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1 Appendix A: Proofs of the Main Theorems of the Paper

Proof of Theorem 1:

To show part (a), first set

 = Φ−1
³
1− 

2

´
.

where  = 1 +2. Note that by part (b) of Lemma B-16, we have

Φ−1
³
1− 

2

´
≤
p
2 (1 + )

√
ln for all 1 2 sufficiently large. (1)

By part (a) of Assumption 2-10,

√
ln


min


1−1
6


2
2

 → 0 as 1 2  →∞;

this, in turn, implies that, for some positive constant 0

0 ≤ Φ−1
³
1− 

2

´
≤ 0min

n


1−1
6  

2
2

o
for all 1 2  sufficiently large,

so that Φ−1
¡
1− 

2

¢
lies within the range of values of  for which the moderate deviation inequality

given in Lemma B-17 holds. Thus, plugging Φ−1
¡
1− 

2

¢
into the moderate deviation inequality

(42) given in Lemma B-17 below, we see that there exists a positive constant  such that


³
| | ≥ Φ−1

³
1− 

2

´´
≤ 2

h
1−Φ

³
Φ−1

³
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2

´´i½
1 +

h
1 +Φ−1
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´i3
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1−1
2

¾
= 2

h
1−

³
1− 

2

´i½
1 +

h
1 +Φ−1

³
1− 

2

´i3
−

1−1
2

¾
=





½
1 +

h
1 + Φ−1

³
1− 

2

´i3
−

1−1
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¾
for  ∈ {1  }, for

 ∈  = { ∈ {1  } :  = 0} ,
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and for all 1 2  sufficiently large. Next, note that



Ã
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∈
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³
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(by union bound)

≤
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¾
Using the inequality bound given in expression (1) above, we further obtain, for all 1 2 

sufficiently large,
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Finally, note that rate condition given in part (a) of Assumption 2-10, i.e.,

√
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 → 0 as 12  →∞

implies that
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from which it follows that


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Next, to show part (b), note that, by a similar argument as that given for part (a) above, we

have
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Proof of Theorem 2:
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To show part (a), note that
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0
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ª
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Next, let

 =
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and note that, under Assumption 2-9, there exists a positive constant  such that for every  ∈
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{1  } and for all 1 2 and  sufficiently large
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It follows that we can multiply and divide by
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ciently large
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⎧⎨⎩
¯̄̄̄
¯̄√

£
 (1)

¤q


¡
21
¢
¯̄̄̄
¯̄
¯̄̄̄
¯̄ 1

1 +max∈

q¯̄¡
  − 

¢


¯̄
¯̄̄̄
¯̄

×
"
1− max

∈

¯̄̄̄
¯ − 



¯̄̄̄
¯
#)
≥ Φ−1

³
1− 

2

´!

7



Now, let

E =
 − 


and V =

  − 


.

By the result of part (a) of Lemma B-13, there exists a sequence of positive numbers {} such
that, as  →∞,  → 0 and



µ
max
1≤≤

max
∈

|E| ≥ 

¶
→ 0

In addition, by the result of part (b) of Lemma B-13, there exists a sequence of positive numbers

{∗} such that, as  →∞, ∗ → 0 and



µ
max
1≤≤

max
∈

|V| ≥ ∗

¶
→ 0.

8



Hence, for all 1 2, and  sufficiently large,



Ã
min
∈

X
=1

 | | ≥ Φ−1
³
1− 

2

´!

≥ 

⎛⎝min
∈

X
=1



⎧⎨⎩
¯̄̄̄
¯̄√

£
 (1)

¤q


¡
21
¢
¯̄̄̄
¯̄
¯̄̄̄
¯ 1

1 +max∈

p|V|
¯̄̄̄
¯
∙
1− max

∈
|E|

¸⎫⎬⎭
≥ Φ−1

³
1− 

2

´´
≥ 

⎛⎝¯̄̄̄¯ 1

1 +max1≤≤max∈

p|V|
¯̄̄̄
¯
∙
1− max

1≤≤
max
∈

|E|
¸
min
∈

X
=1



¯̄̄̄
¯̄√

£
 (1)

¤q


¡
21
¢
¯̄̄̄
¯̄

≥ Φ−1
³
1− 

2

´´
= 

Ã¯̄̄̄
¯ 1

1 +max1≤≤max∈

p|V|
¯̄̄̄
¯
∙
1− max

1≤≤
max
∈

|E|
¸
min
∈

X
=1



¯̄̄̄
√


¯̄̄̄
≥ Φ−1

³
1− 

2

´´
≥ 

Ã¯̄̄̄
1− 

1 + ∗

¯̄̄̄
min
∈

X
=1



¯̄̄̄
√


¯̄̄̄
≥ Φ−1

³
1− 

2

´
∩ max
1≤≤

max
∈

|E|  

∩ max
1≤≤

max
∈

|V|  ∗

¶
+

Ã(
1−max1≤≤max∈ |E|
1 +max1≤≤max∈

p|V| min∈

X
=1



¯̄̄̄
√


¯̄̄̄
≥ Φ−1

³
1− 

2

´)

∩
½
max
1≤≤

max
∈

|E| ≥  ∪ max
1≤≤

max
∈

|V| ≥ ∗

¾¶
≥ 

Ã¯̄̄̄
1− 

1 + ∗

¯̄̄̄
min
∈

X
=1



¯̄̄̄
√


¯̄̄̄
≥ Φ−1

³
1− 

2

´
∩ max
1≤≤

max
∈

|E|  

∩ max
1≤≤

max
∈

|V|  ∗

¶
+

Ã
1−max1≤≤max∈ |E|
1 +max1≤≤max∈

p|V| min∈

X
=1



¯̄̄̄
√


¯̄̄̄
≥ Φ−1

³
1− 

2

´
∩ max
1≤≤

max
∈

|E| ≥ 

¶
= 

Ã¯̄̄̄
1− 

1 + ∗

¯̄̄̄
min
∈

X
=1



¯̄̄̄
√


¯̄̄̄
≥ Φ−1

³
1− 

2

´
∩ max
1≤≤

max
∈

|E|  

∩ max
1≤≤

max
∈

|V|  ∗

¶
+  (1)
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where the last equality above follows from the fact that



Ã
1−max1≤≤max∈ |E|
1 +max1≤≤max∈

p|V| min∈

X
=1



¯̄̄̄
√


¯̄̄̄
≥ Φ−1

³
1− 

2

´
∩ max
1≤≤

max
∈

|E| ≥ 

¶
≤ 

µ
max
1≤≤

max
∈

|E| ≥ 

¶
=  (1) .

Moreover, making use of Assumption 2-9, the result given in part (e) of Lemma B-12, and the fact

that  = b0c ∼  1−1 , we see that, there exist positive constants  and  such that

min
∈

X
=1



¯̄̄̄
√


¯̄̄̄
= min

∈

X
=1



√

¯̄
 (1)

¯̄q


¡
21
¢

≥ √


X
=1



min∈

¯̄
 (1)

¯̄
\
q
max∈ 

¡
21
¢

≥ √


X
=1


√


=
√


√


∼ √
 ∼

r
0


∼  (1−1)2

On the other hand, applying part (b) of Lemma B-16, we have, for all 1 2 sufficiently large,

Φ−1
³
1− 

2

´
≤
p
2 (1 + )

√
ln ∼

√
ln ,

where  = 1 +2, from which we further deduce that

1

Φ−1
¡
1− 

2

¢ min
∈

X
=1



¯̄̄̄
√


¯̄̄̄
≥ √



r


2 (1 + ) ln

∼ \
r

 (1−1)

ln
→∞ as 1 2  →∞.

This is true because the condition

√
ln


min


1−1
6


2
2

 → 0 as 1 2  →∞ (given in Assumption 2-10 part (a))
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implies that
ln

 (1−1)
→ 0 as 1 2  →∞.

Hence, there exists a natural number  such that, for all 1 ≥2 ≥ , and  ≥ , we have

¯̄̄̄
1− 

1 + ∗

¯̄̄̄
min
∈

X
=1



¯̄̄̄
√


¯̄̄̄
≥ Φ−1

³
1− 

2

´
so that



Ã
min
∈

X
=1

 | | ≥ Φ−1
³
1− 

2

´!

≥ 

Ã¯̄̄̄
1− 

1 + ∗

¯̄̄̄
min
∈

X
=1



¯̄̄̄
√


¯̄̄̄
≥ Φ−1

³
1− 

2

´
∩ max
1≤≤

max
∈

|E|  

∩ max
1≤≤

max
∈

|V|  ∗

¶
+  (1)

= 

µ
max
1≤≤

max
∈

|E|   ∩ max
1≤≤

max
∈

|V|  ∗

¶
+  (1)

(for all 1 ≥2 ≥ and  ≥)

≥ 

µ
max
1≤≤

max
∈

|E|  

¶
+ 

µ
max
1≤≤

max
∈

|V|  ∗

¶
− 1 +  (1)Ã

using the inequality 

(
\
=1



)
≥

X
=1

 ()− (− 1) given in Lemma B-15
!

= 1− 

µ
max
1≤≤

max
∈

|E| ≥ 

¶
+ 1− 

µ
max
1≤≤

max
∈

|V| ≥ ∗

¶
− 1 +  (1)

= 1− 

µ
max
1≤≤

max
∈

|E| ≥ 

¶
− 

µ
max
1≤≤

max
∈

|V| ≥ ∗

¶
+  (1)

= 1 +  (1) +  (1) +  (1)

= 1 +  (1) .

Next, to show part (b), note that, by applying the result in part (a), we have



µ
min
∈

max
1≤≤

| | ≥ Φ−1
³
1− 

2

´¶
≥ 

Ã
min
∈

X
=1

 | | ≥ Φ−1
³
1− 

2

´!
= 1 +  (1) . ¤

Proof of Theorem 3:

