (E Huguis — E (Uituis)}’2)

}

<E |uz~guw|3>

180



Next, applications of Holder’s inequality yield

Bl < (2hl’)? (Bt
(0)% (C)*

C<x

IN

(by Assumption 2-3(b))

and

E [{uiuis — E (uiuis) }]?

IN

2 (E |uituis|2 +|E [uituis]lz) (by Loéve’s ¢, inequality)

IN

2 (E ]uituisF + F ‘uituisF) (by Jensen’s inequality)

4F |uituis|2

1 12
4[<E|uit|4> E|uis|4)]

IN

1792
‘ 6) 6] (by Liapunov’s inequality)

VAN
N
A~
=
&
o
~
[
~——— —~
t
B
»

< 4 <SUPE |t |

t
< 4 (C)% < oo (by Assumption 2-3(b) )

Moreover, let 9 = g — s and g = v — g so that g = s+ ¢; and v = g+ 09y = s+ 07 + 05. Using

these notations and the boundedness of E |ul~guw|3 and F [{uju;s — E (uituis)}|2 as shown above,
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we can further write

T—h

1
= >, B
T,
h £,5,9,0=p
t<s<g<v
v—g<g—s, g—s>0

T—h

1
DY
Th t757g7v:p

t<s<g<v
v—g<g—s, g—s>0

{uituis —

IN
|

% (E Huituis — F (Uztuzs)}|2>% (

T—h

1
DY
T t,5,9,0=p

1<s<g<v
v—g<g—s, g—s>0

o T—h
= 2.
Th t757g7U:p

t<s<g<v
v—g<g-—s, g—s>0

IN
|

IN

ag
oo {20}

<for some constant C* such that 4 (22 + 1> C%

x+ I'—hT—h oo

T2 2 Z e {-Fof

t=p S=P p;=1 py=

IN

= i (01 + 1)exp{—%@1}
p1=1
= 0(1)

(given Lemma B-1)

E (uirwis) } igiy]|

>—‘m|>~

{2 (21—% + 1) (a1 exp {—asz (g — 5)}]1,%,%

2 (2% + 1) a1 exp {—az (g — )} (4c%>% (©)3

(70)

Finally, consider the fourth term on the right-hand side of expression (67) above. For this term,

we apply the result given in part (a) to obtain

T—h
1
T2 Z ’E(uztuzs)’ |E(uzguw)| < Z |E uztuzs
h — _
g tt8<sp
v—s>0
_ 00).
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1 T—h
T Z |E (wiguiv)|

h go=p

g<v



It follows from expressions (67)-(71) that

2 Z uztuisuiguiv)|

h
t<s<g<v
| T=h T—h
= T2 Z }E u”uw” + T2 Z |E [{uituis — E (uituiS)}uiguiv”
h t,s=p t,5,9,0=p
t<s t<s<g<v
v—g>g—s, v—g>0
1 T—h 1 T—h
+ﬁ > | [uitwis — B (wiris) } wiguin]| + 75 D 1B (wiwis)| |E (wiguin)|
t,8,9,0=p h t,s,9,0=p
t<s<g<wv t<s<g<w
v—g<g—s, g—s>0 v—5>0
= 0(1).0O

Lemma C-6: Let T, = T — h — p + 1 where h is a (fixed) non-negative integer and p is a
(fixed) positive integer. Suppose that Assumptions 2-1, 2-2(a)-(b), 2-5, and 2-7 hold. Then, as
Nl7 N27 T — 00,

1 Vi u;. N3
- -0, | ==
S N sz; <mTh P\ T

Proof of Lemma C-6:

To proceed, we first show the boundedness of the quantity

3 ke (o)

kGHC ZEH

Note first that there exist a constant Cy; > 1 such that

Ly (ZF)

keH¢ ZGH

DI Z {IE [wiuistuiguiotivtii]|
N1N2 h keHcieH t,s,9,4,0,w=p

B [(Er) (L) (ViEg) (iEe) (L) (iEw)] [}

Next, note that, by repeated application of Hélder’s inequality, we have by Assumption 2-5 and
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Lemma B-5 that there exists a positive constant C' such that

|E [(ViEr) (Es) (VeEy) (VieEe) (Vo) (VeEow)] |
E [|Ee| [VEs| VoL | [VeEe| [ViEs| [VeEw]]
el  [I1El WElly £ 1 Eelly 1E, 12l

Il (BRI NEE 2, ) (B IR IE 1))
el ({2 i)} (2 [z e 1)) )
<({E [z} (2l iz])° )

el ({2 [ue] b {2 28]} {2 [, ”H)é
<({eleag]y (= lizag]} {2 iz ) )

ls {E (120} {2 [IE, ||S}}6 {EIE ]}
{e fueag]y {2 ]} {e ey

Il sup 2 L2415
C<x

INIA

IA

IN

IN VAN

IN A
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Hence, we can write

Nl Z Z Z’YkFtUzt

keH¢ ZGH

ciC
< NN, T3 Z E : E | B [t Uis WigUipUiv Ui |
LN T h keHeicH t,s,9,4,v,w=p
tSSSySZSUSw
C.C —
_ 4
< N:N-T3 Z Z Z |E [uituisuig”
VN2 e ieH ts,g=p
t<s<g
T—h
CiC
N Ny N-T3 Z Z E : |E[uituisuiguiéuivuiw”
1V21 h keHeicH t,5,9,0,v,w=p
t<s<g<l<v<w
w—v>max{v—~,L—g},w—v>0
T—h
ciC
TN NS Z Z E : | B [titUistigioWin Ui |
VY250 eHeicH t,s,9,0,v,w=p
1<s<g<t<v<w
v—{>max{w—v,f—g},v—£>0
T—h
c.C
TN NS Z Z E | B (w1 UisUigUip Ui Ui )|
172 h keHcicH t,8,9,4,v,w=p
t<s<g<l<v<w
ng>max{w v,v—L} L—g>0
<

cC
N 2 S 1 ]|

T, keH< icH t,s,g=p

t<s<g
C.C T—h
e N
N NoT Z Z § : | B [ tistigUiptin Ui |
14¥2 h keHci€cH t,8,9,0,v,Ww=p
1<s<g<t<v<w
w—v>max{v—{,l—g},w—v>0
T—h
cC
TN NS > > |E [{uiuisuiguir — B (wirlisigtie) } Wintiw) |
VY250 keneien t,s,9,4,v,w=p
t<s<g<t<v<w
v—>max{w—v,l—g},v—€>0
T—h
c,C
TNNGTE > > |E (witwistiiguie)| | E (wivtiw)|
V250 keHe icH t,8,9,4,v,w=p
t<s<g<f<v<w

v—>max{w—v,l—g},v—€>0
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T—h

32222 Z: |E {uiuiswig — B (wigistig) } UirtivWin|
N1N2Th keHe i t,5,9,0,0,w=p
1<s<g<t<v<w
{—g>max{w—v,v—L} €—g>0
T—h
c.C
N Ny N-T3 Z E Z |E (uitUistig)| | E (wietivttiw)|
1EY25h keHeicH t,8,9,0,0,w=p
t<s<g<t<v<w

{—g>max{w—v,v—L},—g>0
= TT1+TT2+TT3+TT4s+TT5+7TTs, (say).

Consider first 77 1. Note that

Cc.C
£ U< L D) D S LIt

keHci€H t,s,g=p
t<s<g

CiC
ToNeTS 2 S {fuend ]

keHci€cH t,s,g=p
t<s<g

Nlcji[f T3 Z Z Z < |:|Uztuzs|3}>% <E |:’uig|6i|>% (by Holder’s inequality)

keHc i€H t,s,g=p
t<s<g

o 5 S () e {ml)) (o)

keHci€cH t,s,g=p
1<s<g

IN

IN

IN

(by further application of Holder’s inequality)

- Y S S () (5 {r))

keHci€H t,s,g=p
t<s<g

[

(5 ]’

PSS Y (swr{ur})

keHc i€H t,s,g=p
t<s<g

IN

(using Liapunov’s inequality)

ClC —8 .
3 Z Z Z C7 (by Assumption 2-3(b))
NNT) keHe icH bs,9=p
<s<g

IN

§ Ny NoT3
C,CC7T—=*h
Y NINGTR

— ¢, CTT =0(1) (72)

IN
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Next, consider 77 5. For this term, note first that by Assumption 2-3(c), {uit},o . is f-mixing

with S mixing coefficient satisfying
B; (m) < ay exp{—aam}

for every . Since aj,, < B;(m), it follows that {u;},o . is a-mixing as well, with o mixing
coefficient satisfying

aim < ayexp{—aaym} for every i.

Hence, in this case, we can apply Lemma B-3 with p = 5/4 and r = 6 to obtain

1T
CC T—h
1
N N1 No T Z Z Z |E [t Wis WigUipWin Winy ||
h keheicH t,5,9,0,0,W=p
t<s<g<t<v<w
w—v>max{v—~{,f—g},w—v>0
T—h
ClC 4 4 1
1-4 141
N NoT? 5 - — 5 6
Ny NoT3 Z Z Z {2 <2 + 1) [a1 exp {—az (w — v)}]
h keHeicH t,8,9,6,0,W=p
t<s<g<tl<v<w
w—v>max{v—{,l—g}w—v>0
5\ 5 1
2\ 5 6\ 6
X (E ’Uz’tuisuiguiguwM) (E\in\ ) }
T—h
CcCiC L N
N 5 - —_ 30
Ny NoT3 Z Z Z {2 <2 + 1) [a1 exp {—az (w — v)}]
h keheicH t,5,9,6,0,W=p
t<s<g<tl<v<w

w—v>max{v—{,{—g},w—v>0

il
S

(e1l)

5
X (E | Wi Uis UigUipUip| 2 )

|
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Next, by repeated application of Holder’s inequality, we have

5
E ’Uituisuiguiéuiv E

([N

IN

25
E |Uztuzsuzg| 12:| [E |uz€Uw| 8 }

I 150 z 5
(E]uztuzslﬂ) <E|uzg]>

IN

IN
/Q
s
£
L

= 5B
s
<
&
0.7
8
v
VS |_|
&
&
Q
o
—
J8

(oS om0 e
_ [(Eruztw)%(Eruzsr“)”“} [(Eru,jw)%] [(E‘uw‘z)ﬂ [(E,um,;;)%r
< [l o) (o) (o)) )]

(by Liapunov’s inequality)
< ©F @)% ©F©F )

Bl

(by Assumption 2-3(b))

By Liapunov’s inequality and Assumption 2-3(b), we also obtain

L _1
<E\uiw\6>6 < (E\uiwﬁ) <7,

Moreover, let py =4 — g, pp =v — ¥, and p3 = w — v, so that £ = g+ py, v =40+ py = g+ p;+ pa,

5
w = v+ pg = g+ p;+ py + ps.. Using these notations and the boundedness of E |wj1tistigtistiy|?
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as shown above, we can further write

TTo
T—h
ciC 1
S NN 2 2 > {227 +1) larexp {—az (w — v)}]
1442 h keHcicH t,s,9,0,v,w=p
t<s<g<l<v<w
w—v>max{v—~{L—g},w—v>0
5 4 1
X (E | Wit UisUigUirUio| 4> i <E |in|6> ’ }
T—h 4
cC A (=2\5 =1
S AYS Y ) mestae-b F) e
1 2 h keHcieH t,s,9,0,v,w=p
t<s<g<t<v<w
w—v>max{v—~{L—g},w—v>0
10T = s 1
< m Z Z Z 2 (23 + 1) [a1 exp {—ag (w — v)}]30
14¥2 h keHeicH t,8,9,4,0,w=p
t<s<g<t<v<w
w—v>max{v—~,L—g},w—v>0
T—h a
< Y Y -2
— N N-T3
NlN?Th keHcieH t,8,9,0,0,w=p 30
t<s<g<l<v<w
w—v>max{v—{,{—g},w—v>0
1
(for some constant C7 such that 2 (25 + 1) C’lCC7 0 <CF < oo)
T—hT—hT—h oo p3 P3
< N1N2T3 )IDIDIDIDIDIDIPMETEE1Y
h keHcicH t=p s=p g=p p3=1p;=0 py=0
T—-hT—hT—h oo
< NNT3 )IDIDIDIDID MRS
14¥2 h keHcicH t=p s=p 9=p py=1
N1N2T = - as
= O] NN T? Z P3\ eXP{ 0/’3} + 2;: P3\ eXP{ 30P3} + pz_:l exp {—%Pg}
3=1 3=
< G, (73)

for some positive constant

Cr > i p3\ exp {—;—épg} +2 i p3\ XD {—;—épg} + i exp {—g—éps} :
p3=1 ps=1 ps=1

which exists in light of Lemma B-1.
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Now, consider 77 3. Here, we apply Lemma B-3 with p = 3/2 and r = 7/2 to obtain

T—h

_GC
TTs = w73 DI > |E {uituistuiguic — E (wigtisuigtie) } wivtiv]|
14¥2 thHCzGH t,8,9,0,0,w=p
t<s<g<f<v<w
v—{>max{w—v,f—g},v—€>0
o] — 2 2 2
A EPIPD > 2275 1) e (a0 - )
142 h keHcicH t,s,9,0,v,w=p
t<s<g<l<v<w
v—C>max{w—v,l—g},v—£>0
3\ 3 7\ 2
X (E Hustwiswiguie — E (uitistiguie) } 2) ’ (E |uwum|2> 7}
T—h
cC L
R >0 S S C1CL P8\ [T
1 2 h keHc¢icH t,s,9,0,v,w=p
t<s<g<t<v<w

v—>max{w—v,l—g},v—£>0

Wl
~o

3 T
X (E Huiruisuiguie — E (uituisuiguié)Hz) (E |uivuiw|2)

|

Next, observe that by applying of Holder’s inequality, we have

(2l ) (Bl )

(6)% (6)% (by Assumption 2-3(b))

IN

7
E ’uivuiw‘ 2

IA

C < oo,
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and

3 1 3 3
E H{uituisuiguie — E (upuisuiguig) }2 < 22 (E |uirtiswiguie|2 + | E [uituisuz‘guié]|2>
(by Loéve’s ¢, inequality)

1 3 3
2 <E Uit Uistigtio]? + B |wipthistigtg| 2)

IN
~ N

by Jensen’s inequality)

IA
[\]
wleo

3
E |uiruwiswiguip]?

1 1
2 (E \uituis\3> 2 (E \uiguidg’) 2

<<E|Uit|6>% (E IUisyﬁ)%>% <<E|ui9’6>% (E|Uz'z|6>%>%

- ; ; ; ok
(B ual®) (1l (Eluol®)” (Ell’)’]
A : :
(B lual’) (Elud")" (Eluol”)” (Eluel”)]

(by Liapunov’s inequality)

IA IN
[\]
Wl ol

I
[\]
wleo

==

IA
[\]
wleo

(VAN
[\
wlw
~loy /\I
0
+ S
T
=
S
SN
=
N————
IS
IN]

Again, let py =0 —g, pp =v—¥, and p3 = w — v, so that £ = g+ p;, v =0+ py = g+ p1+ po,
w = v+ p3 =g+ p+ py + p3. Using these notations and the boundedness of E |uwuiw|% and
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3 .
E H{uituisuiguie — E (uipuisuiguie) 2 as shown above, we can further write

TT3
T—h
C.C
= % ]if Z Z |E [{uiuiswiguir — E (Uittistigie) } tinvUiw) |
1 2 thHCZEH t,s,9,0,v,w=p
t<s<g<t<v<w
v—>max{w—v,l—g},v—£>0
ClC =h 1 1
< NNgE o O > {2(28+1) e exp{—a2 (v — O}
1442 thchEH t,s,9,0,v,w=p
t1<s<g<l<v<w
v—>max{w—v,l—g},v—£>0
3\ 3 7\ 2
X (E Huiwisuiguir — E (wigtistiguie) } 2> ° <E |Win Wiy | 2) ! }
T—h 2
C.C 1 —6\3 —. 2
S NN 2 2 > 2 (24 +1) [ exp {—az (v — O})7 (23T7)” (@)
LN T thHc 1€H t,s,9,0,v,w=p
t<s<g<t<v<w
v—>max{w—v,l—g},v—£>0
T—h “
< > 2 > exp {570}
= N NT3
NlN?Th keHcicH t,s,9,0,v,w=p 21
tSSSySKSUSw
v—L>max{w—v,l—g},v—€>0
(for some constant C5 such that 4 (23 + 1) 01007a <(5 < oo)
T—hT—hT—h oo 02 02
< N1N2T3 )IDIDIDIDIDIDIP IR VY
h keHeicH t=p s=P 9=p gy=1 p;=0 g3=0
- D exp{~Fie}
CNNTS 3 Z 0+ 1) exp {570
a o0
az
- G| Y goo{-ga}t+2 Y aoo{-gab+ 3 oo {-e)
92_1 92—1 92:1
< €30, (74)
for some positive constant
o0
Co> ZQQGXP{ }+22926Xp{ Q}+ZGXP{ 2192}
0o=1 02=1 02=1

which exists in light of Lemma B-1.

Turning our attention to the term 774, note that, from the upper bounds given in the proofs
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of parts (a) and (c) of Lemma C-5, it is clear that there exists a positive constant C** such that,

for all ¢ and for all T sufficiently large,

1 T—h
= 3 1B (wain)| < CF°
h yw=p
v<w
and
1 _
_2 Z uztuisuiguif)| < Cf*
h t,s,
tSSSySIZ
from which it follows that
O T—h
1
TT4 = m Z Z Z |E(Uituisuigui€)| |E(uwuzw)|
15¥25p keHecicH t,s,9,0,v,Ww=p
t<s<g<t<v<w

v—{>max{w—v,f—g},v—€>0

T—h

< Jilfff; Z Z Z |E (wirwiswiguie)| T_hvz |E (wiptiin)|

keHecicH h t,s,9,=p

t<s<g</t v<w
ClC 2
< >y
NNy e iem
_ *%\ 2 N1No
= ooy IR
= GiC(CF)

193

(75)



Consider now 77 5. In this case, we apply Lemma B-3 with p = 2 and r = 9/4 to obtain

T—h
_GC
TTs = Ny N-T3 Z Z Z |E {uiuiswig — E (witistig) } UieUivUiw)|
1542 h keHeicH t,8,9,0,0,w=p
t<s<g<U<v<w
{—g>max{w—v,v—L},—g>0
01C « : L
< NI 2 2 > {2(27F+1) e {—ar (1)}
VY228 keneien t,s,9,0,0,w=p
t<s<g<t<v<w

L—g>max{w—v,v—{}L—g>0

X <E Huiwisuig — E (Uituisuig)}|2)

NI
ol

9
(E |uiéuivuiw| 4 )

|

Cc.C ) N
= N1N2T}? kgc Z ts,g;w {2 <22 + 1) [a1 exp{—az2 ({ — g)}]T8

L—g>max{w—v,v—L}L—g>0

[V
Ol

9
X (E Huswisuig — E (Uituisuig)}|2> (E |Ui£Uivin|4>

|

Next, by repeated application of Holder’s inequality, we obtain

9
E |uiﬁuivuiw | 4

< Bl [Bluuiel ]
r 7] % 126\ 3 1o\ 3]
< Bl | (B il ) (5| )
- Y 1 19
= Bl [T (Blual ™)™ (Bluwl ™)™
[ 7_2_98 126 % 126\ 736 | 4
= Bl | | (Bl ) (E il )
] .y 1 111
< | B * [<E|uw| )7 (E|uzw| ) } (by Liapunov’s inequality)

AN
—
n
=1

e}

&
£
3

~_
]
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and

E H{uiuisuig — E (Uituisuig)}‘z <

IN

IN

IN

IN

IN

<

<

2 (E |uituisuig|2 +|E [uituisui9]|2>
(by Loéve’s ¢, inequality)

2 <E |uituisuig|2 +FE |Uituisuig|2>
(by Jensen’s inequality)

4F ]uituisuigF

4<E|uitl> <E|uzsuzg|>
% 5
4 (BJual) (E|u¢s|6¢E|uig|6>
1
T

172
4 E |u7,t’ |: E "th’ (E |uig’6) 6:|

) (EW,) ] {(E’“U <E|uigy7)%]2

(by Liapunov’s inequality)

6
(o)
é
7

4C7 (by Assumption 2-3(b))

Define again p; = ¢ — g, py =v —{, and p3 = w — v, so that £ = g+ py, v =0+ py = g+ p;+ po,

w = v+ p3 =g+ p;+ py + p3. Using these notations and the boundedness of £ ]uiguwuml% and
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E {uituisuig — E (uituisuig)}P as shown above, we can further write

IN

IN

VAN

IN

IN

IN

TTs
T—h
c.C 1
wn oY 2 {2 ) cae-gn
14¥2 h keHeic t,s,9,0,v,w=p
t<s<g<t<v<w
L—g>max{w—v,v—L}L—g>0
2 % 9 %
X (E Huitwiswig — B (wirtistig) }| ) (E |ui£Uivuiw|4>
T—h 4
C,C 1/ —6\T /—2T\%
—N ]\1] T3 Z Z Z 2 (2% + 1> [al exp{_a2 (ﬁ _ g)}] 118 (407) 2 (Czs) 9
1EV2+5p keHci€H t,s,9,0,v,w=p
t<s<g<t<v<w
L—g>max{w—v,v—L}L—g>0
T—h
s Y Y > exp {501}
1542 thHCzeH t,s,9,0,v,w=p
t<s<g<t<v<w

L—g>max{w—v,v—L}L—g>0
_6 1
<f0r some constant C3 such that 4 (2% + 1) CiCC7ai® <C3 < oo)

T—hT—hT—h oo 01 01

Y Yy YT Y Y -2

h keHeicH t=p $=P 9=P g;=1 0,=0 93=0

CsNIN, T}
G X e on {2

Zglexp{ }—i-QZglexp{ }—i—ilexp{ }

01=1 01=1 01=

C5Cs (76)

for some positive constant

— (0.] ) o0
03ZglgleXp{—l—Sgl}Jr?;laleXp{ 15 }+g§_:le><p{ 18@1}
1— 1— 1—

which exists in light of Lemma B-1.