To proceed, note first that the (post-variable-selection) principal component estimator of  
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can be written as

b  =

bΓ0

³c
´

b1
where bΓ =q b1 b and where the columns of the matrix b are the eigenvectors associated with the

 largest eigenvalues of the (post-variable-selection) sample covariance matrix

bΣ³c
´
=


³c

´0

³c

´
b10 

Moreover, by the result of part (d) of Lemma C-14, the matrix b has the representation

b = b01b
where b1 is an ×matrix, whose columns define an orthonormal basis for an invariant subspace

of bΣ³c
´
and where b is a × orthogonal matrix as defined in expression (100) in part (c)

of Lemma C-14. (See Lemma C-14 and also Lemma C-13 for additional discussion on the origin of

this representation). Making use of this representation, we can further write

b  −0  =

q b1 b 0 b01

³c
´

b1 −0 

=

b 0 b01Γ³c
´
 q b1 +

b 0 b01

³c
´

q b1 −0 

=

b 0 b01Γ³c
´
 q b1 −0  +

b 0 b01

³c
´

q b1
=

⎛⎝ b 0 b01Γ
³c

´
q b1 −0

⎞⎠  +

b 0 b01

³c
´

q b1
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Next, note that

b 0 b01Γq b1 −0 =
b 0 b01Γ

√
1

r³ b1 −1 +1

´
1

−0

=

Ã
1 +

b1 −1

1

!−1
2 b 0 b01Γ√

1
−0

=

⎡⎣Ã1 + b1 −1

1

!− 1
2

− 1 + 1
⎤⎦ b 0 b01Γ√

1
−0

=

⎡⎣Ã1 + b1 −1

1

!− 1
2

− 1
⎤⎦ b 0 b01Γ√

1
+
b 0 b01Γ√

1
−0

and

Γ
³c

´
− Γq b1 =

Γ
³c

´
− Γ

√
1

r³ b1 −1 +1

´
1

=

Ã
1 +

b1 −1

1

!−1
2

⎛⎝Γ
³c

´
− Γ

√
1

⎞⎠
so that

b 0 b01Γ³c
´
 q b1

= 0  +

⎛⎝ b 0 b01Γq b1 −0

⎞⎠  +
b 0 b01

⎛⎝Γ
³c

´
− Γq b1

⎞⎠ 

= 0  +

Ã b 0 b01Γ√
1
−0

!
  +

⎡⎣Ã1 + b1 −1

1

!−1
2

− 1
⎤⎦ b 0 b01Γ√

1
 

+

⎡⎣Ã1 + b1 −1

1

!−1
2

⎤⎦ b 0 b01
⎛⎝Γ

³c
´
− Γ

√
1

⎞⎠ 
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It follows that

b  −0  =

⎛⎝ b 0 b01Γ
³c

´
q b1 −0

⎞⎠  +

b 0 b01

³c
´

q b1
=

Ã b 0 b01Γ√
1
−0

!
  +

⎡⎣Ã1 + b1 −1

1

!− 1
2

− 1
⎤⎦ b 0 b01Γ√

1
 

+

⎡⎣Ã1 + b1 −1

1

!− 1
2

⎤⎦ b 0 b01
⎛⎝Γ

³c
´
− Γ

√
1

⎞⎠  +

b 0 b01

³c
´

q b1
Hence, applying the triangle inequality as well as parts (a)-(c), (g), and (i) of Lemma C-15 along

with the Slutsky’s theorem, we obtain°°°b  −0 

°°°
2

≤
°°°°° b 0 b01Γ√

1
−0

°°°°°
2

k k2 +
¯̄̄̄
¯̄
Ã
1 +

b1 −1

1

!−1
2

− 1
¯̄̄̄
¯̄
°°°°° b 0 b01Γ√

1

°°°°°
2

k k2

+

¯̄̄̄
¯̄
Ã
1 +

b1 −1

1

!− 1
2

¯̄̄̄
¯̄ °°°b 0 b01°°°

2

°°°°°°
Γ
³c

´
− Γ

√
1

°°°°°°
2

k k2 +
°°°°°°
b 0 b01

³c
´

q b1
°°°°°°
2

=

°°°°° b 0 b01Γ√
1
−0

°°°°°
2

k k2 +
¯̄̄̄
¯̄
Ã
1 +

b1 −1

1

!−1
2

− 1
¯̄̄̄
¯̄
°°°°° b 0 b01Γ√

1

°°°°°
2

k k2

+

¯̄̄̄
¯̄
Ã
1 +

b1 −1

1

!− 1
2

¯̄̄̄
¯̄
°°°°°°
Γ
³c

´
− Γ

√
1

°°°°°°
2

k k2 +
°°°°°°
b 0 b01

³c
´

q b1
°°°°°°
2³

since
°°°b 0 b01°°°

2
= max

³ b1b b 0 b01´ = max

³b 0 b01 b1b ´ = max () = 1
´

=  (1) (1) +  (1) (1) (1) + (1)  (1) (1) +  (1)

=  (1) . ¤

Proof of Theorem 4:

14



To proceed, note that for any  ∈ R such that kk2 = 1, we have¯̄̄
0 b+ − 0

¡
0 +01  +02

¢¯̄̄
=

¯̄̄
0
³b0 + b01  +

b02 b

´
− 0

¡
0 +01  +02 

¢¯̄̄
=

¯̄̄̄
0
³b0 − 0

´
+ 0

³ b1 −1

´0
 

+0
³ b2 −−12 +−12

´0 ³b −0  +0

´
− 002

¯̄̄̄
≤

¯̄̄
0
³b0 − 0

´¯̄̄
+

¯̄̄̄
0
³ b1 −1

´0
 

¯̄̄̄
+

¯̄̄̄
0
³ b2 −−12

´0 ³b −0

´¯̄̄̄
+
¯̄̄
002

−10
³b −0

´¯̄̄
+

¯̄̄̄
0
³ b2 −−12

´0
0

¯̄̄̄
+
¯̄
002

−100 − 002

¯̄
=

¯̄̄
0
³b0 − 0

´¯̄̄
+

¯̄̄̄
0
³ b1 −1

´0
 

¯̄̄̄
+

¯̄̄̄
0
³ b2 −−12

´0 ³b −0

´¯̄̄̄
+
¯̄̄
002

−10
³b −0

´¯̄̄
+

¯̄̄̄
0
³ b2 −−12

´0
0

¯̄̄̄


Lemma C-18 and Slutsky’s theorem directly imply that¯̄̄
0
³b0 − 0

´¯̄̄
=  (1)

Now, applying the CS inequality, we obtain¯̄̄̄
0
³ b1 −1

´0
 

¯̄̄̄
≤

r
0
³ b1 −1

´0 ³ b1 −1

´


q
 0 

=

r
0
³ b1 −1

´0 ³ b1 −1

´
 k k22 (2)

15



and ¯̄̄̄
0
³ b2 −−12

´0
0

¯̄̄̄
≤

r
0
³ b2 −−12

´0 ³ b2 −−12
´


q
 00 

≤
r
0
³ b2 −−12

´0 ³ b2 −−12
´

p
max (0) kk2

=

r
0
³ b2 −−12

´0 ³ b2 −−12
´


vuutmax

(µ
Γ0Γ
1

¶1
2

Ξb b 0Ξ0µΓ0Γ
1

¶ 1
2

)
kk2

=

r
0
³ b2 −−12

´0 ³ b2 −−12
´


s
max

½µ
Γ0Γ
1

¶¾
kk2³

since b b 0 =  and ΞΞ
0 = 

´
≤

p


r
0
³ b2 −−12

´0 ³ b2 −−12
´
 k k2 (by Assumption 2-6) (3)

Moreover, note that


h
k k22

i
≤

³
 k k62

´ 1
3
(by Liapunov’s inequality)

≤ 
1
3 =  ∞ (by Lemma B-5)

and


h
kk22

i
≤

³
 k k62

´ 1
3
(by Liapunov’s inequality)

≤ 
1
3 =  ∞ (by Lemma B-5)

Hence, for any   0, set  =
p
, and Markov’s inequality then implies that, for all   − 1,

Pr {k k2 ≥ } = Pr
n
k k22 ≥ 2

o
≤


h
k k22

i
2

=

h
k k22

i


≤ 

from which it follows that

k k2 =  (1) .

In a similar way, we can also show that

kk2 =  (1) .
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Applying the results given in Lemma C-18 to expressions (2) and (3), we then obtain¯̄̄̄
0
³ b1 −1

´0
 

¯̄̄̄
≤
r
0
³ b1 −1

´0 ³ b1 −1

´
 k k22 =  (1)

and ¯̄̄̄
0
³ b2 −−12

´0
0

¯̄̄̄
≤

p


r
0
³ b2 −−12

´0 ³ b2 −−12
´
 kk2

=  (1)

In addition, we can apply the CS inequality to get¯̄̄̄
0
³ b2 −−12

´0 ³b −0

´¯̄̄̄
≤

r
0
³ b1 −1

´0 ³ b1 −1

´


r³b −0

´0 ³b −0

´
≤

r
0
³ b1 −1

´0 ³ b1 −1

´

°°°b −0

°°°
2

=  (1) (by Lemma C-18 and part (j) of Lemma C-15 in Appendix C)

and ¯̄̄
002

−10
³b −0

´¯̄̄
≤

q
002−10−12

r³b −0

´0 ³b −0

´
=

q
002−10−12

°°°b −0

°°°
2

≤
s∙

min

µ
Γ0Γ
1

¶¸−1
max (

0
22)

°°°b −0

°°°
2

≤
√
∗
°°°b −0

°°°
2
(for some positive constant ∗ as shown in

expression (119) in Appendix C. See the proof of part (d) of Lemma C-17)

=  (1) (by part (j) of Lemma C-15)
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Putting everything together and applying Slutsky’s theorem, we then obtain¯̄̄
0 b+ − 0

¡
0 +01  +02

¢¯̄̄
≤

¯̄̄
0
³b0 − 0

´¯̄̄
+

¯̄̄̄
0
³ b1 −1

´0
 

¯̄̄̄
+

¯̄̄̄
0
³ b2 −−12

´0 ³b −0

´¯̄̄̄
+
¯̄̄
002

−10
³b −0

´¯̄̄
+

¯̄̄̄
0
³ b2 −−12

´0
0

¯̄̄̄
=  (1) .

Since the above argument holds for all  ∈ R such that kk2 = 1, we further deduce that

b+ − ¡0 +01  +02 

¢
=  (1) .

as required. ¤

2 Appendix B: Supporting Lemmas Used in the Proofs of Theo-

rems 1 and 2

Lemma B-1: Let  and  be real numbers such that   0 and  ≥ 1. Also, let  be a finite

non-negative integer. Then,
∞X

=1

 exp
n
−

o
∞

Proof of Lemma B-1: By the integral test,

∞X
=1

 exp
n
−

o
∞ for finite non-negative integer 

if Z ∞

1

 exp
n
−

o
 ∞ for finite non-negative integer 

In addition, note that since, by assumption,   0 and  ≥ 1, we haveZ ∞

1

 exp
n
−

o
 ≤

Z ∞

1

 exp {−} 

We will first consider the case where  = 0. In this case, note thatZ ∞

1

0 exp {−}  =
Z ∞

1

exp {−} 

18



Let  = −, so that −

= ; and we have

Z ∞

1

exp {−}  = −1


Z −∞

−
exp {} 

=
1



Z −

−∞
exp {} 

=
exp {−}



 ∞ for any   0. (4)

Next, consider the case where  is an integer such that  ≥ 1. Here, we will show that

Z ∞

1

 exp {−}  =
⎡⎣1

+

X
=1

1



⎛⎝−1Y
=0

− 



⎞⎠⎤⎦ exp {−} ∞
using mathematical induction. To proceed, first consider the case where  = 1. Let

 =   = 

 = exp {−}   = −1

exp {−} ;

and making use of integration-by-parts, we haveZ ∞

1

 exp {−}  = −

exp {−}

¯̄̄∞
1
+

Z ∞

1

1


exp {−} 

=
1


exp {−}− 1

2
exp {−}

¯̄̄̄∞
1

=
1


exp {−}+ 1

2
exp {−}

=

µ
1


+
1

2

¶
exp {−}

=

⎧⎨⎩1 +
1X

=1

1



⎛⎝−1Y
=0

1− 



⎞⎠⎫⎬⎭ exp {−} ∞
Next, for  = 2, let

 = 2  = 2

 = exp {−}   = −1

exp {−} ;
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and we again make use of integration-by-parts to obtainZ ∞