Finally, consider 77¢. Note that, from the upper bounds given in the proofs of part (b) of

Lemma C-5, it is clear that there exists a positive constant C5* such that, for all ¢ and for all T

196



sufficiently large,

1 T—h
T Z |E (uipuisuig)| < C5F
t,s,g=p
t<s<g
and
1 T—h .
T_ Z ’E(uzluwuzw)’ S 02
Lv,w=p
(<v<w
from which it follows that
C.C T—h
1
TTe = m Z Z Z |E(uztuzsulg)| |E (uiéuivuiw”
1EV25p keHc¢icH t,s,9,0,v,w=p
t<s<g<t<v<w
{—g>max{w—v,v—L},—g>0
T—h
C.C 1
< Z Z Z ‘E Uit Us s Uig ’ e Z |E (uiéuivuiw)‘
NN T, keHcicH ts7y—p Th £,v,w=p
t<s<g L<v<w
c,C
< C**
N N
*x\ 2 1 2
= aoE) NN T,
_ Goer)” (L
T T)"

It follows from expressions (72)-(77) that, for all N1, No, and T sufficiently large,

o3 b (S

kEHc ZGH
TT1+T7T5+ TT3 +TT4+TT5+7T7Tg

IN

CiC (C5)?

_Q = = —
C1CCT + CfC1 + C35Cy 4+ CLC (CF)? + CiC3 + T
h

C

IN

IN

for some positive constant C such that

C1C (C5")?
T,

~lo

C > C1CC7 + CC + CiCa + C1C (CF)? + C3C5 +
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Wl

Hence, for any € > 0, set C, = (5’/6) , and note that

N1 T, 1 1 Fu
Pr L max — Z (%ﬂ_uz> > Ce

NQg icH N; heTle \/NlTh
2
1
= Pr< max— Z Z%Ftuzt > Ce

icH -
! L ycHe N2 VIh t=p

1
= Pr{max [— Z Z'kutu” >3
et N N2 VT t=p

6
1
< Pr{ max A Z YiFuis | > C3 5 (by Jensen’s inequality)
e N ehe N2 VIh t=p
6
< Pr{— Z 3 kaFtun > C?
! keHeicH N VT t=p
_ 6
< % X (zﬂ)
C Nl kEHe i N2 t=p
6 ~
<

=C
C

= €

This shows that

1 vy F . N3 N3
max — — = =0 O
et Ny g}; <w/_N1Th NiT, P\ NT

Before stating the next lemma, we first introduce some more notations. Let SjT denote either

198



d
the statistic Zz—l wy |Sier| or the statistic max<¢<q|S; 7|, and define

oe = {z’e {1, N}: S 2 07 (1—%)}, (78)
d = {z’e {1, N} :Shp < &7 (1—%)}, (79)
N = #(ﬁ) i.e., the cardinality of the set H¢, (80)
" (HC> 1{1e Hely,
e(@) - | )| e
. (H)' {N eﬁf} e
us. (HC)l 1{1¢ ffiu’l
U(}T) _ | ™ <Hc>/ ! 2€:HC e , (81)
. (Hc>’ {N e H}ul,

/ .
where u;. = (Ui p, Uipi1, o, Wir—p) fori=1,...,N.

Lemma C-7: Let 17}, =T — h —p+ 1 where h is a (fixed) non-negative integer and p is a (fixed)
positive integer. Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3(a)-(c), 2-4, 2-5, 2-7, 2-8, 2-10(a)
and 2-11 hold. Then, as Ni, No, T — 00, the following statements are true.

(a)
Yo i{ic B} =0, ()
i€H
(b) l
;{I{{z e ﬁ} ikeZHC (%%) -0, %
(c)

%51 0em s () -o ()

i€H¢ keH¢

Proof of Lemma C-T7:
d
To show part (a), let S;rT denote either the statistic Zg_l @y |S; ¢ 7| or the statistic maxy<¢<q |S; 7|

Following arguments similar to that given in the proof of part (a) of Theorem 1, we see that there
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exists a constant C' > 2d such that
Y E []1{@ € chH = Y P (2 e I?c)

icH icH
{sir=07 (1-55))

I
'E?

IN
Q

< Cp

for all N1, Na, and T sufficiently large. Hence, for any € > 0, set C. = C'/¢, and note that

Pr {%;{I{ {z € I/-l-'\c} > C’e} < C'igo ;{E []I {2 € I/-I\CH (by Markov’s inequality )
€
Cyp

= €

Cep

which shows that

ZI[{Z’ eﬁfc} =0, ()

1€H
Next, to show part (b), we combine the result given in part (a) of this lemma with the result

of Lemma C-6 to obtain

1§ c 7 1 Vi F . 2
Z {Ze }EZ <\/]T1Th>

icH keHe
1 ' E i\ 2 _
< I}é%}f{ﬁlkz <z/kﬁ;€;> ZH{iGHC}] (by Holder’s inequality)
€H¢e 1€eH
1
NG
- 0|35 |0
N3
— 2 P
= O NT

Finally, to show part (c), note first that

1 o v Elu;. 2 1 v Elu;. 2
w2ifiem Y (U5r) <m 2 X (%57)

i€H¢ keH¢ i€HC keH¢
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Moreover, write

0 < 1 ’ku’uZ
< -
1 T—h 2
= N_ ( Z’%Etuu)
2
- w2 X k(S e

i€H¢ keH®
T—hT—h

= 7 SN E{viFausuiEy )

h jeHe keHe t=p s=p

T—h
- N2T2 Do D D B [EE (uf) Ei] vy,
17h jeHe keHe t=p
T—h—1T—h—t

Z Z Z Z Erp '7k:FE(ultuzt+m)Et+m7k]

h jeHe keHe t—p m=1

= Z Z Z%EF E z,t)Eﬂ Tk

h jeHe keHe t=p
T—h—1T—h—t

Z Z Z Z E (uigtitsm) Er [ViE Fh i)

h jeHe keHe t—p m=1

TR 2 D S (£ 02 ]

h jeHe keHe t=p
T—h—1T—h—t

N2 2 Z Z Z Z Uz,tui,t+m)’ "Y%EF [Etﬂ%—f—m} 'Yk‘

h jeHekecHe t=p m=1

IN

Note that by Assumption 2-3(c), {u},o . is f-mixing with S mixing coefficient satisfying

Bi(m) < ayexp{—agm}

for every . Since aj,, < B;(m), it follows that {u;},o . is a-mixing as well, with @ mixing
coefficient satisfying

aim < ayexp{—aaym} for every i.

Hence, applying Lemma B-3 with p = 3 and » = 3 as well as Assumptions 2-3(b) and 2-5 and
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Lemma B-5; we get

IN

IN

IN

IN

IN

IN

<

+ﬁz Z2<2§+1>2 Eh:

1 h Z’eHckeHc t:p m=1

Z > E (Tivﬁtui,tf

h jeHe keHe

ZZZMM}@MW

h jeHec keHe t=p
T—h—1T—h—t

Z Z Z Z | E (it pm)| [V EF [EeEfym] Vi|

h jeHc keHe t—p m=1

ZZZwﬂemm%

h jeHe keHe t=p
T—h—1T—h—t

Z Z Z Z ’E Uztuzt+m |E{’YkFtFt+m’Yk:

zeHckEHC t—p m=1

N 2 O S B0 [l B [nﬁtné]

h icHe keHe t=p

T 1T

T O O S B0 [l [1E,1]

h jeHc keHe t=p

1 T—h—1T—h—t 1 1
3\3 3
2 2 2 (28 +1) {a?ﬁ (B luial®)” (B hiiml®)
1%h jeHe keHe t=p m=1
2
< Irel2 B ILENE B | Erpn] }
Cl T—h—1T—h—t



which exists in light of Lemma B-1. Hence, for any € > 0, set C. = C/¢, and note that

{ Silicm) Yy <3/§T>zo}

i€He keHe
'ku U;.
< Pele > > s
1 jcHe keHe
T—h 2
< >y (ZF)
— N2T2 k=t ™",
C N T h jeHe keHe® t=p
e C
< =T,—
= o',

= €

which shows that

c Vgﬂﬁlul 2— i = l
w5 tem 5 G -olm)-olr) o

Lemma C-8: Let T, =T — h —p+ 1 where h is a (fixed) non-negative integer and p is a (fixed)
positive integer. Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3(a)-(c), 2-4, 2-5, 2-7, 2-8, 2-10(a)

and 2-11* hold. Then, the following statements are true.

(a)

Proof of Lemma C-8:
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To show part (a), note first that

w2 efiem) (50)] < w2 e

1€He

for some positive constant C' > sup, , £ [u?t} which exists in light of Assumption 2-3(b). Hence,
for any € > 0, set Ce = C/e, and note that

icHe¢
11 ulbu
< == Bl {Z € HC} ( vt ﬂ by Markov’s inequality
Ce My zeZH [ Ty ( )
€
< =C
C
= €

which shows that
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Next, to show part (b), note that

2
7
) (by Holder’s inequality)

IN
=)=
]
/N
3
-
m
T
——
N—
o
—/
s

o

2
5 T—h 7
< X (refoz et (- 55))) (5 S e ]
5
A el (1))

for some positive constant Cy > sup; , ¥ [|u”|7} which exists in light of Assumption 2-3(b). Now,

d
let S;rT denote either the statistic Ze—l @y |Sier| or the statistic maxi</<q |S; ¢ 7|; and, following
arguments similar to that given in the proof of part (a) of Theorem 1, we see that, for any i € H,

there exists a constant Cy > 2d such that

refi 20 (1 %)) <5

for all N1, No, and T sufficiently large, from which it follows that

(VAN
’_‘C)Iw
2| -
/N
)
=
—
7]
=7
vV
<
/N
—_
Sle
N—
——
N—

icH icH
< C?LZC% (ﬁ)%
= 71N 2\N
i€H
5
2 5 Nop7
= 0705 2905
1N7
2 5
N?(p?
< C
< 3 Ny

2 5
for all N1, Na, and T sufficiently large and for some positive constant C3 > C[ Cy . Hence, for any
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e > 0, set C. = C3/e, and note that

i€H
N 1 ulu;
< — E € He by Mark lit
= 32 $CNZEXI:{ [{z }<Th )} (by Markov’s inequality)
Ny € N?(p
= N2oE Cs N-
7 7 1

which shows that

!/

1 . wpug\ N%gﬂ B
EZH{ZGH}< T, )—Op<—N1 )-%(U-D

1€H

Lemma C-9: Let T, =T — h —p + 1 where h is a (fixed) non-negative integer and p is a (fixed)
positive integer. Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3, 2-4, 2-5, 2-7, 2-8, 2-10(a) and 2-11*

hold. Then, the following statements are true.

Proof of Lemma C-9:
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To show part (a), note that

AN
=
M
T
(o)
B
m
T
o
N
sg\
Sl
e
N—

T—-hT—-h

1
= N2 Z Zuztuktuzsuks

1 icHe keHe T} t=p s=p

1 1 22
- N2 ﬁzui,tuk,t
L jeHekeHe ~h t=p
1 T—h—1T—h—t
+W Z Z U t Uk, t Wi t+m Uk t+m
1 icHe keHe t=
From the non-negativity of 77, we get
EITL| = E[T]
1
P> Z B[
N e e Th =
1 g T—h-1T—h—t
_2 Z Z 2 Z Z E uZ UL Wi t+m Uk, t+m]
NT ereme Tn = —1
Now,
1
T T BT k] < 3
L iere kere Th 1= 1 ckGHc
< |su E il
< (el ) .
Ch
- Ty
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for some positive constant Cy > sup; ; F [u‘i{t} which exists in light of Assumption 2-3(b). Moreover,

T—h—1T—h—t
Z Z Z Z E [ g 10 p4m Uk, -]
'LGHC kEHE t=p m=1
o Toh-1T—h—i
= Z Z T2 Z B [(upur s — B [uigug ) (Wi tmUk trm — B [0 tmUk t4m)])]
1 jcHe keHe h t=p m=1

T—h—1T—h—t
PP

= Z E [u; gup t] E [ t4m Uk t4-m)
1 jeHe keHe h m=1
T

IN

1 2
e Z Z = | B [(wigun,e — B wigugd]) (WitrmUetrm — B [WigrmUk,tm))]|

1
Z Z N7 | (i 10t g] | | 10 ot g ]|
1

Consider the first term on the right-hand side above. Note that by Assumption 2-3(c), {wit}pe_ o

is B-mixing with 8 mixing coefficient satisfying
Bi(m) < ay exp{—agm}

for every . Since aj,, < B;(m), it follows that {u;},o . is a-mixing as well, with o mixing
coefficient satisfying

aim < ayexp{—aaym} for every i.
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Hence, we can apply Lemma B-3 with p = 2 and r = 3 to obtain

1 2
N2 Z Z T2 |E [(Uz‘,tuk,t - F [Uztukt]) (ui,t+muk,t+m - E [ui,t+muk,t+m])”

IN

1 2 1 1
N2 Z Z T2 2 (‘/§+ 1) amy\[ E [u?tu%t] (E |Ui,t+m“k,t+m‘3> ’

A3 41) T Tt a 1
M Z af exp{—%m} E [u?tuzt} (E\ui,t+muk’t+m|3>3

|-
]
(]

2
U icerene  Th t=p  m=1

1 I 1 s

T—h—1 oo 4 1y 4af (V2+1) (E [uj{t])‘l <E [uiytbél <E [Ugt+m] E {“g,wmbﬁ
= > eXp{ 6 } NPT?
icH°keHe t=p m=1 L

1 1 1 g

s 6 6 6

T—h-1 oo a 4af (\/5 +1) (E {uftD (E [ugtb <E [u?,t—&-m] E [ui,HmD
<y > exp {~gm} NPT
—1

Wl

IN

Ty
> a
(for some positive constant C' such that C > Z exp {—gg })
m=1
_ 1,
_ AC(V2+1)aiCh
< T
(by Assumption 2-3(b), there exists positive constant C' such that sup E |ui,t|6 <C< oo)
it
Co . — 12
< T setting Cy > 4C (\/§+ 1) ay C'3
h

o)

209



Moreover,

IN

IN

IN

<

2 1

T2 7 2 D B il [ 1B [ pm]

b 4=p m=1 "'l jcHekeHe

o Toh—1T—h—t |

T2 N2 | B [ ]| \/E [“zz,wm] \/E [u%,wm}
b 4=p m=1 "'l jeHekeH

9 T—h—1T—h—t 1
(supE [47,] 7 DI A|

t=p m=1 ~ 1 jcHeckcHe

2 fpeia)en (43 3 )

L icHe keHe

for some positive constant C5 such that

2<supE[uZ2’t]>sup< Z Z |E [wi pug ] ) < (O3 <0
it Ny

i€HC keH¢e

which exists in light of Assumptions 2-3(b) and 2-3(d). It follows from these results that

IN

IN

IN

IN

E |7

E

Nil Zﬂ{zeﬁ}]\% > 1{kem} <“/TZ’“>2

1eH¢

keHe¢
—h—1T—h—t

Z Z ZE ztukt Z Z 22 Z 221 E [ui guk Ui ¢ mUk,t-+m)

1 jeHe keHc t= 1 jeHe keHe Ty t=p

DD ZE k]

L jeHe kGHc t=

t

T—h—1T—h—
Z Z Z Z |E [(wigung — E [uigung]) (tigrmUetrm — E Ui grme,iem])]]
m=1

i icrerene Th 1= —p
T—h—1T—h—t
T2 Z Z Z Z ‘E Uit Uk, ”E[uzt+mukt+m]|
1 jeHc keHe

C1 02 C'3

T, Tn M
C

min { Ny, Th}
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for some positive constant C > Cy + Co + C3. Hence, for any € > 0, set C. = C/e, and applying

Markov’s inequality, we obtain

IN

AN

so that

Pr (min {Ny, T3} | 71| > C)

Pr (min {N1,T},}

Nil Zﬂ{ieﬁc} 3 ]I{k:eHc} (T—>2

1€He kEHC

%E{]\%Zﬂ{zeﬁ} ZH{’“GH}<—h> }

min {Ny,T),} =

€

T

i€H¢ kEHC

N
len {Nl,Th}

= ¥ Z]I{zEHC} S H{keﬂc} (w>2

i€cH¢ keHC

- om0 ) - e l5)

Next, to show part (b), we apply parts (a) and (b) of Lemma C-8 to obtain

Ty

IN

Nil EZ]I{Z GI?C} Zﬂ{k c ') (%)2
w5 Slempleem) ()

W >3 ]I{z’ c I/{\}I[{k c f{\} <“/TZ’> (“%Fz"f> (by CS inequality)

1 jeHe ken
1 —~ uh u;. 1 —~ u), U
L . - . Ug L o k. Wk
[NlieZHCH{ZGH}< i ) [leez;iﬂ{keH}<—Th )]
2 5
N?(p?
o0 ()

Part (c) can be shown in the same way as part (b) above. Hence, to avoid redundancy, we do

not give an explicit proof here.
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Finally, to show part (d), we apply part (b) of Lemma C-8 to obtain

7 - Nilzn{ieﬁz}]vizﬂ{keﬁ}(%)g

icH U ken "
1 _ —~ whug\ 2
_ L ]1{' H}I[{k; H}(—k>
N2 zeZerZH e © Ty
X /
< o (e mhi{ee i) (%) (%) ov s meawiey
icH keH
2
= E;{H{l cH } <T—h>
i 10
_— (%) — 0, (1). O
Lemma C-10: Let PN e
. <ﬁc> 7 (H) Z (H) )
MNTy

where Ty = T — p + 1, where H¢ and Nj are as defined, respectively, in expressions (78) and (80)

above, and where

Z (f{\) - [ 21.11{1 € f{\} 22.11{2 € f{\} ZN.]I{N € f{\} } (83)
Tox N
with Zi. = (Zip, Zipt1, -, Zir) for i = 1,...,N. Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3,
9.4, 2-5, 2-7, 2-8, 2-10, and 2-11* hold.