1

2 exp {−}  = −
2


exp {−}

¯̄̄̄∞
1

+
2



Z ∞

1

 exp {−} 

=
1


exp {−}+ 2



µ
1


+
1

2

¶
exp {−}

=
1


exp {−}+ 2

µ
1

2
+
1

3

¶
exp {−}

=

µ
1


+
2

2
+
2

3

¶
exp {−}

=

⎡⎣1

+

2X
=1

1



⎛⎝−1Y
=0

2− 



⎞⎠⎤⎦ exp {−}
 ∞

Now, suppose that, for some  ≥ 2,

Z ∞

1

−1 exp {−}  =
⎡⎣1

+

−1X
=1

1



⎛⎝−1Y
=0

− 1− 



⎞⎠⎤⎦ exp {−} ;
then, let

 =   = −1

 = exp {−}   = −1

exp {−} ;
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and, using integration-by-parts, we haveZ ∞

1

 exp {−}  = −



exp {−}

¯̄̄̄∞
1

+




Z ∞

1

−1 exp {−} 

=
1


exp {−}+ 



⎡⎣1

+

−1X
=1

1



⎛⎝−1Y
=0

− 1− 



⎞⎠⎤⎦ exp {−}
=

1


exp {−}+

⎡⎣
2
+

−1X
=1

1







⎛⎝−1Y
=0

− ( + 1)


⎞⎠⎤⎦ exp {−}
=

½
1


+



2
+
1







µ
− 1


¶
+
1







µ
− 1


¶µ
− 2


¶
+ · · ·+1







µ
− 1


¶µ
− 2


¶
× · · · ×

µ
1



¶¾
exp {−}

=

⎧⎨⎩1 +
X
=1

1



⎛⎝−1Y
=0

− 



⎞⎠⎫⎬⎭ exp {−}
 ∞. (5)

In view of expressions (4) and (5), it then follows by the integral test for series convergence that

∞X
=1

 exp
n
−

o
∞

for any finite non-negative integer  and for any constants  and  such that   0 and  ≥ 1. ¤

Lemma B-2: Let {} be a sequence of random variables (or random vectors) defined on some

probability space (ΩF   ), and let

 =  ( −1  −κ)

be a measurable function for some finite positive integer κ. In addition, defne G−∞ =  (−1),

G∞+ =  (+++1 ), F −∞ =  ( −1 ), and

F∞+−κ =  (+−κ  ++1−κ  ). Under this setting, the following results hold.

(a) Let

−κ = sup


¡F 
−∞F∞+−κ

¢
= sup



£
sup

©¯̄

¡
|F 

−∞
¢−  ()

¯̄
:  ∈ F∞+−κ

ª¤


 = sup


¡G−∞G∞+¢ = sup



£
sup

©¯̄

¡
|G−∞

¢−  ()
¯̄
:  ∈ G∞+

ª¤
.
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If {} is -mixing with
−κ ≤ 1 exp {−2 (− κ)}

for all  ≥ κ and for some positive constants 1 and 2; then  is also -mixing with

-mixing coefficient satisfying

 ≤ 1 exp {−2} for all  ≥ κ,

where 1 is a positive constant such that 1 ≥ 1 exp {2κ}.

(b) Let

−κ = sup


¡F 
−∞F∞+−κ

¢
= sup


sup

∈F
−∞∈F∞+−κ

| ( ∩)−  () ()| 

 = sup


¡G−∞G∞+¢ = sup


sup

∈G−∞∈G∞+
| ( ∩)−  () ()|

If {} is -mixing with
−κ ≤ 1 exp {−2 (− κ)}

for all  ≥ κ and for some positive constants 1 and 2; then  is also -mixing with

-mixing coefficient satisfying

 ≤ 1 exp {−2} for all  ≥ κ,

where 1 is a positive constant such that 1 ≥ 1 exp {2κ}.

Proof of Lemma B-2:

To show part (a), note first that it is well known that

 = sup


£
sup

©¯̄

¡
|G−∞

¢−  ()
¯̄
:  ∈ G∞+

ª¤
= sup



⎧⎨⎩12 sup
X

=1

X
=1

| ( ∩)−  () ()|
⎫⎬⎭

where the second supremum on the last line above is taken over all pairs of finite partitions

{1  } and {1 } of Ω such that  ∈ G−∞ for  = 1   and  ∈ G∞+ for
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 = 1   . See, for example, Borovkova, Burton, and Dehling (2001). Similarly,

−κ = sup


£
sup

©¯̄

¡
|F 

−∞
¢−  ()

¯̄
:  ∈ F∞+−κ

ª¤
= sup



⎧⎨⎩12 sup
X
=1

X
=1

| ( ∩)−  () ()|
⎫⎬⎭

where, similar to the definition of , the second supremum on the last line above is taken over

all pairs of finite partitions {1  } and {1  } of Ω such that  ∈ F −∞ for  = 1  

and  ∈ F∞+−κ for  = 1  . Moreover, since  is measurable on any -field on which

 −1  −κ are measurable, we also have

G−∞ =  (−1) ⊆  ( −1 ) = F 
−∞

and

G∞+ =  (+++1 ) ⊆  (+−κ  ++1−κ  ) = F∞+−κ .

It, thus, follows that, for all  ≥ κ,

 = sup


⎧⎨⎩12 sup
X

=1

X
=1

| ( ∩)−  () ()|
⎫⎬⎭

≤ sup


⎧⎨⎩12 sup
X
=1

X
=1

| ( ∩)−  () ()|
⎫⎬⎭

= −κ

≤ 1 exp {−2 (− κ)}
= 1 exp {2κ} exp {−2}
≤ 1 exp {−2}

for some positive constant 1 ≥ 1 exp {2κ} which exists given that κ is fixed. Moreover, we
have

 ≤ 1 exp {−2}→ 0 as →∞,

which establishes the required result for part (a).

Part (b) can be shown in a manner similar to part (a), so to avoid redundancy, we do not

include an explicit proof here. ¤

Remark: Note that part (b) of Lemma B-2 is similar to a result given in Theorem 14.1 of Davidson
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(1994) but adapted to suit our situation and our notatons here. Indeed, parts (a) and (b) of this

lemma are both well-known results in the probability literature. We have chosen to state these

results explicitly here only so that we can more easily refer to them in the proofs of some of our

other results.

Lemma B-3: Let {} be a sequence of random variables that is -mixing. Let   1 and

 ≥  (− 1), and let  = max { }. Suppose that, for all ,

kk = ( ||)
1
 ∞

Then,

| (+)| ≤ 2
³
21−1 + 1

´
1−1−1 kk k+k

where

 = sup


¡F 
−∞F∞+

¢
= sup

∈F
−∞∈F∞+

| ( ∩)−  () ()| .

Remark: This is Corollary 14.3 of Davidson (1994). For a proof, see pages 212-213 of Davidson

(1994).

Lemma B-4: Suppose that Assumption 2-3 hold. Let 1 = b1
0 c, where 1  1  0 and

0 =  − + 1. Then,

(a)

1

21

(−1)+1+−1X
=(−1)+

≤

| []| = 

µ
1

1

¶

(b)

1

31

(−1)+1+−1X
=(−1)+

≤≤

| ()| = 

µ
1

21

¶

(c)

1

41

(−1)+1+−1X
=(−1)+

≤≤≤

| []| = 

µ
1

21

¶

Proof of Lemma B-4:
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To show part (a), first write

1

21

(−1)+1+−1X
=(−1)+

≤

| []| = 1

21

(−1)+1+−1X
=(−1)+


£
2
¤
+
1

21

(−1)+1+−1X
=(−1)+



| []| (6)

Consider now the first term on the right-hand side of expression (6). Note that, trivially, by

Assumption 2-3(b), there exists a positive constant  such that

1

21

(−1)+1+−1X
=(−1)+


£
2
¤ ≤ 

1
= 

µ
1

1

¶
(7)

For the second term on the right-hand side of expression (6), note that by Assumption 2-3(c),

{}∞=−∞ is -mixing with  mixing coefficient satisfying

 () ≤ 1 exp {−2} .

for every . Since  ≤  (), it follows that {}∞=−∞ is -mixing as well, with  mixing

coefficient satisfying

 ≤ 1 exp {−2} for every .

Hence, in this case, we can apply Lemma B-3 with  = 6 and  = 54 to obtain

1

21

(−1)+1+−1X
=(−1)+



| []|

≤ 1

21

(−1)+1+−1X
=(−1)+



2
³
21−

1
6 + 1

´
[1 exp {−2 (− )}]1−1

6
− 4
5

³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5

Next, by application of Liapunov’s inequality, we have that there exists some positive constant 

such that ³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5 ≤

³
 ||6

´ 1
6
³
 ||6

´ 1
6

≤
µ
sup

 ||6

¶1
3

= 
1
3 ∞ (by Assumption 2-3(b))
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Moreover, let  =  − , so that  =  + . Using these notations and the boundedness of³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5
as shown above, we can further write

1

21

(−1)+1+−1X
=(−1)+



| []|

1

21

(−1)+1+−1X
=(−1)+



2
³
21−

1
6 + 1

´
[1 exp {−2 (− )}]1−1

6
− 4
5

³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5

≤ 
1
3

21

(−1)+1+−1X
=(−1)+



2
³
2
5
6 + 1

´
[1 exp {−2 (− )}] 130

≤ ∗

21

(−1)+1+−1X
=(−1)+



exp
n
−2
30


o

µ
for some constant ∗ such that 2

³
2
5
6 + 1

´


1
3

1
30
1 ≤ ∗ ∞

¶

≤ ∗

21

(−1)+1+−1X
=(−1)+

∞X
=1

exp
n
−2
30


o

=
∗

1

∞X
1=1

exp
n
−2
30


o

= 

µ
1

1

¶
(given Lemma B-1) (8)

It follows from expressions (6), (7), and (8) that

1

21

(−1)+1+−1X
=(−1)+

≤

| []| =
1

21

(−1)+1+−1X
=(−1)+


£
2
¤
+
1

21

(−1)+1+−1X
=(−1)+



| []|

= 

µ
1

1

¶
+

µ
1

1

¶
= 

µ
1

1

¶
.
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To show part (b), first write

1

31

(−1)+1+−1X
=(−1)+

≤≤

| ()| =
1

31

(−1)+1+−1X
=(−1)+

 ||3 + 1

31

(−1)+1+−1X
=(−1)+

≤≤
−−−0

| ()|

+
1

31

(−1)+1+−1X
=(−1)+

≤≤
−≥− −0

| ()| (9)

For the first term on the right-hand side of expression (9) above, note that, trivially, we can apply

Assumption 2-3(b) to obtain

1

31

(−1)+1+−1X
=(−1)+

 ||3 ≤ 

21
= 

µ
1

21

¶
. (10)

Next, for the second term on the right-hand side of expression (9) above, we can apply Lemma

B-3 with  = 6 and  = 54 to obtain

1

31

(−1)+1+−1X
=(−1)+

≤≤
−− −0

| ()|

≤ 1

31

(−1)+1+−1X
=(−1)+

≤≤
−− −0

2
³
21−

1
6 + 1

´ h
1 exp

n
−2 ( − )

oi1−1
6
− 4
5
³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5

Next, by application of Hölder’s inequality, we have

³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5 ≤

³
 ||6

´ 1
6

µ³
 ||

5
2

´ 1
2
³
 ||

5
2

´ 1
2

¶ 4
5

=
³
 ||6

´ 1
6
³
 ||

5
2

´ 2
5
³
 ||

5
2

´ 2
5

≤
³
 ||6

´ 1
6
³
 ||6

´ 1
6
³
 ||6

´ 1
6

(by Liapunov’s inequality)

= 
1
2 ∞ (by Assumption 2-3(b))

Moreover, let 1 =  −  and 2 =  − , so that  = + 1 and  = + 2 = + 1+ 2. Using
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these notations and the boundedness of
³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5
as shown above, we can further

write

1

31

(−1)+1+−1X
=(−1)+

≤≤
−− −0

| ()|

≤ 1

31

(−1)+1+−1X
=(−1)+

≤≤
−− −0

2
³
21−

1
6 + 1

´
[1 exp {−2 ( − )}]1− 1

6
− 4
5

³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5

≤ 
1
2

31

(−1)+1+−1X
=(−1)+

≤≤
−−−0

2
³
2
5
6 + 1

´
[1 exp {−2 ( − )}] 130

≤ ∗

31

(−1)+1+−1X
=(−1)+

≤≤
−−−0

exp
n
−2
30

1

o
µ
for some constant ∗ such that 2

³
2
5
6 + 1

´


1
2

1
30
1 ≤ ∗ ∞

¶

≤ ∗

31

(−1)+1+−1X
=(−1)+

∞X
1=1

1−1X
2=0

exp
n
−2
30

1

o

≤ ∗

31

(−1)+1+−1X
=(−1)+

∞X
1=1

1 exp
n
−2
30

1

o
=

∗

21

∞X
1=1

1 exp
n
−2
30

1

o
= 

µ
1

21

¶
(given Lemma B-1) (11)

Similarly, for the third term on the right-hand side of expression (9), we can apply Lemma B-3
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with  = 6 and  = 54 to obtain

1

31

(−1)+1+−1X
=(−1)+

≤≤
−≥− −0

| ()|

≤ 1

31

(−1)+1+−1X
=(−1)+

≤≤
−≥− −0

2
³
21−

1
6 + 1

´
[1 exp {−2 ( − )}]1− 4

5
− 1
6

³
 ||

5
4

´ 4
5
³
 ||6

´ 1
6

Next, by applying Hölder’s inequality, we have

³
 ||

5
4

´ 4
5
³
 ||6

´ 1
6 ≤

µ³
 ||

5
2

´ 1
2
³
 ||

5
2

´ 1
2

¶ 4
5 ³

 ||6
´ 1
6

=
³
 ||

5
2

´ 2
5
³
 ||

5
2

´ 2
5
³
 ||6

´ 1
6

≤
³
 ||6

´ 1
6
³
 ||6

´ 1
6
³
 ||6

´ 1
6

(by Liapunov’s inequality)

= 
1
2 ∞ (by Assumption 2-3(b))

Moreover, let 1 =  −  and 2 =  − , so that  = + 1 and  = + 2 = + 1+ 2. Using

these notations and the boundedness of
³
 ||

5
4

´ 4
5
³
 ||6

´ 1
6
as shown above, we can further
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write

1

31

(−1)+1+−1X
=(−1)+

≤≤
−≥− −0

| ()|

≤ 1

31

(−1)+1+−1X
=(−1)+

≤≤
−≥− −0

2
³
21−

1
6 + 1

´
[1 exp {−2 ( − )}]1−4

5
− 1
6

³
 ||

5
4

´ 4
5
³
 ||6

´ 1
6

≤ 
1
2

31

(−1)+1+−1X
=(−1)+

≤≤
−≥− −0

2
³
2
5
6 + 1

´
[1 exp {−2 ( − )}] 130

≤ ∗

31

(−1)+1+−1X
=(−1)+

≤≤
−≥− −0

exp
n
−2
30

2

o
µ
for some constant ∗ such that 2

³
2
5
6 + 1

´


1
2

1
30
1 ≤ ∗ ∞

¶

≤ ∗

31

(−1)+1+−1X
=(−1)+

∞X
2=1

2X
1=0

exp
n
−2
30

2

o

=
∗

31

(−1)+1+−1X
=(−1)+

∞X
2=1

(2 + 1) exp
n
−2
30

2

o

=
∗

21

⎡⎣ ∞X
2=1

2 exp
n
−2
30

2

o
+

∞X
2=1

exp
n
−2
30

2

o⎤⎦
= 

µ
1

21

¶
(given Lemma B-1) (12)
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It follows from expressions (9), (10), (11), and (12) that

1

31

(−1)+1+−1X
=(−1)+

≤≤

| ()| =
1

31

(−1)+1+−1X
=(−1)+

 ||3 + 1

31

(−1)+1+−1X
=(−1)+

≤≤
−− −0

| ()|

+
1

31

(−1)+1+−1X
=(−1)+

≤≤
−≥− −0

| ()|

= 

µ
1

21

¶
+

µ
1

21

¶
+

µ
1

21

¶
= 

µ
1

21

¶
.
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Finally, to show part (c), we first write

1

41

(−1)+1+−1X
=(−1)+

≤≤≤

| []|

=
1

41

(−1)+1+−1X
=(−1)+

≤

¯̄

£


3


¤¯̄
+
1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−− −0

| []|

+
1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−≤− −0

| []|

=
1

41

(−1)+1+−1X
=(−1)+

≤

¯̄

£


3


¤¯̄
+
1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−− −0

| [{ − () + ()}]|

+
1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−≤− −0

| [{ − () + ()}]|

≤ 1

41

(−1)+1+−1X
=(−1)+

≤

¯̄

£


3


¤¯̄
+
1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−− −0

| [{ − ()}]|

+
1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−≤− −0

| [{ − ()}]|

+
1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−0

| ()| | ()| (13)

For the first term on the right-hand side of expression (13) above, note that, trivially, by Jensen’s
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inequality and Hölder’s inequality, we have

1

41

(−1)+1+−1X
=(−1)+

≤

¯̄

£


3


¤¯̄ ≤ 1

41

(−1)+1+−1X
=(−1)+

≤


£¯̄


3


¯̄¤

≤ 1

41

(−1)+1+−1X
=(−1)+

≤

q
 ||2

q
 ||6

≤ 1

41

(−1)+1+−1X
=(−1)+

≤

³
 ||6

´ 1
6

q
 ||6

(by Liapunov’s inequality)

≤ 
2
3 21
41

(by Assumption 2-3(b))

= 

µ
1

21

¶
(14)

Next, for the second term on the right-hand side of expression (13), we can apply Lemma B-3

with  = 43 and  = 6 to obtain

1

41

(−1)+1+−1X
=(−1)+


−− −0

| [{ − ()}]|

≤ 1

41

(−1)+1+−1X
=(−1)+


−− −0

n
2
³
21−

3
4 + 1

´
[1 exp {−2 ( − )}]1− 3

4
−1
6

×
³
 |{ − ()}|

4
3

´ 3
4
³
 ||6

´ 1
6

¾
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Next, by repeated application of Hölder’s inequality, we have

 |{ − ()}|
4
3 ≤

h
 ( − ())

12
7

i 7
9
h
 ||6

i 2
9

≤
h
2
5
7

³
 ||

12
7 + | []|

12
7

´i 7
9
h
 ||6

i 2
9

(by Loève’s  inequality)

≤
h
2
5
7

³
 ||

12
7 + ||

12
7

´i 7
9
h
 ||6

i 2
9

(by Jensen’s inequality)

=
h
2
12
7  ||

12
7

i 7
9
h
 ||6

i 2
9

≤ 2
4
3

∙³
 ||

24
7

´ 1
2
³
 ||

24
7

´ 1
2

¸ 7
9 h

 ||6
i 2
9

= 2
4
3

∙³
 ||

24
7

´ 7
24
³
 ||

24
7

´ 7
24

¸ 4
3 h

 ||6
i 2
9

≤ 2
4
3

∙³
 ||6

´ 1
6
³
 ||6

´ 1
6

¸ 4
3 h

 ||6
i 2
9

≤ 2
4
3

¡

¢ 2
9
¡

¢ 2
9
¡

¢ 2
9 (by Assumption 2-3(b) )

= 2
4
3

2
3

Moreover, let 1 =  −  and 2 =  −  so that  = + 1 and  =  + 2 =  + 1 + 2.

Using these notations and the boundedness of  |{ − ()}|
4
3 as shown above, we
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can further write

1

41

(−1)+1+−1X
=(−1)+


−− −0

| [{ − ()}]|

≤ 1

41

(−1)+1+−1X
=(−1)+


−− −0

n
2
³
21−

3
4 + 1

´
[1 exp {−2 ( − )}]1− 3

4
− 1
6

×
³
 |{ − ()}|

4
3

´ 3
4
³
 ||6

´ 1
6

¾

≤ 1

41

(−1)+1+−1X
=(−1)+


−− −0

2
³
2
1
4 + 1

´
[1 exp {−2 ( − )}] 112

³
2
4
3

2
3

´ 3
4 ¡


¢ 1
6

≤ ∗

41

(−1)+1+−1X
=(−1)+


−− −0

exp
n
−2
12

2

o
µ
for some constant ∗ such that 4

³
2
1
4 + 1

´


2
3

1
12

1 ≤ ∗ ∞
¶

≤ ∗

41

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

∞X
2=1

2−1X
1=0

exp
n
−2
12

2

o
≤ ∗

21

∞X
2=1

2 exp
n
−2
12

2

o
= 

µ
1

21

¶
(given Lemma B-1) (15)

Similarly, for the third term on the right-hand side of expression (13) above, we can apply
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Lemma B-3 with  = 2 and  = 3 to obtain

1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−≤− −0

| [{ − ()}]|

≤ 1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−≤− −0

n
2
³
21−

1
2 + 1

´
[1 exp {−2 ( − )}]1−1

2
− 1
3

×
³
 |{ − ()}|2

´ 1
2
³
 ||3

´ 1
3

¾
Next, applications of Hölder’s inequality yield

 ||3 ≤
³
 ||6

´ 1
2
³
 ||6

´ 1
2

≤ ¡

¢ 1
2
¡

¢ 1
2 (by Assumption 2-3(b))

=  ∞

and

 |{ − ()}|2 ≤ 2
³
 ||2 + ||2

´
(by Loève’s  inequality and Jensen’s inequality)

= 4 ||2

≤ 4

∙³
 ||4

´ 1
4
³
 ||4

´ 1
4

¸2
≤ 4

∙³
 ||6

´ 1
6
³
 ||6

´ 1
6

¸2
(by Liapunov’s inequality)

≤ 4

Ã
sup


 ||6
! 2

3

≤ 4
¡

¢ 2
3 ∞ (by Assumption 2-3(b) )

Moreover, let 1 =  −  and 2 =  −  so that  = + 1 and  =  + 2 = + 1 + 2. Using

these notations and the boundedness of  ||3 and  |{ − ()}|2 as shown above,
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we can further write

1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−≤− −0

| [{ − ()}]|

≤ 1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−≤− −0

n
2
³
21−

1
2 + 1

´
[1 exp {−2 ( − )}]1−1

2
− 1
3

×
³
 |{ − ()}|2

´ 1
2
³
 ||3

´ 1
3

¾

≤ 1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−≤− −0

2
³
2
1
2 + 1

´
[1 exp {−2 ( − )}] 16

³
4

2
3

´ 1
2 ¡


¢ 1
3

≤ ∗

41

(−1)+1+−1X
=(−1)+

≤≤≤
−≤− −0

exp
n
−2
6
1

o
µ
for some constant ∗ such that 4

³
2
1
2 + 1

´


2
3

1
6

1 ≤ ∗ ∞
¶

≤ ∗

41

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

∞X
1=1

1X
2=0

exp
n
−2
6
1

o
=

∗

21

∞X
1=1

(1 + 1) exp
n
−2
6
1

o
= 

µ
1

21

¶
(given Lemma B-1) (16)

Finally, consider the fourth term on the right-hand side of expression (13) above. For this term,
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we apply the result given in part (a) to obtain

1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−0

| ()| | ()|

≤

⎛⎜⎜⎝ 1

21

(−1)+1+−1X
=(−1)+

≤

| ()|

⎞⎟⎟⎠
⎛⎜⎜⎝ 1

21

(−1)+1+−1X
=(−1)+

≤

| ()|

⎞⎟⎟⎠
= 

µ
1

21

¶
. (17)

It follows from expressions (13)-(17) that

1

41

(−1)+1+−1X
=(−1)+

≤≤≤

| []|

≤ 1

41

(−1)+1+−1X
=(−1)+

≤

¯̄

£


3


¤¯̄
+
1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−− −0

| [{ − ()}]|

+
1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−≤− −0

| [{ − ()}]|

+
1

41

(−1)+1+−1X
=(−1)+

≤≤≤
−0

| ()| | ()|

= 

µ
1

21

¶
. ¤

Lemma B-5: Suppose that Assumptions 2-1, 2-2(a)-(b), 2-5, and 2-7 hold. Then, there exists a

positve constant  such that

 k k62 ≤  ∞ for all 

and, thus,

 k k62 ≤  ∞ and  k k62 ≤  ∞ for all ,
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where

 
×1

=

⎛⎜⎜⎜⎜⎜⎝


−1
...