Under the assumed conditions,

=o0p (1) as N1, Na, T — o0,

S <A> _ FMFFF,
2

Y He¢
N

where

T
1
Mpr = 7 ; E[F,F].

Proof of Lemma C-10:

To proceed, note that we can write
—~ ! —~
7 (He) = Er (B°) +U (H°),
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so that

$ (ﬁ) _ FM]\};fF/
2(1) 2 () pagpr
- NiTp M
B <1 Nl_N1>1 Z<I/{\C) Z<H) I'MppIY
B i N1 N1To N
Mon) T (ﬁc> F'FT (ﬁ\), U(HC>/EF (H )’
v(a) v () U (F) U (F))| paper
+ MTo + N1 Ty M
~ ~ -1
- (PR e (1 PR (o () [ BE - ] ()
/ —~
+Ni1 (F () Merr (1?)' - rMFFp/> U (H%TUO )
v(&e) rr () 1(8)FU (8
GL PG .

where Mpp is as defined in (59), where I' (I/{\C) and U (@) are as defined in (81), and where
Z <I/'J\—C> is as defined in expression (83).
Consider first the term — [(Nl - N1> /Nl] (TMppI”/Ny). Note that, for some positive con-
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stant C such that

|Mpr|l g

IA

IN

IN

<

<

1 T
7 2B EE]|,
t=p

(by the homogeneity of matrix norm and the triangle inequality)

1 T
T > E[EF}
t:p F

T
Ti Z E HEI‘/E;HF (by the Jensen’s inequality)
0=

1 T
N E \/ tr {EtE:fEtE;:}
To

1 T
2
7 2 2 [IE3]
t=p
1

T
1 =
— E (E [HEtngg (by Liapunov’s inequality)
Ty &

Wl

C3 (by Lemma B-5) (85)

oo

from which it follows that

IT'MppI”

- o {FMFFF’ FMFFF’}
. N M
I'r M2 .1/
M M

_ rr y MppIl'I'Mpp
= max N, r N,

N

IN

1
C*C? < o for all Ny, N» sufficiently large,

IA
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since, by Assumption 2-6, there exists some positive constant C* such that A\pax (I'T/N7) < C* <
oo for all Ny, Ny sufficiently large. Moreover, applying part (a) of Lemma C-15 and the Slutsky’s

theorem, we have

Ni— N B Ni— N
M M
so that by a further application of the Slutsky’s theorem, we can deduce that

Ny — Ny \ TMppI!
]/\\71 Nl

Consider now the other terms on the right-hand side of expression (84). To proceed, we first

1 p
P =0
(N1 —Nl) /N1 +1

Ny -V
Ny

0. (86)
F

_ Ni— N
Ny

TMppI!
Ny

F

note that, by applying part (a) of Lemma C-15 and the Slutsky’s theorem, we have

-1

~ —1 -~
Ny — Ny Ny — Ny P
Tt St B I R P e 1.
( + N1 ) + Nl -
Next, note that
T (H°) Mgl (H°) DMl
N1 Nl
F
N N - 2
= 3 (t{ie B} u{k € B} yiMpry, — i Mrry)
i=1 k=1

o~ 2
- ( {z c H} I {k c H} A Mppy, — fy;Mka)
6 ckEHs

m

where H® = {k € {1,.., N} : v # 0}, where H¢ = {z €{l,, N}:S§fp 2071 (1- %)}, and

d
where ST denotes either the statistic wy |S;.e1| or the statistic maxj<y<q|S; ¢ 7|. Note that
Z,T £:1 "ty =t "y

— — 2 —
S <]I{z e Hc} i {k e Hc} Vi Mppy, — W;Mpmo = 0ifI {z e Hc} = 1 for every i € H°,
i€HC keH¢
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so that, for any € > 0,

P () Merl (F°) P
N TN | T
F

N

{z’ ¢ He for at least one i € HC}

= U {ier}

i€HC®
- Ufstrer (1-%))
- Ntz -0l

d
Hence, applying either part (a) or part (b) of Theorem 2 depending on whether SfT = Zz—1 @y |Sier|

(3

or S;.fT = maxj<<q |Si¢ |, We obtain

— —~\/
U (H°) Mpel (HY) pagypr

P
r N, N, > €
F
< on () fone (- 2)
< r(ﬂ SLT_(I) 1 5N
i€cH¢
= 1—Pr(minSt,.> o ! (1—£>
ieHe BT = 2N
— 1—1=0as Ny, No, T — 00,
so that .
r <H0> MppD (Hc> CTMer| " .
N1 N b

F

— / —~\/
Now, consider the term I' { H¢ LE Mpp|T'(H¢) /N;j. For this term, note first that, by
To

sub-multiplicativity of matrix norms, we have that

r (&) [%E—MFF}F(}TCy < r (&) rE_ r(ﬁc)'
M ~ | VM To el v
F 5 F
r (ﬁ) FE
- \/]T1 r TO B MFF F

216



Note that

rE) tr{r(@)f(ﬁ)
VN1 . M
= tr{Nili_Zl]I{iEHC}’yﬁ;}
N

I
=
7]
—
~.
Mm
T)
——
<
—_—
2
2.
——

2 . —~
= — . ]I{l € HC}
7 Ll

N
1 —~
2 .
su o — E ]I{z € HC}
ZPHVZHQ Nl

1=1

N
1 —~
2 .
= sup ||y —Ejﬂ{zeﬂc}
618“||7||2N1

i€ i=1
(since v; = 0 for all v, € H)

1L~
ClE;]I{zGHC}

IN

IN

for some positive constanct C; > sup; ||;13 = sup;ec e |[7:]|5 which exists in light of Assumption

2-5. Moreover, write

N
Nilgﬂ{zefl\}:]\%;{ﬂ{zeﬁ}—l—]\%EZH]I{ZEI;I\} (88)

For the first term on the right-hand side of expression (88) above, we can apply part (a) of Lemma

C-7 to obtain
1 R %)
C j— —_ —
A éH]I{z €eH } =0, (N1> =op(1).

With regard to the second term on the right-hand side of expression (88), note that

N%ZE[I[{ieﬁc}]gl

1eHe

since, by definition, Nj is the cardinality of the set{i € {1,..., N} : ¢ € H¢}. Hence, for any € > 0,
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set Ce = C/e for any positive constant C' > 1, and note that

LicHe

Pr {NL Z I {z IS I/{\C} > C’e} < C’ieNil Z E []I {Z S I/{\CH (by Markov’s inequality)

A
I
Q

which shows that

It follows that

o~ 2
r (e N .
\gﬁl) ) < ClN%;H{z’eHc}

= %;{H{ief/l\c}Jr%Z]l{ieﬁC}

icHe
©
= O (E) + Oy (1)

= 0,(1).

In addition, applying the result of part (b) of Lemma C-2, we have that

from which we further deduce that

© () [ - ] v ()
M VN

F F

IN

—
[

/ —~\/
Turning our attention to the term U (H ) FT (HC> / (N1Tp), we first write
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keH
< ! Z L iH{ZEHC} (’y’F’u )2
> X7 k 7
M e MT§ =
1 1 L~ 2 1
= — — ]I{ZGHC} YViF ui)" + —
N keZH MTg icH 0l ) M

— ZH{ZEI’?\C}L Z <72E’ui.>2+i ZH{ZGFI\C} Z (’Y;cﬁlui-)z
Ny VNT, N VNI Th

1€H keH¢e

Applying parts (b) and (c) of Lemma C-7, we obtain

v () r () [
NiTp
F
el L kauz> S
< ;I]I{zeﬂc} N, k;c<mTO N
1
N 1
= 0, Ni}o +Op<T>

1
Jo 1
= Op max {2(’0 —

= o0p(1) (by Assumption 2-11%)
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so that

U (ﬁ)NETz @] _,, (max {¥F\[37 =}) =0t (90)

Since '
r (ﬁc) F'U (H\c) U (ﬁc)' FT (ﬁfc)/
N To - N Tp
F F

it follows immediately also that

U (#° )NETZ () _o, <mX{N2\/%%}) o, (1). (91)

F
PN —~ 2
Finally, consider the term HU (HC> U (HC) /N1Tp|| , where
F
v(ie) = wmi{ie i} wifzent} - uwyi{nen} |.

Given that

U (P/I\C>/U (}T)
u,14ul~]1{1 effc} u’l.uN.]I? efﬁ%ﬂ}NeffC%

ug,ug.ﬂ{mﬁfc}ﬂ{zefﬁ} o dyuyI{2e Hel1{N € B

vunt{le By 1{N e He} . uyuyI{N € H°}
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we can write

v () v (i)

NN L~ —\ U} ug. 2
N - ZZ(H{zeHC}H{kEHC}m>

2

F
1 N N .
= Y Y e B fi{ke B ()
NiTy i=1 k=1
1 Y 1 & ol g\ 2
_ = el & c i- Lk
- le]I{ZEH} 1ZH{keH}( - )
i—1 k=1 0
1 N1 g
- LS r{ieF) H{keﬂc}<“z~“k)
Ny ~ 1 i 0
i€H keH'
1 =1 1 — Uy U
+EZH{16HC N ]I{k;eHC}( - >
i€He keH
1 ul ug,
+EZH{16HC}—IZH{I€GHC}( o >
cH keHec
I T e P AW AL :
ty e By YTk e By (<
i€eH keH

= T+ T+ T3+7T (say),

where the order of magnitude in probability of the terms 7y, 75, 73, and 74 are given in parts
(a)-(d) of Lemma C-9. It, thus, follows by applying parts (a)-(d) of Lemma C-9 with h = 0 that

v (@) v ()|
MTo

F

| NN o .
= WEQH{ZGHC}H{IGGHC}(u;,uk.)2
= Ti+DL+T+7

2 5 5 4 10
_ 1 1 N?gp? N?(p? N?(p?
= Op<maX{N1,T}>+Op< N, )—i—Op( N, >+Op< N2 )
2 5
1 1 N7p7
= Op (max{ﬁl, ?, Nl })

= op(1).
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from which we further deduce that

—~\/ —~
U(HC) U(HC> ~0, (maX{L 1 N7 }) =0, (1) as N1, No, T — 0.

N1Ty

VN VT

Expressions (86)-(92) together imply that

5 () - Lt

F

_ (1+ NI—N1>1 Z(F) 2 () patpr
N NiTp Ny

F

U (}T)' v (i)

Ny — Ny |||TMppI? N, - N
S 1/\ 1 ‘ FF + 1+ 1 1
N M r M M
Nl—Nl - 1 — F'F N\
14— o p (HC> =L _ F(HC>
T Ny Ny [To FF} F
—~\/ —~\/
A [ (HC) Ja (Hc)
+ 1+
N NiTp
F
. 1 e e .
44 M F<H>EU<H) 14 M
N1 N1T0 Nl
F

= op(1) as Ny, N, T — oo0.
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Since ||A|ly < ||All z, we also have

1E]l
s (1) - B
1

2

AV OWANT
2(He) 2 (He)  pagppr

Ny — Ny
1

N1T0 M
—~ —~\/
< Nl—Nl ‘FMFFF/ 1+N1—N1 F<Hc> MFFF (HC> FMFFF/
B Ny Ny 2 Ny N Ny
2
~1
N1 N1 1 — F'F N/
1 —r (H) == Mpp|T (H)
+ |1+ N 7 [ T FF ,
—~\/ —~\/
F— ™ U<H> ET <H>
{1+
N N1Tp
2
chs N — Ny I (HC> £u (HC) e N1 — Ny U (HC) u (HC>
Ny N1Ty Ny N1Ty
2 2
o~ —~\
Ni— M| FMFFF’ Ni—N| || (H C) Mprl (H C) T Mppl"
< i _
N r N N N
F
. ~1
N1 — N, 1 F'F
QI ) | N (H) == _ M F<H)
+ |1+ N 7 [ T FF -
A <H> Er (H°)
{1+
N N1Tp
F
. ~1 TTe 7 7\ 71 (130
N 1+N1—N1 F(HC> £u (HC) n 1+N1 Ny | U(HC> U(HC>
Ny N1Ty Ny N1Ty
F F
= o0p(1) as Ny, No, T — o00. O
Lemma C-11: Let
TMppI
A =
NxN N
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where

T
Mpp = TLOZE[EtEQ] with Top =T —p + 1.

t=p

Suppose that Assumptions 2-1, 2-2(a)-(b), 2-2(d), 2-5, 2-6 and 2-7 hold; and let G be an N x N

orthogonal matrix whose columns are the eigenvectors of A. Under the assumed conditions, the

following statements are true.

(a)

(b)

Rank (A) = Kp for all N1, Na, and T sufficiently large, and, hence, 0 is an eigenvlaue of A
with algebraic multiplicity equaling N — Kp.

Partition G as follows:

G =| Gi G2
NxN NxKp Nx(N—Kp)

Without loss of generality, suppose that the columns of G are eigenvectors associated with
the non-zero eigenvalues of A, whereas G contains the eigenvectors associated with the zero

eigenvalue. Then, the matrix G’ AG can be partitioned as follows:

Al 0 Al 0
G/AG _ KpxKp Kpx(N—Kp) _ KpxKp Kpx(N—Kp) ‘ (93)
A 0 0
(N=Kp)xKp (N—Kp) ><2(N7Kp) (N—Kp)xKp (N—Kp)x(N—Kp)

where A; is a diagonal matrix whose diagonal elements are the non-zero eigenvalues of A and
where Ay = 0.

Define the separation measure

AKX — X Aol
A, A) = ;
Sep( 1 2) ?;é% HXHF 3

then, there exists a positive constant ¢ such that

A X MY2rrarl?
S€p (A1>A2) = S€p (Ala 0) = g?;é% w > Amin (% >c>0.
F

Proof of Lemma C-11: To show part (a), note first that, by the result of Lemma C-4 above,

there exists a positive constant C such that

Amin {Mpr} >C >0

224



for all T > p — 1; and, by Assumption 2-6, we have,

min | = = I0r s sulnciently large.

for some constant C such that 0 < C' < co. Combining these two inequalities, we see that

MYPTT M2
>\min T

r'r
>\min (E) >\min {MFF}

C
> % > 0 for all N7, N, and T sufficiently large.

This implies that the Kp x Kp matrix

1/2 1/2
MU' T My
Ny
is a positive definite (and, therefore, also non-singular) for Ni, Na, and T sufficiently large. More-

over, observe that

I'MppIY
det< Ay — ——
) { N N }
/
— AV det {]N _ A—lw}
N
M2 Y2
= AVdet {I Kp — A1 % (by Sylvester’s determinantal theorem)
1

120 r1/2

M T'TM

— AV-EP get {)\IKp — M} (94)
Ny

Hence, the non-zero eigenvalues of the matrix T'MppI' /Ny correspond exactly to the eigenvalues

of the positive definite matrix M ;ﬂ/]? I FM}/; /N1, from which we further deduce that the matrix

_ TMppl”

A N,

must be of rank Kp for Ny, No, T sufficiently large. Since A is an N x N matrix with N = N7+ No,
it follows immediately that 0 is an eigenvalue of A with algebraic multiplicity equaling N — Kp for
N1, No, T sufficiently large.

To show part (b), let Ay = diag (M 1,...., \1,Kp), Whose diagonal elements A;; > 0, for i €
{1,..., Kp}, denote the non-zero eigenvalues of A (which must all be positive given that they

correspond to the eigenvalues of the positive definite matrix M ;/;F’ I'Mm }1;,/]3 /N1 as shown in the
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proof of part (a)). Moreover, let

Ay = 0
(N—Kp)x(N—Kp)

whose diagonal elements are the N — Kp zero eigenvalues of A.Since A is a symmetric matrix, the
representation given in expression (93) follows immediately from the usual spectral decomposition.

Finally, to show part (c), note that for any Kp x (N — Kp) matrix X # 0, we have

||A1X — XAQ”F == ||A1X||F (since A2 = 0)

=t {XNALX)
> Amin (Al) Vitr {X’X}

= Amin (Al) HXHF
It follows that

ALY — XA
sep (A1,A2) = 20 N 1 X1 ¢ e

M X
= min A1 Xl (since Ag = 0 in this case)
XA || X
Amin (A1) [ X |

X#0 X1 7
- >\min (Al)

Furthermore, in light of expression (94), the diagonal elements of A, being the non-zero eigenvalues
of A, must all be the solutions of the determinantal equation

Ny

M1/2F/FM1/2
det{)\IKp— —EE___FF L =

so that, as noted in the proof of part (a) above, they are also the eigenvalues of the dual matrix
M ;/;F TM }/ﬁ /N1. It follows from the proof of part (a) that there exists a positive constant ¢ such
that for all N1, No, and T sufficiently large.

S€p (A17 AQ) = S€p (A17 0)

Z )\min (Al)
(R
= min Nl

> ¢>0.0
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Lemma C-12: Suppose that A and E are both n x n symmetric matrices and that

G:[Gl Gy }

nxXr  nx(n—r)

is an orthogonal matrix such that
ran (G1) = {y € R" : y = Gz for some z € R"}

is an invariant subspace for A, i.e., for any ¢ € ran(G;) and let ¢* = Ag; then ¢* € ran(Gy).
Partition the matrices G’AG and G'EG as follows:

A 0 En By
cgag=| " U b adeEe=| T e
0 As Eo Eo
(N=r)xr  (n—r)x(n—r) (n—r)xr (n—r)x(n—r)
! ALY — XAy
. 1X—X 2|
sep (A1, Ag) = min >0 (95)
X#0 1 X1 7
and if
sep (A1, Ag)
o), < X2t
AMX — XA
= 1min A4 ZHF, (96)
5 X#0 1 X1 7

then, there exists a matrix R € R("")%" gatisfying

4
— ||
IRl < iy 1Bl
: \|A1X—X1\2|hw>1
= 4| min ||E21H
(Xﬂ) 1 X | 2

such that the columns of

Gy = (Gy + GoR) (I, + RR)

define an orthonormal basis for a subspace that is invariant for A + E.

Remark: Lemma C-12 is a well-known result in linear algebra restated here in our notations. It is
given in Golub and van Loan (1996) as Theorem 8.1.10. As noted in Golub and van Loan (1996),
this result is also a slight adaptation of Theorem 4.11 in Stewart (1973), which could be consulted
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for proof details.

Lemma C-13: Let X be an invariant subspace of A, and let the columns of X form a basis for

X. Then, there is a unique matrix L such that
AX = XL.

The matrix L is the representation of A on X’ with respect to the basis X. In particular, (v, A) is
an eigenpair of L if and only if (Xwv, ) is an eigenpair of A.

Proof of Lemma C-13: This is Theorem 3.9 of Stewart and Sun (1990). For a proof of this
theorem, see Stewart and Sun (1990).

A straightforward application of Lemma C-12 (or Theorem 8.1.10 of Golub and van Loan, 1996)

to our setting here leads to the following lemma.