−+1

⎞⎟⎟⎟⎟⎟⎠ , and  
×1

=

⎛⎜⎜⎜⎜⎜⎝


−1
...

−+1

⎞⎟⎟⎟⎟⎟⎠ .

Proof of Lemma B-5:

To proceed, note that, given Assumption 2-1, we can write the vector moving-average (VMA)

representation of the companion form of the FAVAR model as

  =
¡
(+) −

¢−1
+

∞X
=0

−

=
¡
(+) −

¢−1
 0+++

∞X
=0

 0++−

=
¡
(+) −

¢−1
 0++

∞X
=0

 0+− , (18)

where

  =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝



−1
...

−+2
−+1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
  =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝



0
...

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,  =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝



0
...

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

+
(+)×(+)

=
h
+ 0 · · · 0 0

i
, and  =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 2 · · · −1 

+ 0 · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . .

...

0 · · · 0 + 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

By the triangle inequality,

k k2 ≤
°°°¡(+) −

¢−1
 0+

°°°
2
+

°°°°°°
∞X
=0

 0+−

°°°°°°
2
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Moreover, using the inequality
¯̄̄X

=1


¯̄̄
≤ −1X

=1
|| for  ≥ 1, we get

k k62 ≤ 25
⎛⎝°°°¡(+) −

¢−1
 0+

°°°6
2
+

°°°°°°
∞X
=0

 0+−

°°°°°°
6

2

⎞⎠
so that

 k k62 ≤ 32
°°°¡(+) −

¢−1
 0+

°°°6
2
+ 32

°°°°°°
∞X
=0

 0+−

°°°°°°
6

2

(19)

Focusing first on the first term on the right-hand side of the inequality (19), we note that°°°¡(+) −
¢−1

 0+
°°°6
2
=

³
0+

¡
(+) −

¢−10 ¡
(+) −

¢−1
 0+

´3
=

µ
0+

h¡
(+) −

¢ ¡
(+) −

¢0i−1
 0+

¶3

≤
⎛⎝ 1

min

n¡
(+) −

¢ ¡
(+) −

¢0o
⎞⎠3 ¡0+ 0+¢3

=

⎛⎝ 1

min

n¡
(+) −

¢ ¡
(+) −

¢0o
⎞⎠3 ¡0¢3

Now, by Assumption 2-7, there exists a constant   0 such that

min

n¡
(+) −

¢ ¡
(+) −

¢0o
= min

n¡
(+) −

¢0 ¡
(+) −

¢o
= 2min

¡
(+) −

¢
≥ 2min

¡
(+) −

¢
≥  [1− max]

2

 0

where max = max {|max ()|  |min ()|} and where 0  max  1 since, by Assumption 2-1, all

eigenvalues of  have modulus less than 1. It follows by Assumption 2-5 that, there exists a positive
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constant 1 such that

°°°¡(+) −
¢−1

 0+
°°°6
2
≤

⎛⎝ 1

min

n¡
(+) −

¢ ¡
(+) −

¢0o
⎞⎠3 ¡0¢3

≤ kk62
3 [1− max]

6
≤ 1 ∞.

To show the boundedness of the second term on the right-hand side of the inequality (19), let

(+) be a (+) × 1 elementary vector whose  component is 1 and all other components
are 0 for  ∈ {1 2  (+) }, and note that°°°°°°

∞X
=0

 0+−

°°°°°°
2

2

=

(+)X
=1

⎛⎝ ∞X
=0

0(+)
 0+−

⎞⎠2

=

(+)X
=1

∞X
=0

∞X
=0

0(+)
 0+−

0
−+

¡
0
¢

(+)

from which we obtain, by applying the inequality
¯̄̄X

=1


¯̄̄
≤ −1X

=1
|| for  ≥ 1

°°°°°°
∞X
=0

 0+−

°°°°°°
6

2

=

⎡⎣(+)X
=1

⎛⎝ ∞X
=0

0(+)
 0+−

⎞⎠2⎤⎦3

≤ [(+) ]2
(+)X
=1

⎛⎝ ∞X
=0

0(+)
 0+−

⎞⎠6

= [(+) ]2
(+)X
=1

⎧⎨⎩
∞X
=0

∞X
=0

∞X
=0

∞X
=0

∞X
=0

∞X
=0

0(+)
 0+−

0
−+

¡
0
¢

(+)

×0(+) 0−
0
−+

¡
0
¢
(+)

0
(+)

 0+−
0
−

¡
0
¢
(+)

o

41



Hence,



°°°°°°
∞X
=0

 0+−

°°°°°°
6

2

≤ [(+) ]2
(+)X
=1

∞X
=0


¯̄̄
0(+)

 0+−
¯̄̄6

+ [(+) ]2
(+)X
=1

µ
6

3

¶⎛⎝ ∞X
=0


¯̄̄
0(+)

 0+−
¯̄̄3⎞⎠2

+ [(+) ]2
(+)X
=1

µ
6

2

¶µ
4

2

¶⎛⎝ ∞X
=0


¯̄̄
0(+)

 0+−
¯̄̄2⎞⎠3

+ [(+) ]2
(+)X
=1

µ
6

4

¶ ∞X
=0


¯̄̄
0(+)

 0+−
¯̄̄4 ∞X

=0


¯̄̄
0(+)

 0+−
¯̄̄2

= [(+) ]2
(+)X
=1

∞X
=0


¯̄̄
0(+)

 0+−
¯̄̄6

+20 [(+) ]2
(+)X
=1

⎛⎝ ∞X
=0


¯̄̄
0(+)

 0+−
¯̄̄3⎞⎠2

+90 [(+) ]2
(+)X
=1

⎛⎝ ∞X
=0


¯̄̄
0(+)

 0+−
¯̄̄2⎞⎠3

+15 [(+) ]2
(+)X
=1

∞X
=0


¯̄̄
0(+)

 0+−
¯̄̄4 ∞X

=0


¯̄̄
0(+)

 0+−
¯̄̄2
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Next, applying the Cauchy-Schwarz inequality, we further obtain



°°°°°°
∞X
=0

 0+−

°°°°°°
6

2

≤ [(+) ]2
(+)X
=1

∞X
=0

h
0(+)

 0++
¡

¢0
(+)

i3
 k−k62

+20 [(+) ]2
(+)X
=1

⎛⎝ ∞X
=0

h
0(+)

 0++
¡

¢0
(+)

i 3
2
 k−k32

⎞⎠2

+90 [(+) ]2
(+)X
=1

⎛⎝ ∞X
=0

h
0(+)

 0++
¡

¢0
(+)

i
 k−k22

⎞⎠3

+15 [(+) ]2
(+)X
=1

⎧⎨⎩
∞X
=0

h
0(+)

 0++
¡

¢0
(+)

i2
 k−k42

×
∞X
=0

∙
0(+)

 0++
³

´0
(+)

¸
 k−k22

)

= [(+) ]2
(+)X
=1

∞X
=0

h
0(+)


¡

¢0
(+)

i3
 k−k62

+20 [(+) ]2
(+)X
=1

⎛⎝ ∞X
=0

h
0(+)


¡

¢0
(+)

i 3
2
 k−k32

⎞⎠2

+90 [(+) ]2
(+)X
=1

⎛⎝ ∞X
=0

h
0(+)


¡

¢0
(+)

i
 k−k22

⎞⎠3

+15 [(+) ]2
(+)X
=1

⎧⎨⎩
∞X
=0

h
0(+)


¡

¢0
(+)

i2
 k−k42

×
∞X
=0

∙
0(+)


³

´0
(+)

¸
 k−k22

)
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In addition, observe that, for every  ∈ {1 2  (+) }

0(+)

¡

¢0
(+)

≤ max

n

¡

¢0o

= max

n¡

¢0

o

= 2max
¡

¢

≤ max
n¯̄
max

¡

¢¯̄2


¯̄
min

¡

¢¯̄2o

(by Assumption 2-7)

= max
n
|max ()|2  |min ()|2

o
= 2max

where max = max {|max ()|  |min ()|} and where 0  max  1 given that Assumption 2-1

implies that all eigenvalues of  have modulus less than 1. Now, in light of Assumption 2-2(b), we

can let  ≥ 1 be a constant such that  k−k62 ≤  ∞, so that, by Liapunov’s inequality,

 k−k22 ≤
³
 k−k62

´ 1
3 ≤ 

1
3 ,  k−k32 ≤

³
 k−k62

´ 1
2 ≤ 

1
2 ,

 k−k42 ≤
³
 k−k62

´ 2
3 ≤ 

2
3 ,
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and, thus,



°°°°°°
∞X
=0

 0+−

°°°°°°
6

2

≤ [(+) ]2
(+)X
=1

∞X
=0

h
0(+)


¡

¢0
(+)

i3
 k−k62

+20 [(+) ]2
(+)X
=1

⎛⎝ ∞X
=0

h
0(+)


¡

¢0
(+)

i 3
2
 k−k32

⎞⎠2

+90 [(+) ]2
(+)X
=1

⎛⎝ ∞X
=0

h
0(+)


¡

¢0
(+)

i
 k−k22

⎞⎠3

+15 [(+) ]2
(+)X
=1

⎧⎨⎩
∞X
=0

h
0(+)


¡

¢0
(+)

i2
 k−k42

×
∞X
=0

∙
0(+)


³

´0
(+)

¸
 k−k22

)

≤  [(+) ]2

⎧⎨⎩
(+)X
=1

∞X
=0

6max + 20

(+)X
=1

⎛⎝ ∞X
=0

3max

⎞⎠2 + 90 (+)X
=1

⎛⎝ ∞X
=0

2max

⎞⎠3

+15

(+)X
=1

⎛⎝ ∞X
=0

4max

⎞⎠Ã ∞X
=0

2max

!⎫⎬⎭
≤  [(+) ]3

×
(

1

1− 6max
+ 20

µ
1

1− 3max

¶2
+ 90

µ
1

1− 2max

¶3
+ 15

µ
1

1− 4max

¶µ
1

1− 2max

¶)
≤ 2 ∞

for some constant such that

2

≥  [(+) ]3

×
(

1

1− 6max
+ 20

µ
1

1− 3max

¶2
+ 90

µ
1

1− 2max

¶3
+ 15

µ
1

1− 4max

¶µ
1

1− 2max

¶)
.
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Putting everything together, we see that

 k k62 ≤ 32
°°°¡(+) −

¢−1
 0+

°°°6
2
+ 32

°°°°°°
∞X
=0

 0+−

°°°°°°
6

2

≤ 32
¡
1 +2

¢
≤  ∞

for a constant  such that 0  32
¡
1 + 2

¢ ≤  ∞.
In addition, defineP(+) to be the (+) × (+)  permutation matrix such that

P(+)  =

⎛⎜⎝  
×1
 

×1

⎞⎟⎠ ; (20)

and let 0 =
µ

 0
×

¶
and 0 =

µ
0

×


¶
. Note that

0P(+)  =

µ
 0

×

¶⎛⎜⎝  
×1
 

×1

⎞⎟⎠ =  

0P(+)  =

µ
0

×


¶⎛⎜⎝  
×1
 

×1

⎞⎟⎠ =  .

so that

k k2 ≤
°°0°°2 °°P(+)°°2 k k2

=

q
max

¡


0


¢r
max

³
P 0
(+)

P(+)
´
k k2

=

q
max

¡
0

¢q
max

¡
(+)

¢ k k2
=

q
max ()

q
max

¡
(+)

¢ k k2
= k k2
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and

k k2 ≤
°°0°°2 °°P(+)°°2 k k2

=

q
max

¡


0


¢r
max

³
P 0
(+)

P(+)
´
k k2

=

q
max

¡
0

¢q
max

¡
(+)

¢ k k2
=

q
max ()

q
max

¡
(+)

¢ k k2
= k k2

It further follows that

 k k62 ≤  k k62 ≤  ∞ and  k k62 ≤  k k62 ≤  ∞. ¤

Lemma B-6: Suppose that Assumptions 2-1, 2-2(a)-(b), 2-3(a)-(c), 2-5, 2-7, and 2-10(b) hold.

Then, the following statements are true as 1  →∞

(a)

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0 +1

¯̄̄̄
¯̄ → 0.

(b)

max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠2 → 0

(c)

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

+1

¯̄̄̄
¯̄ → 0.

(d)

max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠2 → 0

(e)

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠¯̄̄̄¯̄ → 0
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Proof of Lemma B-6.

To show part (a), first write



⎧⎨⎩max1≤≤
max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0 +1

¯̄̄̄
¯̄ ≥ 

⎫⎬⎭
= 

⎧⎨⎩max1≤≤
max
∈

⎛⎝1


X
=1

1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠6 ≥ 6

⎫⎬⎭
≤ 

⎧⎨⎩max1≤≤
max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠6 ≥ 6

⎫⎬⎭
(by Jensen’s inequality)

≤ 

⎧⎨⎩
X

=1

X
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠6 ≥ 6

⎫⎬⎭
≤ 1

6
1



X
=1

X
=1

X
∈



⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠6
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Next, note that

1



X
=1

X
=1

X
∈



⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠6

≤ 1

61

X
=1

X
=1

X
∈

(−1)+1+−1X
=(−1)+


£
0 +1

¤6
+
20

61

X
=1

X
=1

X
∈

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

6=


£¯̄
0 +1

¯̄¤3

£¯̄
0 +1

¯̄¤3

+
15

61

X
=1

X
=1

X
∈

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

6=


£
0 +1

¤4

£
0 +1

¤2

+
15

61

X
=1

X
=1

X
∈

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

6=

(−1)+1+−1X
=(−1)+
 6=  6=

n

£
0 +1

¤2

£
0 +1

¤2
× £0 +1

¤2o
≤ 1

61

X
=1

X
=1

X
∈

(−1)+1+−1X
=(−1)+


h¡
0 

¢6i

£
6+1

¤

+
20

61

X
=1

X
=1

X
∈

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

6=

1

64

£
0 

0
 + 2+1

¤3

£
0 

0
 + 2+1

¤3

+
15

61

X
=1

X
=1

X
∈

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

6=


£
0 

0

¤2

£
4+1

¤

£
0 

0

¤

£
2+1

¤

+
15

61

X
=1

X
=1

X
∈

⎧⎪⎪⎨⎪⎪⎩
(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

6=


£
0 

0

¤

£
2+1

¤

£
0 

0

¤

£
2+1

¤

×
(−1)+1+−1X
=(−1)+
 6=  6=


£
0 

0

¤

£
2+1

¤⎫⎪⎪⎬⎪⎪⎭
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≤ 1

61

X
=1

X
=1

X
∈

(−1)+1+−1X
=(−1)+

kk62
h
k k62

i

£
6+1

¤

+
(20 · 16)
6461

X
=1

X
=1

X
∈

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

6=

n³

h¡
0 

¢6i
+

£
6+1

¤´

×
³

h¡
0 

¢6i
+

£
6+1

¤´o
+
15

61

X
=1

X
=1

X
∈

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

6=

n
kk42

h
k k42

i

£
4+1

¤
×kk22

h
k k22

i

£
2+1

¤o
+
15

61

X
=1

X
=1

X
∈

⎧⎨⎩
(−1)+1+−1X
=(−1)+

kk22
h
k k22

i

£
2+1

¤

×
(−1)+1+−1X
=(−1)+

6=

kk22
h
k k22

i

£
2+1

¤ (−1)+1+−1X
=(−1)+
 6=  6=

kk22
h
k k22

i

£
2+1

¤⎫⎪⎪⎬⎪⎪⎭
≤ 

µ
1

51
+ 5

1

41
+ 15

1

41
+ 15

1

31

¶
(applying Assumptions 2-2(b), Assumption 2-5, and Lemma B-5)

= 

µ
1

31

¶
.

It follows that



⎧⎨⎩max1≤≤
max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0 +1

¯̄̄̄
¯̄ ≥ 

⎫⎬⎭ = 

µ
1

31

¶
=  (1) .
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To show part (b), note that, for any   0



⎧⎨⎩max1≤≤
max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠2 ≥ 

⎫⎬⎭
= 

⎧⎪⎨⎪⎩max1≤≤
max
∈

¯̄̄̄
¯̄1

X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠2 ¯̄̄̄¯̄
3

≥ 3

⎫⎪⎬⎪⎭
≤ 

⎧⎨⎩max1≤≤
max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠6 ≥ 3

⎫⎬⎭
(by Jensen’t inequality)

≤ 

⎧⎨⎩
X

=1

X
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠6 ≥ 3

⎫⎬⎭
≤ 1

3
1



X
=1

X
=1

X
∈



⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠6

The rest of the proof for part (b) then follows in a manner similar to the argument given for part

(a) above.

To show part (c), first note that, for any   0,



⎧⎨⎩max1≤≤
max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

+1

¯̄̄̄
¯̄ ≥ 

⎫⎬⎭
= 

⎧⎨⎩max1≤≤
max
∈

⎛⎝1


X
=1

1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠6 ≥ 6

⎫⎬⎭
≤ 

⎧⎨⎩max1≤≤
max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠6 ≥ 6

⎫⎬⎭
(by convexity or Jensen’s inequality)

≤ 

⎧⎨⎩
X

=1

X
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠6 ≥ 6

⎫⎬⎭
≤ 1

6
1



X
=1

X
=1

X
∈



⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠6 (21)
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Now, there exists a constant 1  1 such that

1



X
=1

X
=1

X
∈



⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠6

≤ 1

61

X
=1

X
∈

⎧⎪⎪⎨⎪⎪⎩
(−1)+1+−1X

=(−1)+
≤≤≤≤≤

| []|

×
X

=1

| [+1+1+1+1+1+1]|
)

Next, note that, by repeated application of Hölder’s inequality, we have by Lemma B-5 that there

exists a positive constant  such that

X
=1

| [+1+1+1+1+1+1]|

≤
X

=1

¡

£
2+1

2
+1

2
+1

¤¢ 1
2
¡

£
2+1

2
+1

2
+1

¤¢ 1
2

≤
X

=1

µ©

£
6+1

¤ª 1
3

³

h
|+1+1|3

i´ 2
3

¶ 1
2
µ©


£
6+1

¤ª 1
3

³

h
|+1+1|3

i´ 2
3

¶1
2

≤
X

=1

"³©

£
6+1

¤ª 1
3
©

£
6+1

¤ª 1
3
©

£
6+1

¤ª 1
3

´ 1
2

×
³©


£
6+1

¤ª 1
3
©

£
6+1

¤ª 1
3
©

£
6+1

¤ª 1
3

´ 1
2

#

≤
X

=1

©

£
6+1

¤ª 1
6
©

£
6+1

¤ª1
6
©

£
6+1

¤ª 1
6
©

£
6+1

¤ª 1
6
©

£
6+1

¤ª 1
6
©

£
6+1

¤ª 1
6

≤  max
1≤≤

sup


£
6
¤

≤  ∞³
since, given that  = e

0
 ; 

£
6
¤ ≤  k k62 ≤  by Lemma B-5

where  is a constant not depending on  or 
¢
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Hence, we can write

1



X
=1

X
=1

X
∈



⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠6

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤

| []|

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤

¯̄

£


4


¤¯̄

+
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| []|

+
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| []|

+
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| []|
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≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤

¯̄

£


4


¤¯̄

+
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| []|

+
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| [{ − ()}]|

+
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| ()| | ()|

+
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| [{ − ()}]|

+
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| ()| | ()|

= T1 + T2 + T3 + T4 + T5 + T6 () . (22)
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Consider first T1. Note that

T1 =
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤

¯̄

£


4


¤¯̄

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤


£¯̄


4


¯̄¤

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤

³

h
||3

i´ 1
3
³

h
||6

i´ 2
3
(by Hölder’s inequality)

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤

µh

n
||6

oi 1
2
h

n
||6

oi 1
2

¶ 1
3 ³


h
||6

i´ 2
3

(by further application of Hölder’s inequality)

=
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤

³

n
||6

o´ 1
6
³

n
||6

o´ 1
6
³

h
||6

i´ 1
6

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤


1
2 (by Assumption 2-3(b))

≤ 1
3
2
1

51

= 

µ
1

51

¶
. (23)

Next, consider T2. For this term, note first that by Assumption 2-3(c), {}∞=−∞ is -mixing

with  mixing coefficient satisfying

 () ≤ 1 exp {−2}

for every . Since  ≤  (), it follows that {}∞=−∞ is -mixing as well, with  mixing

coefficient satisfying

 ≤ 1 exp {−2} for every .
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Hence, we apply Lemma B-3 with  = 54 and  = 6 to obtain