Lemma C-14: Let & <fl\c> be the post-variable-selection sample covariance matrix as defined in

expression (82) in Lemma C-10. Decompose 5 (fﬁ) as follows:

g(ﬁ:) —A+E,

where I
A== (97)
and where
o i(ﬁ) Aol
- ( Hc MFFF (H) —PMFFP’> +EF (ﬁ) [%OE—MFF} r(ﬁfc)'
! o~ o~ —~\/ —~
r(me)Fu(ae) v(me) U(H:
Ve (E) @) (E) v o () .

with Top =T —p+ 1 and

T
1 /
Mpp = T ;E [F.FY] .
Suppose that Assumptions 2-1, 2-2, 2-3, 2-4 2-5, 2-6, 2-7, 2-8, 2-10, and 2-11* hold, and define

_[Gl Gs ]

NxN NxKp Nx(N—Kp)
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to be an orthogonal matrix whose columns are the eigenvectors of the matrix A. Without loss
of generality, suppose that the columns of G are the eigenvectors associated with the non-zero
eigenvalues of A, whereas G2 contains the eigenvectors associated with the zero eigenvalue which

has an algebraic multiplicity of N — Kp in this case?. Partition the matrices G’AG and G'EG as

follows:
Al 0 A1 0
G'AG — KpxKp Kpx(N-Kp) KpxKp Kpx(N—Kp) and
0 A
(N=Kp)xKp (N—Kp) ><2(N7Kp) (N—Kp)xKp (N—Kp)x(N—Kp)
En Ey
G'EG = KpxKp Kpx(N—Kp)
Ea Ess
(N—-Kp)xKp (N—Kp)x(N—Kp)

where A; is a diagonal matrix whose diagonal elements are the Kp largest eigevalues of the matrix
A3

Under the assumed conditions, the following statements are true.
(a) There exists a (N — Kp) x Kp matrix R such that the columns of the matrix
-~ / 71/2
G = (Gl + GQR) (IKp + R R)

define an orthonormal basis for a subspace that is invariant for ) (fl\c> = A+ E. Moreover,
|R|ly = 0p (1) as N1, N3, and T' — oo
(b) H@l - G1H2 =o0p (1) as N1, Na, and T' — o0
(¢) The exists a unique symmetric matrix L such that
(A+ E)Gy = G L.

Moreover, let
A = diag (3\\1, s XKp) (99)

>That 0 is an eigenvalue of the matrix
TMppI”
Ny
with algebraic multiplicity equaling N — Kp has already been shown previously in Lemma C-11.
3We have also previously shown in Lemma C-11 that G’ AG can be partitioned in the manner given here.

A=
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denote a diagonal matrix whose diagonal elements are the eigenvalues of the matrix L, and

let

~

V(% % - o) (100)

be a Kp x Kp matrix whose ¢/* column (i.e., 7;) is an eigenvector of L associated with
the eigenvalue ;\\g for £ = 1,..., Kp. Then, V is an orthogonal matrix and <CA¥1%,X5> is an
eigenpair for the matrix A+ F for £ =1,..., Kp.

(d) With probability approaching one, the columns of the matrix
GV=Ci (5 B o )= (G Gy - Gity )

are the eigenvectors associated with the Kp largest eigenvalues of the post-variable-selection
sample covariance matrix

A+E:§)<I/{\C).

Proof of Lemm C-14:
To show part (a), we first verify that the conditions (95) and (96) of Lemma C-12 are satisfied

here. To proceed, let ran(G7) denote the range space of Gy, i.e.,
ran (G1) = {g € RY : g = G1b for some b € RKP}

and, by definition, A; is a Kp x Kp diagonal matrix whose diagonal elements are the non-zero

eigenvalues of the matrix A = T'MppI”/N;. Now, for any g € ran(G1), note that

g° = Ag

T MppT’
= (/)G
< Ny > &

= GiAd
== Glb* where b* = Alb.

from which it follows that ¢* € ran(Gi), so that ran(G;) is an invariant subspace of A. Next, by
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applying the result of Lemma C-11, we have

sep (A1,A2) = sep(Aq,0)

A X
X
X0 || X| g
2 Amin(Al)
oy (MErTME
min Nl

v

¢ > 0 for N1 and Ny sufficiently large,

so that condition (95) of Lemma C-12 is fulfilled. Next, note that, from the result of Lemma C-10,

we have
B I'MppIY

Bll, = || (7°)
11, = | =

from which it follows that

=o0p(1) as Ni, Ny, and T'— 0;
2

1Bl <

A1,0
w w.p.a.l as N1, Ny, and T"— 0.

so that condition (96) of Lemma C-12 is also satisfied here w.p.a.1. Hence, application of Lemma
C-12 allows us to conclude that there exists a (N — Kp) x Kp matrix R such that the columns of
the matrix

Gy = (Gy + GoR) (I, + RR)/?

define an orthonormal basis for a subspace that is invariant for A + E. In addition,

4
R < —||F
IRl < i 1B
~1
MY/
< 4| A | HE—EE E
< [ ( N 121,
4 .
< - |Ell;, (for some ¢ > 0 by Assumption 2-6 and Lemma C-4)

= Op (1)a

which shows result (a).
To show that H@l — G1H2 = 0y (1), we first show that an explicit representation for G can be

given as

/
Gy = r (FI‘

~1/2 12
— | — ==T(I"I")" =
— Nl) (r'r)
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where = is an orthogonal matrix whose columns are eigenvectors of the matrix

I—\/F 1/2 F,F 1/2
Mip =(=—) Mpr(=—
Kpf[l?p (N1> FF(N1>

To see that this representation satisfies the various properties we require of GG1, note first that

Gl Gl — E/ E _1/2 E IV_P _1/2 E — IK .
1 Ny Ny \ MV ps

hence, G; so represented does have orthonormal columns. Moreover, note that

T Mppl’ r ', —1/2
— G, = —Mpp——(I'T =
M= gt )

r e e\
= —MFF—<—> =
VN1 N1 \ V1

B ey v R G v e Ew A VA ey A
- UMM N, FE\'N, N, N, N, =

r /rr\ Y2
= — (— M:
VN1 <N1> mr

= r(rn) Y’zn
- Gin (101)

(11

where Ay is a Kp x Kp diagonal matrix whose diagonal elements are the eigenvalues of the matrix
M}, which also happen to be the non-zero eigenvalues of the matrix A = T'MppI'/N;. Pre-

multiplying the above equation by G/, we obtain

I'MppI?
Gﬁ%Gl = G{G1A; = Ay
1
Since equation (101) shows that the columns of T (T” F)_l/ 2 are indeed the eigenvectors of the

matrix A = 'MppI” /Ny, by the argument given previously in the proof of part (a) above, we can

then deduce that ran(Gq), the range space of Gy with G; = T (I F)_I/ 22, is an invariant subspace

of A. It follows that setting
~1/2 —

G, =T (I'T)

fulfills all the required properties of (G; specified in Lemma C-12 above.
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Next, write

61 -Gy = (G1 + GQR) (IKp + R,R)il/2 -Gy
= Gi|(Ip+ R'R) " = Iy | + GaR (Iny + R'R)V°

r T\ 2 ~1/2 -1/2
= Ef(ﬁ) EW@+H@ —M4+@R@@+Hm
1

Applying the submultiplicative property of matrix norms and the triangle inequality, we obtain

@1—G4

2

r /o) Y2
VINy <W1>

Gl IR, || (1o + RE) ™|

-1/2

IN

1El, | (1o + B'R) ™ = I ||,
2

= | (o + RR) ™ — Iy ||+ IR, || (12cp + RR) ™2,

where the last equality follows from the fact that

||E||2 = Amax (E/E) = Amax (IKp) =1,

1G5, = s (G2Gh) = A (GG2) =\ A (Inv—1p) = 1, and
r /rr\ Y2 T\ Y2 /o Y2
A~ \ A = ENE -~ |\ A = 1/ "max =1
H\/Nl <N1> Ama <N1> N <N1> Auax {Tico}

Now, if (), p) is an eigen-pair of R'R so that

2

R'Rp = \p with A\ > 0 given that R'R is positive semidefinite;
then,

(Ikp+R'R)p = (1+X\)p,

_ 1
(IKp+R/R) 1/2[) mp, and
F o\ —1/2 1
VITA-1
Vitx !
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since

1 _
Vi) is an eigenvalue of (I Kp + R'R) /2 associated with the eigenvector p

and

Vi+A-1 -1/2

~————" is an eigenvalue of I, — (Ix, + R'R associated with the eigenvector

\\/H-—)\ g Kp ( Kp ) g P
Moreover, let
0) = Vi+A-1
IV =
and note that, for A > 0,
1 1 IRVAR D

214X 2 (1427
IVIFA-VI+A+]

2 (1+N)%2
1

— >0
2(14 A)*?

so that, in particular, g (\) is an increasing function of A for A > 0. It follows that

=

2
e Y (U

IN

o e R A i !

—
_ \/ Ao ([IKP — (Ixp+ RR)™Y 2} Iy — (Ixp+ RR)™Y 2D

+ || R|l5 \/)\max ((IKp + R/R)—1/2/ (Ikp+ R/R)—1/2>
= N [ = (Ticp + RR) ] 4 1Rl A [ (L + R'B) ]

(since Irp — (I Kp + R/R)_l/ > and (I Kp T+ R R)_l/ % are both symmetric and positive semideﬁnite)

vV 1+ )‘max (R,R) —1 + ”RHQ

v/ 1+ Amin (R'R) /14 Amin (R'R)
< A1+ |RI5—1+|R|l, (since Amin (R'R) > 0 given that R'R is positive semi-definite)
= o0p(1) as N1, N, and T'— oo (since ||R|y =0, (1)).

This shows result (b).
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To show part (c), note that, by the result given in part (a) above, the columns of G, =
(G1+ G2R) (I, + R R)_l/ ? form an orthonormal basis for a subspace that is invariant for A + E.

It then follows immediately from Lemma C-13 that there exists a unique matrix L such that

(A-FE)@l = (A+E)(G1+G2R)( +R/R)fl/2

— (Gi+GqR) (I, + RR) L
— GiL.

Note further that

GG = (I, + RR) V(G + RGY) (Gi + GaR) (I + R'R)

— (Ixp+ R'R) " (G,G1 + R'G4G: + G\GaR + R'G4GR) (Ikp + R'R)
= (Ixkp+R'R)” V2 (Ixp + R'R) (Icp + R,R)_l/2

~1/2

<51nce by assumption G = { Gi1 Go } is an orthogonal matrix>

which, in turn, implies that

IMppI”
PMppl” |

G (A+E)G, — @( i

= L

E) Gy = G.G\L

so that L must be symmetric since, in our situation here,

A+ E =

FM]\};FF’ s (I:fa) ~ IMppl” 8 (A) Z (fl\c>/z (I/{\C)
1

is a symmetric matrix. Now, let A= diag (Xl, e /)\\Kp> and
V(o % - )

be as defined in expressions (99) and (100). The fact that L is symmetric implies that V is an
orthogonal matrix. In addition, further application of Lemma C-13 shows that (@ﬁg,/}:g) is an

eigenpair for the matrix A+ FE for g =1,..., Kp.
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Finally, to show part (d), let G = < G1 Go >, and note that, by assumption,

G/AG, GLAG Ar O
GAG=( T ) T )
GLAG, GLAG, 0 0
where Ay = diag (A1,1., ..., A\, kp) contains the Kp largest eigenvalues of A. Without loss of gener-

ality, we can further assume that A1 1, ..., A1 kp are ordered, so that A1 ; = A (A), i.e., A is the
4% largest eigenvalue of A.* Given that, G'G = GG’ = I, we have

<AG1 AG, ) — AG =GA = ( Gy, o)
from which it follows that
AG1GG1oy = GiM GGy, for L€ {1,...,Kp}. (102)

Now, the result of part (c) above shows (@1@,/):4) to be an eigenpair of the matrix A + E for
¢e{l,...,Kp}, so that
(A+ E) Gity = ANG1y for € € {1,..., Kp} (103)

where G1 = (G1 + G2R) (Irp + R'R)™Y/? as given in the result for part (a). Multiplying both sides
of expression (103) by @ééﬁGlG’l, we get

B\\g%éllGlGllél@\g = %@&GlG,l (A+FE) éli)\g
= %@iGlG/lA@l@\g + %éaGlGaEélﬁg (104)

Since A = T'MppI”/Ny is symmetric, it further follows by expression (102) that

0G\ GG A = T,G GLGL A = TG G MG (105)

41f this is not the case; then, we can always define a permutation matrix P such that
A" =P AP

results in a diagonal matrix whose diagonal elements are repermutated in such a way, so that the required ordering
of the eigenvalues is satisfied. Moreover, since P is an orthogonal matrix, it further follows that

A=GPP'APP'G' = GPA"P'G.

Now, define G= G'P, and note that G is an orthogonal matrix whose columns are just the columns of G repermutated.
Hence, we can simply proceed with our analysis using G in lieu of G, and the associated eigenvalues will be in the
order which we have assumed.
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Moreover, note that

~ ~ 2

0 < (%G’lGlG’lEG1@>

< (@;égangGlagé@) <®}CA¥’1E’E@1@> (by CS inequality)

_ (@égalag@@) <62@’1E’ECA¥1@> (since G4 Gy = Irgp)

= [0 (Iicp + R'R) 2 (Gh 4+ RG) Gi G (Gh + GaR) (Iigy + R'R) 25| (91G1 B EGyi )

= 3 (wep + R'R) 5] (0G4 ' EGy )

< (o (Irep + B'B) ™ 5] Amax (E'E)
from which it follows that

8 Iy + RR) 5 |Ely = =/ Uiy + B'R) 50/ Nanax (B'E)
~ ~ 2
< —\/ (31611 G BG )

< - \%@gclewé@\
< U,G\G1GEGT,

where the last inequality follows from the fact that

0,0, GG EG Ty, > — ‘%éﬁGlG’lE@ﬁg it 56 G GLEG T, > 0

whereas

0,0, GG EG Ty = — ‘%éﬁGlG’lE@l@ it 96 G GLEG 5, < 0

Combining expressions (104), (105), and (106), we see that

NOLGLGLG Gty = T,GLGLGL ATy + 0,G\ GG EG Ty
B G1A G G — 5 (TIxp + R'R) ¢ | Bl

V
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for £ € {1, ..., Kp}. In addition, note that

5,GL GGGty = B,GGrG (Gh + GaR) (Ixp + R'R) %,
— GGy (Ixp + R'R) %,
— 9 (Ixy + R'R)? (G} + R'Gy) G (I, + R'R) %%,
= O (Ixp+ R'R) 'y
> 0

Hence, dividing both sides of expression (107) by ﬁéé’lGlG’lélﬁg, we obtain

L OGN G Vo Iy + RR) 0 | B,
{ = = = - = —=
0,Gh GL G Gy nexenexercr

V0 i + R'R) 00|
0, (Ixp + R'R)™'%
1E],

V% Iy + RR) 5,

E
_ Z e,

AU

= WAL —

= WAL —

where
- GG, ~ .
vy = 1 so that ||oy||3 = vaj =
NoleXeeae
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Note also that

O (Ip + RR) "0 = Awin { (Iyp + B'R) '} 570

= Amin {(IKP + R/R)_l} <since | Te|3 = 1>

1
 Amax (IKp + R'R)
s 1
T 14 Apax (R'R)
_ 1
1+ |R|3
r 2
> M (by Lemma C-12)
(sep (A1, A2))
16 || E|?
> % (by Lemma C-3 )
(sep (A1, A2))
- ) _
> 14 16 (sep (Al’ AQ)) 2/25 w.p.a.l
(sep (A1, A2))

o (== DMppI’|?
<given that | E]2 = Hz (H) ———|| =0,(1) by Lemma C-10>
1 2
_ »
o4

Making use of this lower bound, we obtain, for ¢ € {1,..., Kp},

Kp
- . E
AE > ZUEJAL] o H H2
P Vo Iy + RR) 15

Kp Va1
. 41
> E UZJ-)\L]- — |Ell;, w.p.a.l.
i=1

Next, recall the notations we have introduced previously on the ordering of the eigenvalues of the

matrices A+ F and A, i.e.,

)\(1)(14+E) > "'Z)‘(Kp)(A+E)2)\(Kp+1) (A+E) Z"‘Z)\(N)(A+E),
Ay (A) = 2 Ny (A) = ANpgr) (A) = -+ > Ay (A)

Since A = 'MppI” /N7 and since part (a) of Lemma C-11 shows that Rank (A) = Kp for all Ny,
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N>, and T sufficiently large; it follows that
Arps1) (A) == A (4) =0. (108)
In addition, by Corollary 8.1.6 of Golub and van Loan (1996), we have the inequality.
Axpr1) (A+ E) < ANgpany (A) + |1 Bl - (109)

Making use of expressions (108) and (109); we see that, for any ¢ € {1, ..., Kp},

~ \/H

Ao = ANgpr1) (A+E) > Z AL — = 1Elly = {Akpt1) (A) + | Ell,} w.pa.l
AL — |E|l, (since A(gpi1) (A) = 0 here)

Z \/_+5

\/_+5
= Z iAG) (A 1E],

(smce A1j = Ay (A) as discussed previously)

\/ZH +5 Sep (A17 AQ)
> th)\(ﬁ 3 5 w.p.a.l
(smce |E|ls = 0p (1) by Lemma C-10)
= Z iAG) (A \/4_;;_ 5sep (A1,0) (since Ay = 0 here)
1+5 . .
> Amin (A1) — Vil sep (A1,0) (smce A1 = diag ()\(1) (A) s ANxp) (A)))

25

(225 i

(since sep (A1,0) = Amin (A1) by Theorem 3.1 of Stewart and Sun (1990))

(20—\/5

9% ) c¢>0 (by part (c) of Lemma C-11).

This shows that the set {Xl, ...,XKP} contains asymptotically the Kp largest eigenvalues of the
matrix A+ E. It further follows from the result given in part (c¢) that, with probability approaching

one, the columns of the matrix
GV=GCGi (0 & - 9 )= (Gt G - iy )
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are the eigenvectors associated with the Kp largest eigenvalues of the matrix A + E. [

Lemma C-15: Suppose that Assumptions 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 2-7, 2-8, 2-9, 2-10, and 2-11*

hold. Then, the following statements are true.

(a) R
Ni—Ni p
L 1Py
Ny
(b) .
r <H> -T
— 2 | By
vV Ny )
(c) Let

Gy = (G1 + G3R) (I, + R'R) ™

where G1, G2, and R are as defined in Lemma C-14 above. Also, let V be the Kp x Kp
orthogonal matrix given in expression (100) of Lemma C-14. Then, there exists some positive

constant C such that
V'G\T
vV Ny

for N1, Na, and T sufficiently large. In addition,

2

VG

20
VN1

2

Q/

where

1
I'T\? _-
= (=) =v
o= () ="

with = being the Kp x Kp orthogonal matrix whose columns are the eigenvectors of the

matrix

I o2 /rr\'/? 1 d I
" <N1> FF<N1> <N1> T—P+1tz_; [_t_t]<N1>

(d) For all fixed index ¢

2
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(e) For all fixed index ¢

2

(f) For all fixed index t,

2

(g) Let
@1 = (Gl + GQR) (IKp + R/R)il/z

where GG1, G2, and R are as defined in Lemma C-14 above. Also, let V be the Kp x Kp

orthogonal matrix given in expression (100) of Lemma C-14. Then, for all fixed index t,

VG Uy ()

VM ,

20 as Ni, No, and T' — oo.

N\ o~ o
r (H) GV (deAy (H)
————— Q|| =|——==-Q| =0,(1) as N1, Np, T — oc.
\/ N1 ) Ny .
where @ is as defined in part (c) above.
(i)
|E]ls = Op (1) for all t.

HET — Q'ETH2 =0, (1) as N1, Ny, and T — o0
where E 7 denotes the principal component estimator of the factor vector F'r obtained after

the variables have been pre-screened based on the decision rule

I

e fi if S > @71 (1 - 5%)
H ifSfp <o (1-5%)

d
as described in section 2. Here, S;rT may be either the statistic Zz—l @y | S ¢ r|or the statistic

maxi<¢<q |Si el
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Proof of Lemma C-15:
To show part (a), note first that, for any € > 0,

e - metem oo
g siem g safem} -]
< g Sifem - m T m)s
[zt famen
SR |ES S ENIEE I {ES SO

By Markov’s inequality, we have

Pr(NLlAZ (t{ieme}-1)

i€H¢

LS 5 e[ ) 1) (fee ) -)
=é$;Z(HMHW@ﬂwM%ﬂ%W%HH

gi@;”@ww> (ke )} e 3 {1 (e 7))

IN

4 1
—— E {l—m}}lPr(iGHC>}—>OasN1,N2,andT—>oo.
iceH¢

iceH¢
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where the last line above follows from the fact that, for i+ € H¢ and for either the case where
d
S;FT = 24:1 @y |Sier| or the case where SXT = maxi<s<q|Sier|, we can apply the results of

Theorem 2 to obtain

winpr(ie ) > Pr<m{s;T>@1(1_%)}>

i€H¢
'
= P(JS}I‘%STT“’ (“ﬁ))
— 1

d
Also, making use of Markov’s inequality, we obtain, for either the case where S:T = Zgzl wy |Sier]

)

. + _
or the case where Si,T = maxi<¢<dq|Sie |,

€

P _
( :
— Pr LZH zeHc > £
NlieH 2

. ;ﬂ{zeﬂc}]
(
(

A%Z]I{Z EHC}

1€H

2

IN

= 6le:Pr
= —-—— Pr
6N1 ;{

Srz e (1-55))
2 dNsp

NN [1+0(1)]

(following an argument similar to that given in the proof of Theorem 1)

ZGHC>

IN

N.
— 0 (sinceNi;HOandﬁ—O(lo.

244



Combining these results, we have that

Pr<N1];1N1 26)
< n({lfk T afem) -y shol g ofie A} > 5
< ne(lg > (fem) 1) 2 5) ere (g Ti{ee 7)) 2 )
(by the union bound)
— 0

For part (b), note that

— 2
r (H) T

VN1

F

E;tr{(ﬂ{zef/ﬁ}%—%) (H{ief/l\c}yi—%),}
52 (e mhu=n) (1fre 7))

Nil Z Vi [1 —]I{i € f/I\CH (since y; =0 for i € H)
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Applying Markov’s inequality, we have, for any € > 0,

- 2
- % >l < %E{%Z%%[l—ﬂ{ieﬁc}}}
F

i€H¢
11 -~
= N Z 'y;fyi [1 —Pr (2 € HC)}
€He
1] . N | ,
< —|1—minPr <Z € HC> — YiVi
€| i€HC® ] 1 icHe
T 0 2
< —|1-minPr(ie ) :
s |t minbrie (sgg) ”%”2)
17 —~
< = |1— minPr <Z € He 2 (by Assumption 2-5)
€| ieHe

— 0 (since min Pr (z S EI\C

— 1 for i € H° by Theorem 2)
i€cHe¢

from which we further deduce that

r(ffc)—r r(f?c)—r
Y2 T e v e

2 F

Turning our attention to part (c), note that since, by definition,
G1 = (G1 + GR) (Ixp + R'R)?

where G} G1 = Igp, G4G2 = IN_kp, and G1G2 = 0; it follows that
’ _ / >\ —1/2 / /1 7>\ —1/2
G1G1 = (IKp+RR) ( 1+RG2) (G1+G2R) (IKp+RR)
= (Ixp+ R/R)ilﬂ (Ixp + R'R) (Icp + R,R)il/2
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Hence, by Assumption 2-6,

V'GiT PP r
2| < el

= e (@7776) s (5
\/Am (VGHET ) A <%>

T ~
= \/Amax (IKp) |/ Amax (W) (Since V' is an orthogonal matrix)
\/ 1

IKAN —
= Amax <V> < C < o for Ny, Ny sufficiently large
1

Now, to show the second result in part (c), note that, since

1
'T\%_ .~ r /T Y2 _1/2
—(— ) "=V and Gy = - ==T(I'T =,
< <N1> e \/_N1<N1> (™)

we can write

VG o - VG 5y (DTN
VN - VN “\ M
_ VG g <£>‘WP_T
\/Nl N1 N1
_ V'Gyv V'@
VNI VM
_ v (A _ r T
-7 (G1 Gl) =
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from which it follows that

vV'air o,
— <
vt
<

7

r
Ny

Jie.-ay

2

S R T o
Amax (Iicp) \/ max § (G1=G1) (G- Gl)} \/ (F’f)

(smce V is an orthogonal matrix and since Apax (AA') = Amax (A’A))

VT H@l - G1H2 (by Assumption 2-6)
op(1) as Ni, Na,and T'— oo (by part (b) of Lemma C-14).

Next, to show part (d), we first write

Gl Upn (ﬁ) ’
N

2

IN

A (& 91,ikUit i
Z(Zﬂ{zeH}W>

k=1 \i=1

Ii(z;cn{zeﬂc}m wzﬂ{zeﬂc}ig%t)
(ZEZHCH{Z GHC} g1,ik U zt) +QZ (ZH{Z GHC} 91\/11%,5>2

2

Kp
k=1 icH

]\271 Z > 21 {Z € HC} {j € P/I\C} 91,ik 1, kWit t

k=14i€H¢° jeH*®
Kp

2 Z Z Z I {@ € HC} {j € I/{\C} 91,ik 91, jE Wit Ujt (110)

k 1i€H jeH

where g; ;1 denotes the (i, k)th element of G1. Now, consider the first term on the right-hand side
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of expression (110). Write

Kp
2 oy~
N, Z Z Z I {Z < HC}H {.7 < Hc}gl,ikgl,jkui,tuj,t

k=1icHe jeHe

Kp
2 . .
- N > > > (H {Z < HC} -1+ 1) (H {J € HC} -1+ 1) G1ikG1 kUi U ¢

k=1icHe jeHe

Kp
2 L~ .
= Nl Z Z (]I {Z € Hc} - 1) 91,ikUit E (]I {j S HC} — 1) 91,kUj ¢
k=liceH¢ jeEH¢®

2 &
N SN0 gringngruasug

k=1icHe jeHe

Kp
9 _
A Z Z (H {l € HC} — 1) 91,ik Wit Z 91,jkUj ¢
L DlicHe jEH®
2 & —
4 S grauie Y (]I {j S HC} - 1) 91,k Uj t
L k=1icHe jEH®

= &+t +E130+Era

Focusing first on the term &11+, we have

Ni f Z (]I {z € I/J\C} — 1) 91,6k Wit Z (]I {J' € I/f\c} - 1) 91,5kt

1

k=1 icHe jEHe
2 & — ’
- 3 (2 (e - )
Lk=1 \ieHe
Kp 1 e 9
< QZ (Fl Z (H {2 € HC} - 1) ) (Z g%zk“’?t)
k=1 i€eH¢ i€H¢
Kp T 1 e e
= 2) |7 > (H{z € Hc} - 2]1{1’ € Hc} + 1) (Z giikuzt>
k=1 L1 icHe icH®
Kp T 1 e
- o3 |5 3 (-afre )| (3t
k=1 L i€eH¢e i€H¢

d
Now, for either the case where S:T = Zﬁ*l @y |Sie | or the case where SIT = maxi<¢<d |Si 1|,
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we have

0 < el g ooy
= NileZHE [1—Pr(z€H6)}
)

IN

1-P Sip > @ (1—£)
<f§1§i i.T ON

(given that Ny = # {H}, where # {H} denotes the cardinality of the set H¢)

i Th 2, P e ( i) 1).
— 0 <51nce, by Theorem 2, <m}1qr£S, 5N —

Moreover, by part (b) of Assumption 2-3, we have

Z g%zku?t] Z gk [uf,] < ngl ir <C

i€H¢ i€H¢

It follows by Markov’s inequality that

S (e FY) = ) wd S gt =00

i€H¢ 1€H¢

from which we deduce that

110 =

IN

( z c I/{\} . 1) gl’ikui7t>2
[% > (1-ric I?C})] (Z g>

i€H¢

ﬁ
k=
25
= p( )
Consider next the term & 2. To proceed, let Uy (H®) denote an N x 1 vector whose ith

component U; ¢ y (H) is given by

Uit ifi € H®

Usn (H) =
b () {0 ificH
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and we can write

9 &2

1ot = FE E E 91,ik 91, jEWi tUj ¢
L y=1licHe jeHe

2

_ 2HG’lUt,N(HC)
\/Nl 2
= 9 {GQULN (H°) UpN (Hc)/Gl}
= T
N
= 2ri= <F/_F>l/2 I’ Ut7N(HC)Ut,N(HC)/ r <E>1/2:
Ny vV INy Ny vN1 \ M
o (rT)W I’ Uy (H) Uy (HS) T (rT)W
= T _— _—
N VN1 M VN1 \ M1
I’ H® H)'T, I
= 2t7"{ *Ut7N< ?Z\ZQ}’N( ) } (Where F*:F<V1>
2
= =UN (H®) T.T,U N (H)
i
2
- N2 Z Z 7;,i’7*,jui,tuj,t
1 ijeHe jeHe
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where 7, ; denotes the ith row of Ty =T (I‘T/Nl)fl/% Hence,

IN

IN

IN

IN

[51 2,t]

N Z Z Z 91,ik 91,561 [ g 4]

k li€cHe¢ jeHe®

_12 Z Z 7*17*] ultujt]

icHe jeH®

Z > 7 ( ) " <N1:>_1/27jE[ui,tUj,t]

lEHc]EHE
2 T\ V2 /T2
wE Y hi(y) (m) w|ewd
1 €Hc jeHe® 1

1 1
T
w2 i (w) %\/fy; () Bl
€He jeHe¢
2c 1
Yeboel DY B [wigugd)]

1 jeHe jeHe
(since, under Assumptions 2-5 and 2-6, there exist positive constants ¢ and C' such that
I'r
sup 17illy <€ < 00 and Amin (F) >C > 0>
j 1

20 C . . . .. —
EF — 0 as Ny — oc. (smce, under Assumption 2-3(d), there exists a positive constant C'
1

1 _
such that SLtlp v g E |E [uiruj]] < C < oo
i€He jeH*®

It follows by Markov’s inequality that

1ot =0p(1).

Now, for &1 3+, write
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IN

IN

IN

1€1,3,4]

Kp
P o
N Z Z <]I {Z € HC} - 1) 91,k Wi t Z 91,5k Uj ¢
L =1icne jeHe
9 &
A SN guanuie Y (]1 {Z € HC} - 1) 91,k Wit
L= jene icHe
9 &
A Z Z 91,5k Uj ¢ Z (H {Z € HC} - 1) 91,k Wit
L=t |jene icHe
2 & — 2
= > ({ie By 1) 37 g2 | Y guieus
V=1 \iene icH® jeHe
1 & — 2
2 2 (H {Z < HC} - 1) > gLl
V=1 \ iche icHe®
1 & — 2 i
+F Z (]I{l € HC} — 1> Z 91,5kUj ¢
k=1 \ icHe jEHE
: : Lo 1i9
by the inequality |XY| < §X + §Y
1 &7
LS S (i) S
NS \/N1 icH® icHe
1 1 & ’
w2 (-fie B —=>"| 3 g
M Fe VNI jeHe
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Observe that

2
Ly
E 91,5k Uj ¢
N jeHe

Kp
_ \/LN_l SN gringraE [ugeue)

k=1j€Hc teH®

Kp
= \/;7_1 Z Z Zgl,jkgl,EkE [t t]

jEHE beHe k=1

— Kp 71/2 ’
1 ejnT (TT\ Y2 . (DT ey
= | — Ze e = — — F [u: u
/N1 Z Z /—N1 N Z k,KpCEk Kp N, \/]Tl [ gt Z,t]

k=1

e r /rr\ Y2_
1n = _ =
ST T UM AN

1 S T\ V2
= — Z Z e; NUxEET eq NE [ujrugy] | where Iy =T N

NP jeHe teHe

1 , ,
= —5 > > enlullen N E [ujpup]
N} jeHeteHe

(since = is an orthogonal matrix)

= % DD A E [ pue)

NP jeHe teHe
where we take
T\ V2
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Applying the triangle and Cauchy-Schwarz inequalities, we further obtain

(5 )
T~ 91,5kUj
N jeHe
1
= 3 Z Z 7;,]"7*,ZE [U’jatu&t]
NP jeHeteHe
1 e\ Y2 /1 1/2
= == > %< ) (F) VeE [uj e ]
N{ jeHeteHe
1 -1/2 /p 1/2
< Sy Yhi(®) (F) o B
NP jeHeteHe
1 I'T I
< =2 ) ( ) w\/vz (W) Vel [uj e,
Nf JEHC ZGHC 1
< G O O Bl
C Nl L icHe teme
(since, under Assumptions 2-5 and 2-6, there exist positive constants ¢ and C such that
I'r
sup ||7;lly <€ < oo and Amin <—> >C > O)
icHe Ny
¢ C . : .
< — 0 as N — o0. (since, under Assumption 2-3(d) that there exists a

CVN,

. — 1 —
positive constant C' such that Slip A ;”;; |E [ujur]] < C < oo
,7 c

from which we further deduce, upon applying Markov’s inequality, that

2

\/— Z Z grjkuge | =o0p(1).

jeHe

Moreover, since we have previously shown that

Nil Z (1 B H{i € ]_/I\C}) =0p (1) and Z g%,ikuzz,t =0,(1),

1€He 1€eH¢
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it follows from these calculations that

Kp
1 1 —
Eradl < =D 7 2 (1 -1 {Z € HC}) > Ghanuis
N\ e icHe

2

1 o 12
+\/F1 ig{:ﬁ <1 —1I {Z S HC}> m kz_:l j;{:ﬁ 91,5kUj ¢
= op(1).

In a similar way, we can also show that

[Eal = 0p (1)

Finally, application of the Slutsky’s theorem then allows us to deduce that

Kp
2 B L~
N, Z Z Z I {Z € HC} I {J € HC} grikg1jptittie = e+ 20+ &30+ E1an
k=1icHe jeHe

= 0y (1) +0p (1) + 0y (1) + 0, (1)
= op(1).

Next, consider the second term on the right-hand side of expression (110). In this case, write

Kp
Nil Z Z Z I {7’ € ]{{\C} I {] € -/H\C} 91,ik91,5kWi tUj ¢

k=1icH jeH
9 & ?
- iy (zﬂ fic H}g>
=1 \ier
9 &r ?
RS ( S t{ie B g )
=1 \licH

IN

e[z

i€H icH

d
Note that, for either the case where SZT = Zezl @y |S; ¢, or the case where S:’“ = maxi</<d|Sier|,
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we have, by applying an argument similar to that given in the proof of Theorem 1,
=Y 1{ie i)
Ny -
i€H
1 L
= F P (z c H>
1€
1 - %
- T e ()
Ny ZEZH of = 2N

Nap 9 grp—(1—a1)3 2 41 ©\3 —(1-a1)d
< 1+ 922AT 2 1224 (1 _ —> T 2
- NNl{ + 0 * 2N/ 0

0 < FE

_ Nop o
= MmNy el

— 0as N1, No, T — o0

Moreover, making use of part (b) of Assumption 2-3, we have

N
E = Zg%zkE [u?t] <C Zg%zk <C.

1€H i=1

2 2
E 91,ik Wit

1€H

It follows by Markov’s inequality that

1 . —
E E I {z € HC} =0, (1) and E g%,ikuzz,t =0,(1)
i€H i€H

from which we deduce that

Kp
2 oy
N, Z Z Z L {l < HC} I {J S HC} 91,ik 91,5k Wit Wt

k=1icH jeH
Kp 1

< 2 Z [Fl Z I {l € HC}] [Z szku?t]
k=1 icH i€H

= op(1).

Combining these results and using the inequality /a1 + a2 < /a1 + /az, we further obtain, for
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all t,

iUy (H°) 5 i 5 _ _
~ < ~ IREAS HC} I {j € HC} 91,ik 91, jk Ui t U ¢
M 5 Y k=1icHe jene
2 & — _
+ A > Z Il {Z € HC} I {j € HC} 91,ik 91,k Wi tUj ¢
k=1icH jeH
= op(1)+o0p(1
= op(1).
For part (e), write
—~ 2 /
Urn (H°) Up (H) Uy (H)
VN B N
2
N
= EZH{Z’ c o ud,
i=1

jcHe Lien
1 _
S N lz’t—i_ﬁl, H{ZEHC}u?t
€H¢ i€H
Note that, by Assumption 2-3(b),
E 1 Z sy L Z E[u2t] < C (since Ny = #{H})
- Mg ~ 77

so that, by applying Markov’s inequality, we obtain

1
N, Z Ui%t =0,(1).
LicHe

Moreover, note that, for any € > 0,

N {zgél?} C {%Zﬂ{ieﬁ}uit«}

1€eH i€
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so that by DeMorgan’s law

{

Hence, for either the case where SjT

1

Ny -
i€H

Z]I{ief/ﬁ}uatze

A

i€H

U{ze}/ﬁ}

i€H

e tem)

d
E g T |Sie,r| or the case where Sj = maxi</<q|Sier/,

we have, by applying an argument similar to that given in the proof of Theorem 1,

1
P R
s

i€H

Z]I{ief/l\c}u%tze

}

< Pr{U{z’e}Tc}}
1€H
< Zpr{z’eﬁc}
icH
_ o> *1( _i))
ZP(SZ,T_Q -5
i€H
N: —(1—a1) 3 _(l—ay)d
< D220y g2 0mer g2 91 (1-%)'% (1=a1)3
OIN
Nop
- 2 400
1o (1)
— 0as Ni, Ny, T — ©
Hence,
1 _
FZH{iEHC}uit:op(l)
LicH

from which it further follows that

Upn (ﬁ) ’
VN1

2

Turning our attention to part (f),

1 1 R
N Z ugt-ﬁ-EZH{zEHC}uit

i€eHe i€H
Op (1) +0p (1)
Op (1).

note first that since G = [ G1 Go } is an orthogonal matrix,
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we have Iy = GG' = G1G) + G2GY or GoGS = Iy — G1GY. Hence, we can write

GLUp N (ﬁ) ’ Uiy (I?c)'Ut,N (I?) Uiy (fﬁ)IGlG’lUtw (1?)

VN , B Ny Ny
Ut.N (fﬁ),Ut,N (I/ﬁ) Ui, N (f/ﬁ>,G1G’1Ut,N (f/I\C>
< N, + N,
Ui,n <PTC> ’ G\UN <}/I\C> ?
NN e

Applying the results from parts (d) and (e) above, we then obtain

N\ 2 N\ 2 —
Gy (H°) Urn (H°) G\ Usx (°)
——F < ||/ +
v N1 , v N1 ) v N1 )
— 0,()+0,(1)
= 0p(1).
so that
GQUt,N HC>
=0p (1)
v N1 )
Now, to show part (g), first write
YAl I7¢ YAl I7¢
VG U n (H) VG U n (H
V Ny VIV (1/\\71—]\71+N1 /N1
1 N =M VG Uy (HC>
= |1+
Ny v N1
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Note that

V'GiUn (fl\c>

\/]Tl 2

V' (Ip + RR)™? [GIIUW ( ﬁ) + RGLUN (ﬁ)}

) VN
2
, e
< |7, |0+ BB, GlUi’/]jv_EH>
2
v - GyU N <I/{\C>

|7, s -y v | =7

= H([Kp-l-RIR)71/2H2 G,IL\/VEHC) 2+H(I p+R/R) 1/2H2HR”2 GIQUt\’/]\%HC) |

(since V'V = Ip so that H?H2 = 1)

It follows that
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VG Uy ()
N

(s M) R VAT ()
N VN
2

(1 + M) E {H (Ixcp + R’R)*WH2 G,U—@

= N

IN

N

2

van

_1 el
< [1 = : 1 GiUin (HC)
- Ny V' 1+ Amin (R'R) VM
2

IRl |Gt (77) }

me+ﬂm*%sz%m”@ﬂ }
2

VT4 Amin (R'R) VN
<[22 P
o Nl 2 N1
2 2
= op(1)

where the last line follows from the fact that

1 _ —
s -3 G Un (H Vel Uy (H®
||R||2 &07 1+u 2, 1, 1—> ﬁ)O’ and 2—(> :Op (1)
Ny v/ Ny v/ N1

2 2

as shown in part (a) in Lemma C-14 and in parts (a), (d), and (f) of this lemma.
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Turning our attention to part (h), we write

V'GT (ﬁ)
/5
(1) e (2

Ny
Q'+ (

1
N T2 S ¥all
<1+5L4%> 1+1‘”%PQ’

1
V'G'T Ni—Ny\ 2 V'G'T
/ 1 o / 1 4 1 1 - 1 1
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so that, by the triangle inequality

—~\! ~ ~
F(H) GV
—F= @
/N1 ,
?’@gr(ﬁa) o
\/ N1 ,
_1 PR
V'GiT N =N\ 2 V'GIr
< -Q 1+ -1 -
VN1 ) ( N VN1 ,
1 — —
o 3 r(He)-T r(He)-T
1— M ’ 1 A ( ) S ral < )
RIS AL 1 B | B A B
' [< T ) ' 1( VN, el T om
2 2
_1 .
V'GiD Ny =N\ V'GiD
< - +|1+ -
v IN1 ) N VN1 )
_1 ) —
o\ o [FE ] oy [T
QA e —1HV’G’ A N/ HV’G’ — 7
*(* N1> | v I | T,
2 2
_1 A
V'Gir N —Np\ 2 V'@
-Q| +|[1+——] -1
VN , N VM|,
_1 - —
Ny VN, VN
2 2

where the last equality follows from the fact that

|7e|, = &7, = wmax (VGLC1T) = P i) = 1.