T2

=
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| []|

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

n
2
³
21−

4
5 + 1

´
[1 exp {−2 ( − )}]1−4

5
− 1
6

×
³
 ||

5
4

´ 4
5
³
 ||6

´ 1
6

¾
Next, by Liapunov’s inequality and Assumption 2-3(b), we obtain

³
 ||6

´ 1
6 ≤

³
 ||7

´ 1
7 ≤ 

1
7

Making use of this bound and by repeated application of Hölder’s inequality, we have

 ||
5
4

≤
h
 ||

25
12

i 3
5
h
 ||

25
8

i 2
5

≤
∙³

 ||
150
47

´ 47
72
³
 ||6

´ 25
72

¸ 3
5
∙³

 ||
25
4

´ 1
2
³
 ||

25
4

´ 1
2

¸ 2
5

≤
"µq

 ||
300
47

q
 ||

300
47

¶ 47
72 ³

 ||6
´ 25
72

# 3
5 ∙³

 ||
25
4

´ 1
2
³
 ||

25
4

´ 1
2

¸ 2
5

=
³
 ||

300
47

´ 141
720
³
 ||

300
47

´ 141
720
³
 ||6

´ 15
72
³
 ||

25
4

´ 1
5
³
 ||

25
4

´ 1
5

=

∙³
 ||

300
47

´ 47
300
³
 ||

300
47

´ 47
300

¸ 5
4
∙³

 ||6
´ 1
6

¸ 5
4
∙³

 ||
25
4

´ 4
25

¸ 5
4
∙³

 ||
25
4

´ 4
25

¸ 5
4

≤
∙³

 ||7
´ 1
7
³
 ||7

´ 1
7

¸ 5
4
∙³

 ||7
´ 1
7

¸ 5
4
∙³

 ||7
´ 1
7

¸ 5
4
∙³

 ||7
´ 1
7

¸ 5
4

≤ ¡

¢ 5
28
¡

¢ 5
28
¡

¢ 5
28
¡

¢ 5
28
¡

¢ 5
28 (by Assumption 2-3(b))

= 
25
28

Moreover, let 1 = − , 2 = − , and 3 = − , so that  = + 1,  = + 2 = + 1+ 2,

 =  + 3 =  + 1+ 2 + 3. Using these notations and the boundedness of  ||
5
4
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as shown above, we can further write

T2

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

n
2
³
21−

4
5 + 1

´
[1 exp {−2 ( − )}]1− 4

5
−1
6

×
³
 ||

5
4

´ 4
5
³
 ||6

´ 1
6

¾

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

2
³
2
1
5 + 1

´
[1 exp {−2 ( − )}] 130 

25
28

1
7

≤ 1
57
28

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

2
³
2
1
5 + 1

´
[1 exp {−2 ( − )}] 130

≤ ∗

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

exp
n
−2
30

3

o
µ
for some constant ∗ such that 2

³
2
1
5 + 1

´
1

57
28

1
30
1 ≤ ∗ ∞

¶

≤ ∗

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

∞X
3=1

3X
1=0

3X
2=0

exp
n
−2
30

3

o

≤ ∗

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

∞X
3=1

(3 + 1)
2 exp

n
−2
30

3

o

= ∗
1

31

⎡⎣ ∞X
3=1

23\ exp
n
−2
30

3

o
+ 2

∞X
3=1

3\ exp
n
−2
30

3

o
+

∞X
3=1

exp
n
−2
30

3

o⎤⎦
= 

µ
1

31

¶
(by Lemma B-1) . (24)
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Now, consider T3. Here, we can apply Lemma B-3 with  = 32 and  = 72 to obtain

T3 =
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| [{ − ()}]|

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

n
2
³
21−

2
3 + 1

´
[1 exp {−2 ( − )}]1−2

3
− 2
7

×
³
 |{ − ()}|

3
2

´ 2
3
³
 ||

7
2

´ 2
7

¾
Next, note that applications of Hölder’s inequality yield

 ||
7
2 ≤

³
 ||7

´ 1
2
³
 ||7

´ 1
2

≤ ¡

¢ 1
2
¡

¢ 1
2 (by Assumption 2-3(b))

=  ∞

and

 |{ − ()}|
3
2 ≤ 2

1
2

³
 ||

3
2 + ||

3
2

´
(by Loève’s  inequality)

≤ 2
3
2 ||

3
2

≤ 2
3
2

³
 ||3

´ 1
2
³
 ||3

´ 1
2

≤ 2
3
2

µ³
 ||6

´ 1
2
³
 ||6

´ 1
2

¶ 1
2
µ³

 ||6
´ 1
2
³
 ||6

´ 1
2

¶ 1
2

≤ 2
3
2

∙³
 ||6

´ 1
6
³
 ||6

´ 1
6
³
 ||6

´ 1
6
³
 ||6

´ 1
6

¸ 3
2

≤ 2
3
2

∙³
 ||7

´ 1
7
³
 ||7

´ 1
7
³
 ||7

´ 1
7
³
 ||7

´ 1
7

¸ 3
2

(by Liapunov’s inequality)

≤ 2
3
2

⎡⎣Ãsup


 ||7
! 4

7

⎤⎦
3
2

= 2
3
2

6
7 (by Assumption 2-3(b))
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Again, let 1 =  − , 2 =  − , and 3 =  − , so that  =  + 1,  = + 2 =  + 1+

2,  =  + 3 =  + 1+ 2 + 3. Using these notations and the boundedness of  ||
7
2 and

 |{ − ()}|
3
2 as shown above, we can further write

T3 =
1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| [{ − ()}]|

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

n
2
³
21−

2
3 + 1

´
[1 exp {−2 ( − )}]1− 2

3
−2
7

×
³
 |{ − ()}|

3
2

´ 2
3
³
 ||

7
2

´ 2
7

¾

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
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2
³
2
1
3 + 1

´
[1 exp {−2 ( − )}] 121

³
2
3
2

6
7

´ 2
3 ¡


¢ 2
7

≤ ∗
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≤≤≤≤≤
−≥max{−−}−0

exp
n
−2
21

2

o
µ
for some constant ∗ such that 4

³
2
1
3 + 1

´
1

13
7 

1
21
1 ≤ ∗ ∞

¶

≤ ∗
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X
=1

X
∈

(−1)+1+−1X
=(−1)+
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=(−1)+

(−1)+1+−1X
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∞X
2=1

2X
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2X
3=0

exp
n
−2
21

2

o
≤ ∗

1

31

∞X
2=1

(2 + 1)
2 exp

n
−2
21

2

o

= ∗
1

31

⎡⎣ ∞X
2=1

22 exp
n
−2
21

2

o
+ 2

∞X
2=1

2 exp
n
−2
21

2

o
+

∞X
2=1

exp
n
−2
21

2

o⎤⎦
= 

µ
1

31

¶
(by Lemma B-1) . (25)

Turning our attention to the term T4, note that, from the upper bounds given in the proofs of
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parts (a) and (c) of Lemma B-4, it is clear that there exists a positive constant  such that

1

41

(−1)+1+−1X
=(−1)+

≤≤≤

| ()| ≤ 

21

and

1

21

(−1)+1+−1X
=(−1)+

≤

| ()| ≤ 

1

from which it follows that

T4 =
1
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=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| ()| | ()|

≤ 1



X
=1

X
∈

⎛⎜⎜⎝ 1

41

(−1)+1+−1X
=(−1)+

≤≤≤

| ()|

⎞⎟⎟⎠
⎛⎜⎜⎝ 1

21

(−1)+1+−1X
=(−1)+

≤

| ()|

⎞⎟⎟⎠
≤ 1



X
=1

X
∈

µ


21

¶µ


1

¶
= 1

21

31

= 

µ
1

31

¶
. (26)

Consider now T5. In this case, we apply Lemma B-3 with  = 2 and  = 94 to obtain

T5 =
1
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X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

| [{ − ()}]|

≤ 1

61

X
=1

X
∈

(−1)+1+−1X
=(−1)+

≤≤≤≤≤
−≥max{−−}−0

n
2
³
21−

1
2 + 1

´
[1 exp {−2 (− )}]1− 1

2
− 4
9

×
³
 |{ − ()}|2

´ 1
2
³
 ||

9
4

´ 4
9

¾
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Next, by repeated application of Hölder’s inequality, we obtain

 ||
9
4

≤
h
 ||7

i 9
28
h
 ||

63
19

i 19
28

≤
h
 ||7

i 9
28

∙³
 ||

126
19

´ 1
2
³
 ||

126
19

´ 1
2

¸ 19
28

=
h
 ||7

i 9
28
³
 ||

126
19

´ 19
56
³
 ||

126
19

´ 19
56

=
h
 ||7

i 9
28

∙³
 ||

126
19

´ 19
126
³
 ||

126
19

´ 19
126

¸ 9
4

≤
h
 ||7

i 9
28

∙³
 ||7

´ 1
7
³
 ||7

´ 1
7

¸ 9
4

(by Liapunov’s inequality)

≤
Ã
sup


 ||7
! 27

28

≤ 
27
28 (by Assumption 2-3(b))

and

 |{ − ()}|2 ≤ 2
³
 ||2 + ||2

´
(by Loève’s  inequality)

≤ 4 ||2

≤ 4
³
 ||6

´ 1
3
³
 ||3

´ 2
3

≤ 4
³
 ||6

´ 1
3

µq
 ||6

q
 ||6

¶ 2
3

= 4

∙³
 ||6

´ 1
6

¸2 ∙³
 ||6

´ 1
6
³
 ||6

´ 1
6

¸2
≤ 4

∙³
 ||7

´ 1
7

¸2 ∙³
 ||7

´ 1
7
³
 ||7

´ 1
7

¸2
(by Liapunov’s inequality)

≤ 4

⎡⎣Ãsup


 ||7
! 1

7

⎤⎦6

≤ 4
6
7 (by Assumption 2-3(b))

Define again 1 = − , 2 =  − , and 3 =  − , so that  =  + 1,  = + 2 =  + 1+ 2,
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 =  + 3 =  + 1+ 2 + 3. Using these notations and the boundedness of  ||
9
4 and

 |{ − ()}|2 as shown above, we can further write
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≤ 1
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×
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´ 4
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≤ 1

61

X
=1

X
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³
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6
7
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1

o
µ
for some constant ∗ such that 4

³
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1
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´
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1
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¶
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∞X
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1X
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1X
3=0

exp
n
−2
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1

o
≤ ∗
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31

∞X
1=1
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n
−2
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1

o

= ∗
1

31

⎡⎣ ∞X
1=1

21 exp
n
−2
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1

o
+ 2

∞X
1=1

1 exp
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1

o
+

∞X
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exp
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1

o⎤⎦
= 

µ
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31

¶
(by Lemma B-1) (27)

Finally, consider T6. Note that, from the upper bounds given in the proofs of part (b) of Lemma
B-4, it is clear that there exists a positive constant  such that

1

31

(−1)+1+−1X
=(−1)+

≤≤

| ()| ≤ 

21
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and

1

31

(−1)+1+−1X
=(−1)+

≤≤

| ()| ≤ 

21

from which it follows that

T6 =
1
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
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
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µ

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¶µ


21

¶
= 1

21

41

= 

µ
1

41

¶
. (28)

It follows from expressions (21)-(28) that, for any   0,



⎧⎨⎩max1≤≤
max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

+1

¯̄̄̄
¯̄ ≥ 

⎫⎬⎭
≤ 1

6
1



X
=1

X
=1

X
∈



⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠6

≤ 1

4
(T1 + T2 + T3 + T4 + T5 + T6)

= 

µ
1

51

¶
+

µ
1

31

¶
+

µ
1

31

¶
+

µ
1

31

¶
+

µ
1

31

¶
+

µ
1

41

¶
= 

µ
1

31

¶
=  (1)

µ
by Assumption 2-10(b) which stipulates that

1

31
∼ 1

 31
→ 0

¶
which proves the required result.
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Turning our attention to part (d), note that, for any   0,



⎧⎨⎩max1≤≤
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∈
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
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3
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≤ 
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⎞⎠6 ≥ 3

⎫⎬⎭
(by Jensen’s inequality)

≤ 

⎧⎨⎩
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=1

X
∈

1


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⎛⎝ 1

1
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≤ 1

3
1


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=1

X
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+1

⎞⎠6 .
The rest of the proof for part (d) then follows in a manner similar to the argument given for part

(c) above.