Now, by parts (a), (b), and (c) of this lemma, we have that

_1 5 ~
Ni—Ni\ ° P F(HC> Tl VG T | P
1+ —— -150, |—=——1| =0,||—=—-Q'|| =0, and
( M ) VN ) VN1 )
and
V'Gr Ty
VG < 4 [ Amax <—> < C < oo for all Ny, No sufficiently large.
\/Nl 9 Nl
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It follows that

r(ﬁc)’alv_Q ) )_Q,

\/ N1 ) Ny N

1
SVl T T2 VAl
PR AR NP R GV 7 WY L1
v/ N1 . N /N1 .
-1 I7e Ire) _
Ll B e (@) - e () T
M VN, , VN, ,
= o0p(1)

To show part (i), let C be the positive constant given in Lemma B-5 such that
E|E,|S < T < oo for all t;
_1
and, for any € > 0, we let C. = C° /\/e. Applying Markov’s inequality, we see that

Pr(lEd,>C) < Pr(|E;>c?)
1

< C_EEHEtH;
< L(piE)’
= 062 =112
(by Liapunov’s inequality)
< ST
C3
< €

from which it follows that || £,||, = O, (1) for all .

Lastly, to show part (j), note that, similar to the derivation given in the proof of Theorem 3,
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except that we replace the fixed index ¢ with the sample size T', we can write
v (i) V'@ (H°)
= Q| Er+ —
N1 Nl
o . 1 o
V'GiT , Ny — Ny V'GiT
= — Fr+ |14+ ——— -1 F
( VA ) Er ( N R
~ -1 Ire Yaral I7c
NN\ F| o, (T(E)-T V'@ (H°)
+ (1 1+—— VG| ——=—— | Er+
( M ) ovm )T s

Next, note that, by following the same derivation as that given for the proof of part (g), we can
show that

Er—QFy

VG Ury ()

- ]’\71 N Nl _% GllUT,N (I'/FC> N HRH G/QUT,N (fﬁ)
Ny N 2 VNI

2 2

IN

Moreover, by argument similar to that given for parts (d) and (f) of this lemma, we can show that,
as Ny, No, and T' — o0;
Gll UT7 N (H c)

20 111

| (1
and .
G/QUT,N (HC)

— | =0,(1). (112)

VN1

2
It follows from applying expressions (111) and (112), part (a) of this lemma, and part (a) of Lemma

C-14 that
VG Ury ()

e,

In addition, note that by applying Lemma B-5 and the Markov’s inequality in a way similar to the

2,0 as Ni, Ny, and T — . (113)

argument given for the proof of part (i) above, we can show that

1E7]l, = Op (1) (114)
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Making use of the results given in expressions (113) and (114) and applying the triangle inequality
as well as parts (a)-(c) of this lemma, expression (114), and the Slutsky’s theorem; we then obtain,

as N1, No, and T — o0;

|- Q’ET)L
1 N
V'GT Ny —Ny\ 2 V'GT
< + — -1 Jik
\/— ( Nl ) m 2” T”Q

VG o) -r T VGionx (1)

_1
N1> 2
et Ve | ——L— +
2 N — -
( VN YA )

22"
r(m) -

_|[vair V@FIWH
VN \/EQ—”

o E ) V' GiUry (IT°)
+ 1+ — IE7lly + =
2 V Nl 2
(again since HV’CAT”I , = Amax @1‘7‘7’@'1) = Amax (‘7/@'161‘7> = Amax (Ikp) = 1)
= 0p(1)Op (1) +0p (1) Op (1) Op (1) + Op (1) 0p (1) Op (1) + 0p (1)
= o0,(1). O

Lemma C-16: Suppose that Assumptions 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 2-7, 2-8, 2-9, 2-10, and 2-11*

hold. Then, the following statements are true as Ny, No, T — oo.

(3 B
1 T—h GllUt,N (Hc)
— ———|| =0,(1), where T}, =T —h—p+1.

1y vV INy

t=p 9

t=p 9
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1 T—h 1 T—h
= D EE =0, (1) and | > " EFy|| =0, (1)
h t=p h t=p 2
—~\/ ~\ o~
V/GllU (Hc) /[:f (HC> GV 0 (1)
Ty N1
2
F'U <I‘/I\C> GV
= =0y (1)
Th\/ﬁl 2
1 T—h
= (F-QE) (R-QLE)| =o(1)
t=p 2

Proof of Lemma C-16:
For part (a), first write

IN

N\ 2
1 T—h GllUnN HC>
Th <= VA
t=p 5
| T=h Kp —\ gra 2
FI Y (Tl )
Th t=p k=1 (z:l Nl
1 T—hKP( Y gL ik 2
_ZE H{iGHC} 1,k zt+ZH{Z€HC} 1, zt)
Th i i3 \iche VN i VIV
g T=h Kp( G 2 o T=h Kp g1 int 2
FYY(Srfem) ) o 2SS (e ) 2
T t=p k=1 \icH® N T t=p k=1 \icH N
T—h Kp

9 = oy~
N T Z Z Z I {Z € HC} I {] € HC} 91,ik 91,5k Uit Uj L
o =p k=1i€Hc jeH®
9 T—h Kp - -
+N1Th Z Z Z Z I {1 € HC} I {j € HC} 91,ik 91,5k Uit Uj ¢ (115)

t=p k=1icH jeH
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where gy i denotes the (3, k)th element of

I.= r /rm\ 2
ot ()

Now, where

T—h Kp
2 SN
N.T Z Z Z Z H{Z < HC}H {J € Hc}gl,ikgl7jkui7tuj7t
15h t=p k=1i€H¢° jeH¢
9 T—h Kp - .
= TE 2 2 <H {Z € HC} -1+ 1) (H {J € HC} —1+ 1) Gk g1 kUi 1 ¢
15h t=p k=1icHc jcH¢
9 T—h Kp - .
= NT > 2> (H {Z < HC} - 1) gLiktiie ) (H {j € HC} - 1) 91,5k Uj ¢
LEh %2p k=1icHe jEHe
92 T—h Kp -
N T E E E (H {Z € HC} - 1) 91,ikWit Z 91,jkUjt
14h t=p k=1i€cH¢ jeHC
9 T—h Kp .
NT Z Z Z 91,k Wi t Z (H {j € HC} - 1) 91,5k Uj ¢
Loh 32 k=1 icHe jeHe
9 T—h Kp
TNT Z Z Z Z 91,ikg1,jkWi t s ¢
1oh t=p k=1icHc jeH¢
= &Git&iptéiztiiy

_l’_

_l’_
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Focusing first on the term &, 1, we have

v 22 3 (i e ) =) ansns 3 (15 € 7 - 1) s
T—h Kp - 2
= NlTh Z; ; (ZGEI; ( {z € HC} - 1> gl,ikui,t>
T—h Kp 2
= NlTh ;p kzl ( ; < {Z < ﬁc} - 1) 9uikit )
- 22( 5 (i {ieﬁc}_ly) > (zgm )

1€H‘" t—p i€HE®

ﬂ{ieﬁc}—ﬂ{ieﬁc}ﬂ)
1—]1{2‘61/%})

d
Now, for either the case where SiT = Zezl @y |Sier| or the case where Sj’T = maxi<¢<d |Si 1|,

(g

t=p \i€H¢

5 (g

t=p \i€Hc¢

- w
_ 2]2 > (

ZGHC

we have, by applying Theorem 2,

0 < B Nilg;@—]l{zeﬁ})]
_ NiliEZHc[l_Pr(iEI?c)}
LT bree (o)

IN

1= P (minsfy > e (1-55)
<f§}ﬁ 0T ON
(given that Ny = # {H}, where # {H¢} denotes the cardinality of the set H¢)

— 0 <sinceP<Zré1}{r£Sf >~ ( %))al)
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Moreover, making use of part (b) of Assumption 2-3, we have

Thzzglzk zt] = ThzzglzkE zt

t=p i€H¢ t=p i€H¢

N

T—h—-p+1 9

< C—E 91
Th — l,ZkI

N
< C (since Zg%ikzland Th:T—h—p—i—l)
i=1

It follows by Markov’s inequality that

A%Z(l—][{iel/{\c}):op()and—z Zglzkuzt Op (1)

i€EH®C t=p i€cH¢

from which we deduce that
2
E11 = NlTh Z Z (Z ( {’L € EI\C} - 1) gl,ik“z‘,t)
< 22 [L > (1-1{ienr}) —Z (Z 92k m>

i€H¢ t—p icHe
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Next, consider the term & 5. To proceed, write

[€1,2]
9 T—h Kp -
- T Z Z Z (]I {Z € HC} - 1) 91,ik Wit E g1,jkUj ¢
120 i=p k=1icH" jeme
9 T—h Kp -
- N-T Z Z Z 91,5kUj ¢t Z <H {Z € HC} — 1) 91,ik Wit
15h t=p k=1j€H¢® icHe
9 T—h Kp .
= N7 D> | 2 e | D (H {Z € Hc} - 1) 91,k Wit
Loh = k=1 |jene icHe
o Kp — 5 1 T=h
= Ny Z Z (H{l < HC} N 1) T, Z Z giz‘kuzz,t Z 91,jkUsj ¢
k=1 (EH® t=p i€EH® jEH®
1 &r — 51 T=h
< S (e E}-1) =Y ghad,
V=1 \ ieme = S
1 Kp — 71 T—h 2
2 2 (e} 1) 72 | 2 gt
k=1 ieHe t=p \jeH®
1 1
<by the inequality |XY| < §X2 + 5}/2)
1 Kp 1 L T-
= Tm w2 () 3 3 dhed,
M= \/Nl icHe T t=p icH®
1 — 1= K 2
Hla o (-{ie B ) 23 <=5 3 i
\/Nl ieHe Th t—p N1 k=1 \jere

272



Observe that

2
T—h
o 1 1
T 91,5kUj ¢
T | 2
him VNS jEHe
T—h Kp

> g1jkgrE [ug ]

S|~
T

P k=1j€Hc (cH®

1 T—h Kp
= =D = D D > kB ujaue

I t=p N1 €He (e He k=1

Ly i i SRS M
- T ‘—‘ek erk Kp= UjtUg ¢

Th t:p Nl j CZEHC k 1 Nl

F*E 'T —-1/2
since G1 = with T, =T =—
! V Nl ( N1 >

T—h

- Tih > Lé YD NDEET e N E [ujpue]

t=p Nf jEH® (e HE

= Z Z ZeNI‘FegNE[UJtWt]

1 jEHC LeH*®

’ﬂ

(smce E is an orthogonal matrix)

= Z Z Z 7*,37* @E Usj, tuﬁt]

t=p N12 JEHC® leH*

where v, ; = (I'T /Nl)fl/ 2 7,- Applying the triangle and Cauchy-Schwarz inequalities, we further
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obtain

&

1 1
T Z VN £ Z 2 g1aktic

JEH®
- —z S S I Ao

t_p Nl jEH® tcH*

1/2 1/2
— 1 Z 13 Z ZV]( ) (%) f)/gE ujtuu]

hi=p Nf jeEHe LeH*®
'l 1/2 1/2
(&) (=)

1 1 T
Z 2 2 i
T—h ,
OB ID WA \/ Bl

H—

—

NOJ

IN

| B [uj s ]|

VAN
—_

ht=p NP jeHeicHe
t=p N1 jeHCZeHC

C\/_Thz Z Z’E Ugtuzt

t=p jEHC leHe
(since, under Assumptions 2-5 and 2-6, there exist positive constants ¢ and C such that
I'r
sup ||v;lly <€ < 0o and Amin <—> >C > ())
1€He Nl
¢ C
C VN,

IN

IN

— 0 as N1 — oo. (since, under Assumption 2-3(d), there exists a
. — 1 —
positive constant C' such that sgp N GZH EEZH |E [ujug]] < C < o0
j c (&

from which we further deduce, upon applying Markov’s inequality, that

2

Z\/—Z Zgl,yk ujp | =op(1)

jeH¢®

Moreover, since we have previously shown that

A%Z(l—]l{ieff\c})— and—zzglzkuzt_ b (1)

i€H¢ t=p icH°
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it follows from these calculations that

. L Ko — | T=h
€10 < m;\/ﬁz(l_ﬂ{zEH})Th > il

1cH¢ t=p icH¢
1 B 2
+ = Z <1 —]I{z' € HC}>— — = Z 91,5k Ujt
\/Nl i€cH¢ T t=p Nl =1 \jeH*®
= op(1).

In a similar way, we can also show that

|§1,3‘ =0p (1).

th

Finally, let U; vy (H¢) denote an N x 1 vector whose " component U; ; n (H€) is given by

wiy ifie€ H

Us s (HE) =
& () {o ifieH
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and we can write

T—h Kp

14 = N12Th SN gringugruiiug.

t=p k=1i€H° jeH*

_ 2y Gl )
Th t—p le 2

- ETE_:}LW G U (H®) Uy (H®) Gy
Ty, N

- - VN N VN \ V1
2 T‘ht (r'r>—1/2 I’ Uy (H)Upy (H) T <FT>_1/2}
_ S (T

9 {H, <FT>_1/2 I’ Uy (HO)Upn (H®) T <FT>_1/2H}
= 2" W ™M) -
1

y & N Vo N VNI \ Ny
_ 2 Tz_‘ftr {FiUt,N (H®) Upn (H)' T }

h = N}

9 T—h "y . .
— TN ; Upn (H) TLIUp v (H)

9 T—h
= T]VIQ Z Z Z ’Yi,ﬂ*,jui,tuj',t

t=p icHc jeH®
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where 7, ; denotes the ith row of T, = T (I F/Nl)fl/ % Taking expectation, we then obtain

0 <

IN

IN

IN

IN

E (£, 4]

2 T—h Kp
N, T, Z Z Z Z 91,ik 91 ik E [wi g t]

t=p k=1icHe jeHe

T—h
%Nf DD D Veive B lwivul

t=p i€Hc¢ jeH¢®

T—h -1/2 sy —1/2
2 , (T'T I'r
e 2 2ol(w) (W) we

t=p icHc jeH¢

Y Y Y

t=p icHe jeHe

~1/2 —1/2
L (TTY Ty
"\ MV N J

| [ pu |

T—h -1 -1
2 (DT (DT
e () () )

t=p icHc jeH®

% 1 =
C T,N? DD D 1B iyl

t=p icHe jeHe

(since, under Assumptions 2-5 and 2-6, there exist positive constants ¢ and C such that

T'r
up ||7;lls <€ < 0o and Amin (—) >C > 0)
€He Ny

7

2%CT—-h—p+1 2C
- = _— 50asN.,,T .
CN Ty cn, o T

(since, under Assumption 2-3(d), there exist a positive constant C

1 _
such that sgp A E g |E [u; pu,]| < C < o0
i€He jeH*®

It follows by Markov’s inequality that

Application of the Slutsky’s theorem then allows us to deduce that

2
Ty N,

Ei14=0p (1).

T—h Kp

Z Z Z Z I {z € lEI\C} I {j € f/f\c} 91,ikG1,jk Wit Ujt

t=p k=1icHe¢ jeH®
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op (1) +0p (1) +0p (1) +0p (1)
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Consider now the second term on the extreme right-hand side of expression (115)

d
Note that, for either the case where S;.FT = Z

we have

T-h K.
9 p

T,V Z Z Z Z I {1 € f/f\c} I {j € f/f\c} 91,ik g1,k Wit Uit

t=p k=1icH jeH

9 T—h Kp . 2
AR ()

t=p k=1 \i€eH
9 T—h Kp - 2
- Er Ly (T (e )
t=p k=1 i€H
Kp 1 1 T—h
© — TTe 2 2
S 22 [E ZH{Z S HC} Th Zzgl7ikui7t]
k=1 i€H t=p icH

oy Tt |Sie.7| or the case where S;FT = maxi</<q |Sier/,

E

N%;HH{M@}]

1 .
EZPI’(ZGH6>

€H
1 _ ©
— P(f >q>1<1——>>
ngl:{ Sir 2 2N

Naop 146 4= (1m0 | o146 451 © \2+0  —(1—a1)
1+ 2'F0AT, 2 4 9lt0Ap (1 _ _> T >
NlN{ + 0 + IN 0

Nap
NN
(following an argument similar to that given in the proof of Theorem 1)

0 as Ny, Ng, T — 0

[1+0(1)]
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Moreover, making use of part (b) of Assumption 2-3, we have

Thzzglzk zt] = ThzzglzkE zt

t=p i€cH t=p i€cH
T—h N

< CTh Z Zgl ik

t=p i=1
T—h-— 1
< C—p—i-
Ty

N

(given that Zg%lk =landTp,=T—-h—-p+ 1)
i=1

< C<x

It follows by Markov’s inequality that

—ZH{@EHC}—OP and—ZZg“ku” O, (1)

i€H t=p icH

from which we deduce that

T—h Kp

Tth Z Z Z ZH {z € HC} {j € P/I\C} 91,ik 91,5k Wi t Uit

t=p k=1i€H ieH

22[ 1 {zef{\}” ZZglzk lt]

1€H t=p icH
= op(1)

IN

Combining these results, we further obtain

| T=h G1UtN< > T—h Kp N
iy 2SS S e m e B s
t=p 9 t=p k=1icHc jeH¢
T—h Kp

{l € HC} {j € HC} 91,ik 91, kWi t U ¢
t=p k=1i€H jeH

- op<1>+op<1>
= op(1).
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To show part (b), write

2

_ N/ -
1 L= U N (HC> 1 Tz Upn <HC> Ui,n (Hc>

Ty = VN1 , Ty = Ny
| T=h N
_ ; I7c 2
= TN Z ZI[{Z € Hc}ui’t
t=p =1
| T A=
_ -~ 77el, 2 T
= TN, Z Z ]I{z S HC} (s TN, Z Z]I{z € HC}UM
t=p i€cH°¢ t=p i€H
A= 1 | T=h
2 - TT¢ 2
< TthZ‘Zui’t+EZH{1€HC}Tthi7t
t=p i€cH°¢ i€H t=p
Next, note that, by making use of part (b) of Assumption 2-3, we have
= | T
E 2 = E (42
T—h—p+

IN
Q

1
(since Ny = #{H},
T
where # {H} denotes the cardinality of the set H)
C (sinceT,=T—-h—p+1)

IN

so that, by Markov’s inequality,

1 T—h
TN, Z Z Uzz,t =0p(1).

t=p icHe
Moreover, note that, for any € > 0,
et Ly ifiem) Ly e
Zg{zgé }_{Eg]:{ {ze }?htz:;ui’t<€}
so that, applying DeMorgan’s law, we obtain
fesifemy S delnfiem] -y fiem)
N icH T l=p " - icH - icH

d

It follows that, for any € > 0 and for either the case where SjT = Ze—
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et |Sier| or the case



where SZ_T = maxj<¢<q|Si¢r|, we have

i€H
Pr{ig {z c H}}
;{Pr{z c Hc}
SR es)
< Moo {1 N LT S (1 _ ﬁ>2+5 To(lal)%}

1 - 1 T—h
Pri_— ﬂ{ieHc}— ul, > e
EPRELE LD

AN

IN

N 2N

Nogp
= —[1+o(1)]

(following an argument similar to that given in the proof of Theorem 1)

— 0as Ny, Ny, T —

Hence,
1 e 1 T—h
N ZI[{Z € HC} T Zuft =0,(1)
i€H t=p

from which it we further deduce that

| T=h Um,(ffc) 2 | T=h 1 .y q T=h
e B DI IR DOt (LT S wit)
Thi= N ) ThNy = e M v =
= Op(1)+0p(1)
= 0Op(1).
Now, for part (c), note first that since G = { Gi1 Go } is an orthogonal matrix, we have
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In = GG' = G1G| + G2GY, or GoGY = Iy — G1GY. Hence, we can write

— 2 —~\/ —~ —~\/ —~
et (B 2ot () i () 2 o () i1 ()
Th t=p M 2 T t=p M T t=p M

| T U (B9) U (F2) T2 U () GiGiU v (1)

R + =
Ty ; Ny Th Z Ny
— 2 — 2
L T=h||Uw (Hc) | TG U (Hc>
- T & VA Th = VA
t=p 9 t=p 2

Applying the results from parts (a) and (b) of this lemma, we then obtain

o () e () ()

Th = , - T = v N1 ) Th = )
= Op(1)+o0p(1)
= Op(l)-

Next, to show part (d), let C be the constant given in Lemma B-5 such that
E||F,||S < C < oo for all t.

—1
Now, for any € > 0, let C¥ = C'? /¢; then, upon application of Markov’s inequality, we have

IN

1 T—h
Pr( — E3>cCr
(2 1k c:)

C*T ZEHFtwb

1 1
C* Ty,

IN

1
<E ||Et||g> * (by Liapunov’s inequality)

t=p
T—h

€ 1 U%
C3 Th

T—h—p+1
6—

Th

< € (sinceT,=T—-h—p+1)
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so that

1 I=h
T > Bl =0, (1)
t=p

In addition, note that

| T=h

/

T > B
t=p

1 T—h
/
s T ; [pamagi®

2

1 T—h

= = 3 Ve (EELELF)
h t=p

1 =0
- Th Z \/HEtHg >‘max (EtEQ)
t=p

1 T—h
= = Y VIE I A (1)
=
1 T—h
4
= 7 2 VIE:
t=p

1 T—h
2
=T > IES
t=p

= Op (1)
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Turning our attention to part (e), write

view (B°) v (1°) arv
T, Ny
1 T=h 17’@’1U (fl\c>/ e, e U (P/I\C> GV

t=p \/ ]/\71 ]/\71

1y,

| T=h V'G\Uy N (fﬁ) Ul n (}/I\C> GV

Th t=p \/Vl\/(]?h —N1+N1 /N1 \/]TI\/ NI—N1+N1> /N1
. -1

- <1+ N11;1N1> NiT, ZVG/ U (H?) Uy (H7) Gi7

N -1 T—h
_ N1 — Ny 1 ~, N—1/2 - _
- (H Ny ) N.T) ; (V' (1 + RR) ™ [Gh + RGY] Uy (H°)

xU N (I/—I\C),[Gl +G2R] (IKp +R/R)71/2 ‘7}

~ ~1
N —N o
- <1+ — 1) (V' (I + RR) 2 G4

1

NlTh ZUtN(HC> UtN< ) G (IKp+R/R)_1/2{7}

-1
M = N U ~1/2
(B

T—h
NllTh Z UtN (HC> UtN< C>/G2R (IKp‘i‘R/R)*l/z ‘7}
+ (1 > { V' (Ixcy + R'R) 1/2R,G,2

NlT ZUt (H)Ut]v< )Gl (IKp+R’R)1/2‘7}

) {’IKp+R’ )P RGY
~ (0
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To analyze the four terms on the right-hand side of the expression above, note first that, by the

homogeneity of matrix norm and the triangle inequality,

T—h

o~ —~\/
ﬁﬁ ; Uin (fﬁ) Ui,n (I?C)/Ch L |Gy <H ) Uiy (H ) G

= T_hz Ny

. = |
- %Z | [ ) (7 @\’
- Tihji Nas GﬁUtN<HC>NCth(Hc)'G1
_ Tihiz::_: . G\ Usn (HC)NL?’N (HC>/G1
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Similarly, we obtain

Gl 5t () 0 ()

2

| TG (°) U () G
> ?ht:p Nl
2
1 T=h G’UtN< )Ut,N (f/I\C>IG1G UtN( )UtN<fI\),G2
_ E;\)\mm{ N7
L 1 || Gvn (79 | Gy (°) U (F2) G
PP v %
| T=h G’UtN<[/{\c> GyUs N (Hc) U N <ﬁ>’G2
| T=h|| G U ﬁ) GLUN (H )
S Hi|Tvm |
and
—~\/
G'2N11T TiUtN( ) U () G Tihiz; i (7 >NU;N(H) =
2 - 2
| T=h G’Ut,N( > 2
_ ﬁ; L
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Hence,

lenv (ﬁ)' v (F) &

TN
2
—~ 2
o~ 71 y -
o o B o ey LS M
2
M- - f G4U, v (HC
LIS i ()] et ()
2! |71 ||t + 7 H R
+ + N; 9 (Kp+ H ||2T Z \/_ N
2 2
N - 2 T—h ( )
1— % 'R 1/2H
14+ ——— I
M N AR llRuzThZ S
2
N o || Gy (7°) ?
_ =M H(I + R'R) 1/2H L
Ny Kp QTh Ve
2
N -1 T-n| Te
Y e e G_<H> |2 ()
2 2
o~ _1 _ y .
L S H(I +R'R) 1/2H IR| Tzh GQUt_N(H)
M v ) v
2
(since V'V = Ikp so that HXA/H2 = 1)
—~ 2
~ —1 , .
< 2 1+u H(I —i—R' 1/2H —h GIL(H)
- Ny Kp QTh NG
o < ()
+2 1_{_2 H hi +R, 1/2H R T2PeN )
N | | IRIZ = g; gl

2

It follows that
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IN

IN

T, Ny
2
~ -1 / T7¢
ol =M H (Ixp + R'R 1/2H h GrUeN (Hc>
N1 Kp 2 Th v N1
Ni— N - ~1/2 | GaUs
/
2|1+ —— H(IKerR H IR = Z
—1 2 T—h G
91+ N1 N 1 1 Z 1
Ny /14 Amin (R'R) Ty = VN
—1 2 T—h
ol M= |21, o (
Ny /14 Amin (R'R) Ty - VN
o\ 2
~ —1 — c
of1+ M 1 157 GllUt’N(H>
M 1+ Amin (R'R) T}, 4 VN1
2
o\ 2
~ -1 T—h ! c
o|14 =M IRl 1§~ | Sl ()
Nl 1 + Amln R,R h t_p \/ N]_
2
= - ||l 72 |12
NS I B < e ) () +|IRI3 = : -2
N Th = VA ) =

e ()
cur ()
aii ()

)|

2

2

T-h||GLU; &

VN

op(1) (applying part (a) of Lemma C-14, part (a) of Lemma C-15,

parts (a) and (c) of this lemma, and Slutsky’s theorem)
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To show part (f), first write

F'U (ﬁ) GV

Ty

~

Ny

2

2

—

H

T—h (fﬂ@lm, w () ELE] 5 (

Ny

)@ﬁ/)

V'GLU v (ﬁ) Uy (ﬁ) GV

)\max

-~

Ny

Ut (H°) GV VGt ()

2

IN
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t=p

| T | V@ (B |
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Next, note that

2

VG (IT)
VN1
V! Iy + R'B)2 G+ RG] U (H°)
VN1

2
2

)
G Uy (1?)
VN1
GLUy v (1?)
N

IN

V], [ ),

2
2

g AR LT

)

+ ||ty + BB B
2

—

- () (IKp+R’R)*1/2H2 Gan’/I\%H0>

(since V'V = Iy so that HVHQ = 1)

GLUy v (f?) ’

VN1

)

GLUy N (ﬁf) ’

VM

Gl Upn (ﬁ) ’

VM

—-1/2

IN

QH(IKp—l—R/R)_I/QHZ

+2| Iy + R'R) HZ IR

2 2
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from which we obtain
=~ N\ 2
1 T—h V GlUt,N (Hc)
t=p N1 9
1 T—h V’@’lUt,N (f{\c)

t=p || /N1y /(N1 + Ny — N1 ) /Ny
| )

2
2

— |1+ N |1 | VG (HC>
Ny Th = VN
2
~ —1 G U 2
N1 — Ny ')/ 1 tN( )
o s B ey L5 A )
< + N ( K+ ) Th N

2

— 2
v2|(rc + RR) ™[ IRIE TihTZf FhA) <HC>
t=p

VN1
1+.N1—N17 2 1 GlUtN( )
- N1 14+ Amin (R/R) Th =
2
2
T—h ! c
IR Gl ()
\\/1+/\mm R'R) T = VNt
2
2
< - T-h|| Gt U,y (HE T-h|| GLU
N — N 2 1YE,N 1 2
< it =5 {72 ( ) +2| Rl D ( )
1 hiS , h = VN )

= o0p(1) (applying part (a) of Lemma C-14, part (a) of Lemma C-15,
parts (a) and (c) of this lemma, and Slutsky’s theorem)

It then follows from part (d) of this lemma and the Slutsky’s theorem that

~ —~ 2
1 T—h V/GllUt7N <H0>

IN

~

Thr/ N1

1 I=h

2

7 2 I3
t=p

= Op(1)op (1)
= op(1)
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Lastly, to show part (g), first write

where U; n (P/I\C> =U (I/{\C)/etj = ( H{l S I-/I\C}uu ]I{Z € I/{\C} Ugg - ]I{N € I—/I\C} UN¢ )/.
Applying part (h) of Lemma C-15 and parts (d), (e), and (f) of this lemma and the Slutsky’s
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theorem, we obtain

| T=h R ,
= (R-@L)(R-QL)
h = )
_ | (e Q’) Ly pm [ () v Q
Nl h t=p ]Vl )
. (fﬂ@’lr (1?) ) Q/) F'U (I?) GV
M Th\/ﬁl
. VG (ﬁ)’E r (ﬁc)/@ﬂ? Al V'GhU (ﬁ)’ij <ﬁ> G\ V
Th\/ﬁl \/ﬁl ) Ty N, ,
) (r/@lp A(ffc) i Q,) 15t (ﬁC)A/(A}ﬂA/ y
N hi=p Ny )
p (v@lp (7°) ) Q/) FU (H) GV X ey (ﬁi)lﬁf (7°) GV
\/ﬁl Tyr/ Ny , T N1 ,
V'GIr (ff) - ’ 14 VG ( ) F'U (I?) GV
- \/§1 ’ 2 f ;EtFt 2 \/7 2 Tny/ Ny 2
view (°) v (°) Giv
" TNy
2
= 0p(1)Op (1) +0p(1)0p (1) + 0, (1)
= o0p(1). O

Lemma C-17: Suppose that Assumptions 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 2-7, 2-8, 2-9, 2-10, and 2-11*

hold. Then, the following statements are true.

(a)

PN T—h

FF 1

=== > QE[EL]
h i
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(1), where T, =T —h—p+ 1.



=~/ T—h
Fy 1
% T ; QE[EY}] = 0p(1)
() . o
Fur, 1 «—
E|F,] =0,(1),
T, Th;pQ [E,] = 0p (1)

where v, = (1,1,...,1)" is a T}, x 1 vector.

(d)

~/

F(E-FQ)Q B

T, — o
(© i
Y (E—i?) LRI
" (ﬁ FQ)Q 1B
 \E-EQ)Q B =0, (1

=/ T—h
F9H 1 ~
=t = — E F =0, (1
T, T, i LMy n p( )

Proof of Lemma C-17:
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To show part (a), first write

o~ A~
FF 1 .
= — — FE|\F.F
T ; QE[F,F;] Q
1 T—h/\ . 1 T—h
= =Y EF,—=—> QE[EF]Q
hi= =
T—h T—h
1 5 ’ / o ’ / ! 1 ’ /
= (Et—QEt“‘QEt) <Ft—QEt+QEt> _TZQE[EtEt]Q
his hi=
1 T—h T—h
- A (B n) (o) ok S E(E-on)
t=p
T—h

Now, by part (g) of Lemma C-16, we have that

T—h
20

=3 (B~ @) (B -QF,)

Th &

Moreover, for any a,b € REP such that |ja||, = [|b]|, = 1

1 T—h ,
dQ—S " F (fw —Q’F) b
Th ;—t =1 =t

1 T—h 1 T—h R R ,
< @ (=S EF ) Qa, | — b’(E— E)(E— ’E)b
Q(Th;”)Q Th; —QE) (B - QE,
1 T—h 1 T—h R R ,
< @t (7T )| - 30 (B ) (B - 0) s
t=p t=p

= R ,
7 2V (B~ QE) (B~ @E) b
2 =p

1 T—h
= | 0QQa| = > EF,

(since, for a symmetric psd matrix A,

[)‘max (A)]2 = Amax (A)>

||A||2 = \/)‘max (AA) = \/)‘max (42)
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Now, by Assumption 2-6, there exists a positive constant C' such that

R / 1/2 / 1/2 R
dQ'Qa = dV'Z <E> <E> =EVa

Ny
~ 'T\ _ ~
= dV'Z <—> =Va
N

T 17 1=1=1
< Amax (M) aV'ZEVa
= Amax (%) (since === Iy, V'V = Ixp, and ada= 1)
< (C for all Ny, Ny sufficiently large. (116)

while, applying the triangle inequality and part (d) of Lemma C-16 allow us to show that

| T=h

/

T > L
t=p

1 T—h
< 73 Ik,
2 P

1 T—h
= ? Z \/)\max (EtE:‘,EtEQ)
h t=p
1 T—h
- = Amax (B )]
Th tz:; [ max (_t—t)]
1 T—h
- = Eyl
i 2 VI

1 T—h
- = 2
- 7 L e

= 0p(1)

Combining this result with part (g) of Lemma C-16 and the Slutsky’s Theorem, we deduce that

1 T—h ,
dQ =S F (1? —Q’F) b
Th ; =t \ =t =t

IN

a'@Q'Qa

| T=h

/

T, > EF,
t=p

L Th R .
72U (B QE) (B -QE) b
2 t=p

= op(1)
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Since this argument holds for all a,b € REP such that ||lal|, = ||b]|, = 1, we further obtain

| T=h R ,
Q=Y E (B, ~QE,) =o0,(1)
i
Now, given that
= | T=h R hE
7o (B-QE)FQ= [Q’Th S E(E-QR)| .
t=p t=p
a similar argument also shows that
1 T—h
—> (B~ QE) FlQ =0, (1).

Th &

Making use of part (b) of Lemma C-2 and the Slutsky’s theorem, we also see that
| T=h | T=h
P
@ (ﬁ Z;Etﬁz -7 ;E [ﬂEH) QL0

Putting these results together and apply Slutsky’s theorem, we then obtain

=~ T—h

EE 1

T tZ QE[EF]Q
=p

L Th R . | T=h ,
- T Z (Et - Q/Et) (Et - Q/Et> + Q/?h Z £, (Et - Q/Et>
t= t:p
L Tk | Ih | T=h
S (B -QE)EQ+Q (7 Y EF - S E[EF])Q
t=p T t=p T t=p

= o0p(1)
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To show part (b), first write, for any a € RE? and b € R% such that |al|, = 1 and ||b]|, = 1,

~/ T—h
dFYb 1 1y !
== - =Y dQE[FY{]b
Th T, tz:;
| T=h T-h
- = 'F,Yib—— > dQE|FY,|b
T—h
AN (o o)y LS woE mrys
= TZ‘L ol T A N L
W= t=p
T—h 1 L=k 1 /
1 1 T / / '0) —_ FY/ r— E EZ b
= g2 (B-QR) Y+ dQ | Y EY 7 2 B EY]
h i=p t=p p
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Focusing first on the first term on last line above, we note that,

=
— > d(E,—-QFE)Y
T, ; ( t t> ¢
1 T—h R , | T=h
© S (o) (B 0m) £ Y
h t—p h t=p
1 T—h N /
- "7 L (B-on) (B-en).
t=
| T=h T—h T—h
(—ZYY’——ZE YY’]>b+—Zb’E Y, Y)b
Th = =p t=p
1 T—h N N ’ 1 T—h 1 T=h
< G’Th Z (Et - Q,Et) <Et - Q/Et> ay |V <Th Z Y, Yi— T, Z E [thgo b
= t=p t=p
1 T—h R . ’ 1 T—h
I — 0 — 0 P / !
+,a T Z: <Et QEt) (Et Qﬂt) a T, ;p VE[Y,Y;]b
(since Vai +az < /a; + \/@)
1 T—h R N ’ 1 T—h 1 T—h
< (o= (B -QL) (B -QE) a\|¥ (; DY Y- D E mﬂ]) b
h t=p h t=p h t=p
EER R p 1 Lzh
+ a’? Z (Et - Q’Et) (Et - Q,Et) a Ty Z b ”thg
h t—p h t=r+1

(since 0 [y, v1] b= E [(Y,)?] < B poviy,] = B Iy, 2]

= op(1)

by part (b) of Lemma C-2 and parts (d) and (g) of Lemma C-16. In addition, note that, by making
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use of part (b) of Lemma C-2, Assumption 2-6, and Slutsky’s theorem; we obtain

1 T—h 1 T—h
Q' (E ;Etzz -7 2:3 E [E&%]) b

< JadQQa b/( ZFY’——ZEFY’) ( ZEtY/——ZEFY’>
h t—p
INN 1 T 1 T-h 1 T—h 1 T—h
< >\m —~ A FY,—— EFY/ — FY/__ EFY/ b
~ ax ( Nl ) (Th ;p =—t= Th ; [—t—t]) (Th ;p =t=t Th ; [—t—t])

= o0p(1).

Combining these results, we then get

N T—h
a%hzb _ Tlh tZI:) dQ'E [Etxg] b
1 T—h R 1 T—h 1 T—h
= T, Za' (Et _Q/Ft> Yib| + |a'Q’ (Th ZEtX; T, ZE [Etzﬂ) b
t=p t=p t=p
= o0p(1)

Since the above argument holds for all a € RE? and b € R% such that ||a|, = 1 and ||b, = 1; we

further deduce that N
FYy 1
Th——ZQE FY/] —OP( )

To show part (c), first write, for any a € REP such that |al|, = 1,

1
aELTh
T

1Th

= = Z dFy = d'QSicPlasrop (lasrop — A Jhirch
=p

1 5 _
= Th Z a <Et - Q,Et + Q/Et> — a'Q'S}(P(d+K)p (I(d—i—K)p — A) ! JZHKN

— d'Q' Sk Pasryy Larry — A) " Jhyxeh

T—h T—h
1 ~ 1 3
- T, > d <—Ft - Q,—Ft> +dQf ( > Fy = SiPuariyp (Larxp — A) 1Jé+Ku)
t=p t=p
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Focusing first on the first term on last line above, we note that,

T—h T—h
1 e 1 N
T ;p da <Et - Q/Et> < T ; a’ (Et - Q'F t) ’ (by triangle inequality)
| T=h R /
= G/Th Z (Et - Q/Et> <Et - Q’Et> a (by Liapunov’s inequality)
t=p
L Th R /
< T_ Z (Et - Q/Et> <Et - Q’Et>
i )
= 0p(1)

by part (g) of Lemma C-16 and Slutsky’s theorem. In addition, note that, by making use of part
(d) of Lemma C-2, Assumption 2-6, and Slutsky’s theorem; we obtain

T—h
1 -1
adQ (Fh E Fy — SkPatkyp (I(d+K)p —A) J</1+KM>
t=p

T—h !
1 _

< VdQ'Qa (ﬁ Z Fy — SkPas iy Lty — A) ! J(/1+KM>

t=p

| T 1/2

1
X (E > Ey— SiPusip larrp — A) J</1+KM>]
t=p
T—h !
IR 1 -1

< L L o . /
> Amax < N, ) (Th ;}; Et SKP(d+K)p (I(dJrK)p A) Jd+Ku>

| T 1/2
1
X (T_h > Ey— SiPlasip Tarrp — A) JQ+KM>]
t=p
= op(1).

Combining these results and applying Slutsky’s theorem, we then get

~/
adF “1
TTh — ' Q'S Pty Larky —A) Jiirh
L Th 1 L=h 1
< % >od (Et - Q'Et) +1d'Q (ﬁ Y E = SkPlasryy (Larxp — A) Jé+Kﬂ> ‘
t=p t=p
= op(1)
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Since the above argument holds for all a € RE? such that ||a|, = 1; we further deduce that

~/

g,

-1
T, Q/S}fp(dJrK)p (I(d+K)p - A) Jc,l+K# =0p(1).

Turning our attention to part (d), note that for any a € RXP and b € R? such that [|all, = 1

and ||b]|, = 1, we can write
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IN

IN

IN

IN

1 T—h )
Q0T 2 [1.15]

oF (B~ FQ) Q"B

T
1 T—h
dF, (F FQQ) Q!B
Ty &
1 T—h 1 T—h , , ,
o | =S FF)a |bVByQ1— (E —F ) (E —F ) ~1B,b
\ (Th;tt) 2Q Th; (—EQ) (B -EQ)Q'B

T—h

+ E a'Q'E [E,F}] Qa

1 T—h 1 T—h
=Y FEF - = QE[EF]
a (Th & tL't Th s Q [_t—t] Q)

xd b/BnglTih Ti:h (Ft F’Q) (A; - E;Q) Q-1Byb

i

T—h
e LS (E - p) (2 2o QlB2b}

t=p

1 T—h
a (Th Z FF! — Z Q'E [F,.F)) Q) a

N—

(usmg the inequality /a1 + a2 < /a1 + v/az for a1 > 0 and ap > O)

1 T—h 1 T—h
_ ,
“ (ﬁ 2 Bl =7y 3 QEILE @) a

J Za’Q’E [E.F ]Qan’B’Q’ 1= > (B -EQ) (E-EQ) Q' Bab

1 T=h ~/ VN
7 > (B~ Ee) (F - Eo)
t=p

2

b’BéQ’lQlng}

b/BéQ/—leleb
2

1 T=h ~/ VPN
7 2 (B - FQ) (E - Q)

t=p

<since for a symmetric psd matrix A, ||Ally = v/ Amax (A’A) = v/ Amax (42) = 1/ [Amax (4)]?

= Amax (4) and since o Q'E [E,F] Qa = E [(/Q'E,)*| < B[/ QQuEIE,] = dQ'QaE [|EJ3])
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1 = | Th
_ . |
- al(ﬁ;FtFt_T_hZQ/E[EtEt]Q>a

t=p
| Tk N /
- ?h tZ (Et N QlEi) (Et - Q/Et> b’BéQ/leleﬂ)
— 2
1 =h 1 T=h R /
+ “’Q’Q“Th Y E [HE,:HS} T > (Et - Q/Et> <£t _ QlEt) B Q- By
t=p — 2

Now, by part (a) of this lemma and Slutsky’s theorem, we have

=0p (1) (117)

Note also that

1 L=h ) 1 I=h i | N |
T ; E |:”Et”2i| < T ; (E [”Et”zD (by Liapunov’s inequality)

< = TZh (U)% (by Lemma B-5)

=
- @ (118)
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In addition, note that, by Assumption 2-7, there exists a positive constant C' such that

Amax (B3 B2)

/
= Amax (JdAhPEd+K)pSKS}(P(d+K)p (Ah> J(/i)

/
< Amax (SKS}() Amax (,PédJrK) P(d+K)p> Amax {Ah (Ah> } Amax (JdJc,l)

= Amax (SxSk) A

Ah

-
e (4')

= Cmax < |[Amax (4

< Cmax{’/\max Ah
{

= O
< (C for integer h > 1,

41
N (SlSi) A {
(si

50 Amax (Pl )Pl ) = Amax (JaJ) = 1)

)

Ah Ah} since S Sk = Ixp SO Amax (SKSK) = 1)

9

Amin (Ah> ‘2} (by Assumption 2-7)

Phain (A}

where ¢, = max{|Amax (A)|, |[Amin (A)|} and where the last equality follows from the fact that

0 < ¢pax < 1 given that Assumption 2-1 implies that all eigenvalues of A have modulus less than
1. The boundedness of Apmax (B5B2) allows us to further deduce that

IN

IN

IN

b,BéQ,_lQ_leb

TN V2 /T Y2
VB (—) =VVIE <—> Bsb
2\'V M 2

I'T
v B} ( ~ > Bab
1

[ IR
Amin (E) b By Bob

[ IR
_>\min (E)_ Amax (BéBQ) b’b

[ r'r\] !
>\min (Nl > >\max (B£B2)

C* < (119)

305



for some positive constant C* in light of Assumption 2-6. It follows by applying expression (116) in
the proof for part (a), expressions (117)-(119) here, as well as the result given in part (g) of Lemma
C-16 and the Slutsky’ theorem that

oE (E~EQ) Q' Bab
Ty

1 Tfh/\/\ 1 T—h
1| /_ / /
a(Th;thFt Th;pQE[EtEt]Q>a

IN

T—h

1 ~ ~ '
“\N T Z (Et - Q/Et> (Et - QlEt) V'ByQ Q1 Bab
hi= )
| T=h R R ,
| @QQaz S E[IEIE] ||l X (B~ @E) (B~ QE) || 0BjQ 1@ Bab
t=p t=p 2

= o0p(1).

Since the above argument holds for all a € REP and b € R such that |ja||, = 1 and ||b]|, = 1, we
further deduce that

~/

F(E-£Q)Q7'By
Th

=op(1).

To show part (e), note that for any a € R% and b € R? such that [jall, = 1 and [|b]|, = 1, we

can write
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IN

IN

IN

@'Y (E~EQ) Q' Bab
T,

T—h
1 ~/ _
7 2oL (£ - £1Q) Q"' Bab

T—h T—h
1 1 ~ AN
o 3y rn) oy vosen 3 (- o) (B - m) o
t=p t:p

1 T—h 1 T—h 1 T—h
o (T D VY- > E [Mé]) al + |7 2 ElY.Yia
h t=p h t=p h t=p
1 T 'y
X\ VB 3 (Ei— FiQ) (E, ~ FiQ) Q' Bab
t=p
1 T—h 1 T—h
a|l=)> Y,V — Z E [théo a
(Th t=p Th t=p
= Vg
<\ VB S (B - EQ) (B~ i) Q' Bob
t=p

T—h T—h
1 1 ~/ I s~y
+ ﬁgpa@mma VB Y (Ei ~ FiQ) (Ei ~ FQ) @71 Bab

(using the inequality /a1 + a2 < /a1 + +/az for a3 > 0 and ag > 0)
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IN

| T=h | T=h
a (? ZXtXQ T Z E [XtXﬂ) a
\ h = h=p

| Th .
T > <Et—E2Q> (Et—EQQ> b BYQ' Q1 Byb

t=p

1 T—h )
+J oy L5 [ztzw

(since for a symmetric psd matrix A, [|Ally = v/ Amax (A’A) = v/ Amax (42) = 1/ [Amax (A))?

2

1 T=h ~/ AYON
7> (B -Ee) (£ -EQ)

t=p

b/BéQl_lQ_lBQb
2

= Amax (A) and since 'E [Y,Yi|a = FE [(a'zt)ﬂ < EldaYiY,| =E [HXtHgD
€
T,
T—h

T—h 1 T—h
= { a! ( Y YYi - — ZMLE]) a
t=p Th t=p
1 «—— /~ ~ /
T ; (B -QE) (E-QF)

1 T—h
+J IR AH J
t=p
1 T=h ~/ ON 1 T-h ~ /
(since T Y (Et _ Egcg) (Et _ E;Q) = 3 (Et - Q’Et> (Et — Q'Et) )
t=p

2

b'B;Qlelng}

7> (E-on) (E-or)

t=p

b’BéQ'ilelBQb
2

Now, by part (b) of Lemma C-2 and Slutsky’s theorem, we have

—0, <%) — 0, (1) (120)

1 T—h 1 T—h
a | = Y, Y, - — ElY.Y'l|a
(w5 Eeuan)
Note also that

T—h T—h 1
1 1 3
T tg_p E {Hthg} < T g—p (E [HthgD3 (by Liapunov’s inequality)

1 T—h 1

Z (C)® (by Lemma B-5)
"

3

IN

T, &
= () (121)

It follows by applying expressions (119), (120), and (121) as well as the result given in part (g) of
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Lemma C-16 and the Slutsky’ theorem that

@'Y (E~EQ) Q' Bab

I,
1 T—h 1 T—h
< a (T_h ; thzlt - ?h ; E [Ktl%]) a
B Y @ -on) (E-an)| vmemom
Th Pt T - o — )
1 T=h 1 T=h ~ /
| 7 tz E [HLH%} T tz (Et - Q’Et> (Et - Q’Et> b BYQ' Q1 Bob
=p =p 9
= o,(1).

Since the above argument holds for all @ € R% and b € R such that |ja|, = 1 and ||b], = 1, we
further deduce that R
Y (E-EQ)Q B,
T,

=0, (1).

To show part (f), note that for any b € R? such that ||b||, = 1, we can write
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t=p

4, (B~ FQ) Q' Bab
Ty,
1=
_ |~ o —1
= |G 2 (L-re)e
1
< T Z ‘(Et — EQQ) Q_lng‘ (by triangle inequality)
t=p
1 T=h ~7 YN
< \ b'BéQlflT—h Z (Et - EQQ) <Et - EQQ) Q@ 'Bzb  (by Liapunov’s inequality)
t=p
1 T=h ~/ YN
< \ T Z (Et — EQQ) <Et - EQQ) V' ByQ' Q1 Bsb (since for a symmetric

2

psd matrix A, [|A]l; = v/ Amax (AA) = /Amax (A2) = 1/ [Mmax (A)]? = Mmax (A))

T—h

- |z (E-er) (E-or)| vee-Q B
t=p
1 T=h ~/ PN 2 1 =h ~ /
(since T tZ (E: - FiQ) (E - FiQ) = T tZ (£:-QFE,) (B - QF,) )
=p =p

It follows by applying expression (119), the result given in part (g) of Lemma C-16, and the Slutsky’
theorem that

o -1 _
(£ L;F?Q il J Tihjz_j(ﬁt—aﬂt) (B, -@E) VB

= op(1).
Since the above argument holds for all b € R? such that 6]l = 1, we further deduce that

b, (E-EQ) Q7B
Th

=op(1).

For part (g), note that, for any a € RX? and b € R such that ||a||, = 1 and ||b], = 1, we have,
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by direct calculation,

T—h
= =3 (B - QE A+ QE )b
t=

T—h T—h
1

~ 1
= 7 2 (B QE ) ninb+ 7 3 a'QFurfnd

T t=p t=p

Focusing first on the first term on last line above, we note that

| IT=h
=3 (B~ QL) b
h i
1 T R , | T=h
< 7 2 (BmQE) (B~ QE) ay Vg 3 b
t=p t=p
1 T R )
< 7Y (B-QE)(E-QE)a
T, ; ¢ t t ¢
| IT=h | T=h | L=h
XAl Y T Z nt+h77§t+h T Z E [nt+h771/t+h] bl + T, Z VE [Ut+h77£+h] b
" i=p hi=p h i=p
T R , | T=h | =1
< T, tz:; a’ (Et - Q,Et) (Et - QIEt> a, ||V (T_h tz:; Merh M, — T, tz:; b [771‘,+h77::+h]) b
A= R , | IT=h
+ Th ; a <Et - Q’Et> (Et - Q,Et) a ?h ; VE [nt+hn2+h] b

(by the inequality /a1 + a2 < /a1 + /az for a3 > 0 and ag > O)

Note that, by part (g) of Lemma C-16, we have

1 T—h

Ty &

<Et - QlEt) (Et - Q,Et), = Op (1).
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and, by part (h) of Lemma C-2,

1 T—h 1 T—h 1
Th Z 77t+h771,t+h - Th Z E [nt+h77;+h] =0p (ﬁ) .

t=p t=p

Moreover, note that
h—1

] 7/
Mern = O JaA Ty werin—j
=0

and, using expression (55) given in the proof of part (e) of Lemma C-2 and Assumption 2-2(b), we

see that there exists a positive constant C* such that

| T=h
T ; V'E [NyynNiyn) b

1 T—h )
= 7 2 B[ men)’]
t=p

T—h

A5 o)
| T=h "
< T ; (C7)2

(for some positive constant C* as shown in expression (55))

< (02 <0

Making use of these calculations and applying Slutsky’s theorem, we deduce that

= / /
_ a(Et_QEt)T]t+hb
h =
1 = =~ ~ ! 1 T—h 1 T—h
=\ ,Z: ! (Et N Q/Et) <Et a Q/Et> “\ [ (T_h tz: Merh My, — T, tX: E [nt—&-hn;ﬁ—&-h]) b
=p =p

=p
1 T-h R . / 1 T—h
T o (B @E) (B Q) a\| 7 3 VE ]
(
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Next, note that, by part (f) of Lemma C-2 and Slutsky’s theorem, we see that

T—h

T—h
1 1
T tZ:; dQEm b = dQ (Th tz:; Eﬂ?ﬂh) b

Op (%) =op (1)

Putting everything together and applying Slutsky’s theorem once more, we then obtain

alElf)b = iga'ﬁ nb
T, T, £ LyMian
- iTha'(ﬁ —Q'F) / b+iTia’Q'F b
T, e L4 Ly ) Mean T, e L4Tean
= op(1).

Since the above argument holds for all @ € REP and b € R? such that ||all, = 1 and ||b], = 1; we

further deduce that
~ T—h

Fo 1
T_:TZEtn;—&-h:Op(l)' .
h h =

Lemma C-18: Suppose that Assumptions 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 2-7, 2-8, 2-9, 2-10, and 2-11%*
hold. Then,

~/
Bo — Bo
B1 — Bl = 0Op (1) .
By — Q7 'By

Here, BO, Bi, and By denote the OLS estimators of the coefficient parameters in the (feasible)

h-step ahead forecast equation

D p
Yien = Bo+ Z B Yi g1+ Z By gFi—gi1 + s
g=1 g=1

= Bo+BY,+ByF 4+,

for t = p,....,T—h, where the unobserved factor vector £, is replaced by the estimate F , and where

~ h—1 ,
Ton = Nepn — B (Et - Et> with 7,5, = ijo JgAI T gerin—j as previously defined.
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Proof of Lemma C-18: To proceed, we first stack the observations to obtain the representation

Y(h)y=up, By+ ¥ B+ E By + 9 (122)
Tpxd — Thpxllxd Thpxdpdpxd TpxKpKpxd Thxd

where T, =T — h — p + 1 and where

~/
!/ ! ~/
Yiip Y, an Th+p
Y (h) = ) K — ) E - ) and S/j ==
Thxd , Ty xdp , ThxKp ~/ Thxd ,
YT XT—h ET_h nr

It is easily seen from expression (122) that the OLS estimators of the coefficients 3, Bi, and By

are given by

|
—_

By T, Y 4 F U Y ()
B |=| Y, YY YF Y'Y (h)
Bs Fu, Fy FF E'Y (h)

Now, rewrite expression (122) as

Y(h) = u5,By+YBi+FBy+$
= B+ YBi+EBy+ 59— (E-F) B
= B0 +YBi1+EBy+ 9
= 11,80 +YB1+FQQ 'By+ 9
= w B+ YBi+ (E+EQ-FE)Q "By +9
= By +Y B+ FQ B,y — (E - EQ) OBy + 6
B0
B, |- (E-EQ)Q B +5,
Q7 'B,

[=)

= |y Y
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and it follows that

~/ ’
Bo — Bo
B1 — B
By — Q1B
~\ -1 A
T, Y o F vy, Bo
= | Yu, YY YF Y |[Y(h)-| B
Fu, Fy FF F Q'B,
~\ —1F -
T, Y o F vy, Bo 0
= | Y, vY YF v' | [m ¥ E]| B |-| B
-~/ -~/ PN -~/
Fu, FY FEF | Q'B, Q'B,
~ N\ -1 -
Ty, L/Thz L’ThE L/Th ~
~| Y, YY YE Y | (E-EQ)Q'B,
Fu, Fy FF E
/ ! -lr r ]
T LThX LThE L,
+| Y, Y'Y Y'F Y' | 9.
Fu, Fy FF F
~ —-17T = _
T by B\ | 4 (E-EQ)Q7E,
= - | Yu, Y'Y YF Y (E-FQ)Q 'Bs
~/ -~/ )~ ~ -~
Fu, FY FEF F(F-FQ)Q B
o\ -1 ¢
T, oY o F )
+| Y, YY Y'F Y’
Fu, Fy FF Fg

Next, applying parts (b) and (d) of Lemma C-2 and parts (a), (b), (c), and (d) of Lemma C-17,
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we obtain

1 YT, 4y E/T,
Y'ir, /Tw Y'Y )T, Y'F/T,
Fu,/Tw Ey/T, EFE/T,
B T—h B T—h
! VNI D W T
B T—h
_ Thlzt:f?E[Xt] 12 E[Y, Y 12 = EY,F}Q
— T_
Ty, @EIE] hlzt:p QE[FY}] hlzt:p Q'E[F,F}]Q
= op(1).

Moreover, note that

1 -1 ZT_ph Y , -1 ZT_ph _;
T Y B lz YY) lzt_ Y,F/]Q
T Zf_f@'E 7)) hIZt_fQ' E[EY] T, hlzt_fcg' E[EF)Q
1 Elyj  EIE]Q
= 7 Z ElY] EYY] EY.F]Q
P\ QEIL) QEEY] QE[EE)Q

Lo 0 1 Bl  E[X] L0 0
= |0 Iy O T—hz ElY, EY,Y)] E[Y,F} 0 I, O
0 0 @ =P \ E[|F,] E|EY! EI[F.F) 0 0 Q

which is non-singular and, therefore, also positive definite for all T" sufficiently large in light of the
result given in part (b) of Lemma C-1.

In addition, applying parts (f) and (g) of Lemma C-2 and parts (d), (e), (f), and (g) of Lemma
C-17, we have

T—h
vy, ) 1 , ( 1 )
T T Zt_p Teh = 2r \ T
Y'§ 1 =h 1 >
= = =N Y =0,(—=
T, T, - LiMitn p T
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and

4 (E-FQ)Q7'B, 1
h ( T ) = ? Z (Et _E:‘,Q) QilBQ = Op(1)7
h h t=p
X/ (E _ EQ) Qle2 1 T—h .
7 = LS v (- FQ) Q' Bi=0y(1).
h h t=p
~/ -~
F(E-FQ)Q'B: (T,
- = 7 L E(E-EQ) QB =0,(1),
=p
~/ T—h
E9H 1 5
T_h = Th Z Em2+h = 0p(1)
t=p

Putting everything together and applying the Slutsky’s theorem

~/
Bo — Bo
By — B
By — Q7B
—~ -1T s _
Ty [’IT;LX L/ThE L’/Th <£_EQ>Q lBQ
= | Yu, Y'Y YF Y'(F-FQ)Q B,
~/ ~/ )~ —~, o~
Fu, Fy FF F(F-FQ)Q'B,
~ -1 r
Th Y up I vy, )
+| Y, YY Y'F Y’
Fu, Fy FE) |Fo
—~ -1T _ fa _
1 T, Y TN F T, ', (E—EQ)Q "By
= —| T, TYY T7'Y'E T,'Y' (E-FQ)Q™'B,
~/ ~/ )~ —~, o~
T Fur, T,'FY T,'FF T,'F (F-FQ) Q!B
1 ey e B\ [ iy 9
h “Tp— h “Tp=— h “Ty
+ Th—IX/LTh T}L_IX,Z Th—IXIE Th—lzlﬁ
T,'Fu, T,'FY T,'FF | | 1,'E%
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