For part (e), note that, by the Cauchy-Schwarz inequality,

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠¯̄̄̄¯̄
≤ max

1≤≤
max
∈

vuuut1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠2
vuuut1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠2

≤

⎧⎪⎨⎪⎩
vuuutmax
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠2

×

vuuutmax
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠2
⎫⎪⎬⎪⎭

=  (1) ,

where the convergence in probability to zero in the last line above follows from applying the results

in parts (b) and (c) of this lemma. ¤
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Lemma B-7: Suppose that Assumptions 2-1 and 2-7 hold. Then, the following statements are

true.

(a) There exists a positive constant † such that

k  k2 ≤ †max

where max = max {|max ()|  |min ()|} with 0  max  1.

(b) There exists a positive constant † such that

k k2 ≤ †max

where max is as defined in part (a).

Proof of Lemma B-7:

To proceed, recall first that the FAVAR model, i.e.,

 =  +   −1 +  −1 + 

 =  +  −1 + −1 +  ,

can be written in the companion form

  = + −1 +

where   =
³
 0

  0
−1 · · ·  0

−+2  0
−+1

´0
with  =

³
 0  0

´0
and where

 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝



0
...

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,  =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 2 · · · −1 

+ 0 · · · 0 0

0 +
. . .

... 0
...

. . .
. . . 0

...

0 · · · 0 + 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, and  =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝



0
...

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
with  =

³
0 0

´0
,  =

³
 0  0

´0
, and

 =

Ã
   

 

!
for  = 1  .
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Let P(+) be the (+) × (+)  permutation matrix defined by expression (20) in the proof
of Lemma B-5; and it is easy to see that  = P(+)P 0(+) has the partitioned form

 = P(+)P 0(+) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

11
×

12
×

21
(−1)×

22
(−1)×

31
×

32
×

41
(−1)×

42
(−1)×

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
where 11 =   and 12 =   , i.e., the first  rows of the matrix  as given by the submatrixh
   

i
.

Now, to show part (a), let  ∈ R such that kk2 = 1 and such that

k  k2 = 00    = max
kk2=1

00    = 001111

and let  =

µ
 0

×

¶0
. It follows that

k  k2 =

q
00   

=

q
001111

≤
q
001111 + 002121 + 003131 + 004141

=

q
00

0


=
q
00P(+)0P 0(+)P(+)P 0(+)

=
q
00P(+)0P 0(+)

¡
since P(+) is an orthogonal matrix

¢
≤

r
max
kk2=1

00
³
noting that

°°°P 0(+)°°°
2
=
q
00P(+)P 0(+) = 1

´
= kk2
= max ()

≤ †max (by Assumption 2-7)

where max = max {|max ()|  |min ()|}. Note further that 0  max  1 since, by Assumption

2-1, all eigenvalues of  have modulus less than 1.
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To show part (b), let e ∈ R such that kek2 = 1 and such that
k  k2 = e00  e = max

kk2=1
00   = e001212e

and let


(+)×

=

Ã
0



!
.

It follows that

k k2 =

qe00  e
=

qe001212e
≤

qe001212e + e002222e + e003232e + e004242e
=

qe000e
=

qe00P(+)0P 0(+)P(+)P 0(+)e
=

qe00P(+)0P 0(+)e ¡since P(+) is an orthogonal matrix¢
≤

r
max
kk2=1

00
³
noting that

°°°P 0(+)e°°°
2
=
qe00P(+)P 0(+)e = 1´

= kk2
= max ()

≤ †max (by Assumption 2-7)

where max = max {|max ()|  |min ()|}. As noted in the proof for part (a), 0  max  1 since,

by Assumption 2-1, all eigenvalues of  have modulus less than 1. ¤

Lemma B-8: Consider the linear process

 =

∞X
=0

Ψ−

Suppose the process satisfies the following assumptions

(i) Let {} is an independent sequence of random vectors with  [] = 0 for all . For some

  0, suppose that there exists a positive constant  such that

 kk1+2 ≤  ∞ for all 
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(ii) Suppose that  has p.d.f.  such that, for some positive constant  ∞,

sup


Z
| ( − )−  ()|  ≤ ||

whenever || ≤  for some constant   0.

(iii) Suppose that
∞X
=0

kΨk2 ∞

and

det

⎧⎨⎩
∞X
=0

Ψ


⎫⎬⎭ 6= 0 for all  with || ≤ 1

Under these conditions, suppose further that

∞X
=0

⎛⎝ ∞X
=

kΨk2

⎞⎠ 
1+

∞;

then, for some positive constant ,

 () ≤ 

∞X
=

⎛⎝ ∞X
=

kΨk2

⎞⎠ 
1+

where

 () = sup


£
sup

©¯̄

¡
|F 

−∞
¢−  ()

¯̄
:  ∈ F∞+

ª¤
.

with F 
−∞ = 

¡
 −2 −1 

¢
and F∞+ = 

¡
+ ++1 ++2 

¢
.

Remark: This is Theorem 2.1 of Pham and Tran (1985) restated here in our notation. For a

proof, see Pham and Tran (1985).

Lemma B-9: Let  be an ×  square matrix with (ordered) singular values given by

(1) () ≥ (2) () ≥ · · · ≥ () () ≥ 0.

Suppose that  is diagonalizable, i.e.,

 = Λ−1

where Λ is diagonal matrix whose diagonal elements are the eigenvalues of . Let the modulus of
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these eigenvalues be ordered as follows:

¯̄
(1) ()

¯̄
≥
¯̄
(2) ()

¯̄
≥ · · · ≥

¯̄
() ()

¯̄
.

Then, for  ∈ {1  } and for any positive integer , we have

 ()−1
¯̄
()

¡

¢¯̄ ≤ ()

¡

¢ ≤  ()

¯̄
()

¡

¢¯̄

where

 () = (1) ()(1)
¡
−1

¢
.

Proof of Lemma B-9: Observe first that we can assume, without loss of generality, that the

decomposition

 = Λ−1 =  ·  (1 2  ) · −1

is such that

 = () () for  = 1  

with ¯̄
(1) ()

¯̄
≥
¯̄
(2) ()

¯̄
≥ · · · ≥

¯̄
() ()

¯̄
.

This is because suppose we have the alternative representation where

 = eeΛe−1 = e ·  ³e1 e2  e´ · e−1
and where e 6= () () for at least some of the 

0. Then, we can always define a permutation

matrix P such that
P 0eΛP = Λ

so that, given that P is an orthogonal matrix, we have

 = eeΛe−1 = ePP 0eΛPP 0 e−1 = Λ−1

where  = eP and, thus, −1 = ³eP´−1 = P 0 e−1.
Next, note that, for any positive integer ,

 = Λ−1 × Λ−1 × · · · × Λ−1 = Λ−1
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where

Λ = 
³


1 


2  




´
= 

³



(1)
()  



(2)
()   



()
()

´
.

Moreover, since ()
¡

¢
= 



()
() for any  ∈ {1 }, we also have

Λ = 
³


1 


2  




´
= 

¡
(1)

¡

¢
 (2)

¡

¢
  ()

¡

¢¢
.

In addition, let () (
) denote the complex conjugate of ()

¡

¢
for  ∈ {1 }, and note

that, by definition,

()
¡
Λ
¢
=

q
() (

)() (
) =

¯̄
()

¡

¢¯̄

Since
¯̄
()

¡

¢¯̄
=
¯̄̄



()
()

¯̄̄
=
¯̄
() ()

¯̄
, the ordering

¯̄
(1) ()

¯̄
≥
¯̄
(2) ()

¯̄
≥ · · · ≥

¯̄
() ()

¯̄
implies that ¯̄

(1)
¡

¢¯̄ ≥ ¯̄(2) ¡

¢¯̄ ≥ · · · ≥ ¯̄() ¡
¢¯̄

and, thus,

(1)
¡
Λ
¢ ≥ (2)

¡
Λ
¢ ≥ · · · ≥ ()

¡
Λ
¢

for any positive integer .

Now, apply the inequality

(+−1) () ≤ () ()() ()

for   ∈ {1  } and +  ≤ + 1; we have

()
¡

¢
= ()

¡
Λ−1

¢
≤ ()

¡
Λ

¢
(1)

¡
−1

¢
≤ ()

¡
Λ
¢
(1) ()(1)

¡
−1

¢
= (1) ()(1)

¡
−1

¢ ¯̄
()

¡

¢¯̄

=  ()
¯̄
()

¡

¢¯̄
for any  ∈ {1  }
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Moreover, for any  ∈ {1  },
¯̄
()

¡

¢¯̄

= ()
¡
Λ
¢

= ()
¡
−1Λ−1

¢
= ()

¡
−1

¢
≤ (1)

¡
−1

¢
()

¡

¢
(1) ()

or ¯̄
()

¡

¢¯̄

 ()
=

¯̄
()

¡

¢¯̄

(1) ()(1) (
−1)
≤ ()

¡

¢

Putting these two inequalities together, we have, for any  ∈ {1  } and for all positive integer
,

 ()−1
¯̄
()

¡

¢¯̄ ≤ ()

¡

¢ ≤  ()

¯̄
()

¡

¢¯̄
. ¤

Remark: Note that the case where  = 1 in Lemma B-9 has previously been obtained in Theorem

1 of Ruhe (1975). Hence, Lemma B-9 can be viewed as providing an extension to the first part of

that theorem.

Lemma B-10: Let  be such that ||  1. Then,
∞X
=0

( + 1)  =
1

(1− )2
∞

Proof of Lemma B-10: Define

 () = 1 + + 2 + · · ·+  =
1− +1

1− 
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Note that

0 () = 1 + 2+ 32 + · · ·+ −1

= −(+ 1) 


1− 
+
1− +1

(1− )2

=
1− +1 − (+ 1)  (1− )

(1− )2

=
1− +1 − (+ 1)  + (+ 1) +1

(1− )2

=
1− (+ 1)  + +1

(1− )2

=
1−  −  (1− )

(1− )2

It follows that

0 () =
−1X
=0

( + 1)  =
1−  −  (1− )

(1− )2
→ 1

(1− )2
as →∞. ¤

Lemma B-11: Let  = (
0
  

0
)
0
be generated by the factor-augmented VAR process

+1 = +1 + · · ·+−+1 + +1

described in section 2 of the main paper. Under Assumptions 2-1, 2-2(a)-(c), and 2-7; {} is a
-mixing process with -mixing coefficient  () such that

 () ≤ 1 exp {−2}

for some positive constants 1 and 2. Here,

 () = sup


£
sup

©¯̄

¡
|A

−∞
¢−  ()

¯̄
:  ∈ A∞+

ª¤
with A−∞ =  (−2−1) and A∞+ =  (+++1++2 ).

Proof of Lemma B-11:

To prove this lemma, we shall verify the conditions of Lemma B-8 given above for the vector
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moving-average representation of , i.e.,

 = +
¡
(+) −

¢−1
 0++

∞X
=0

+
 0+− = ∗ +

∞X
=0

Ψ− ,

where

∗ = +
¡
(+) −

¢−1
 0+, Ψ = +

 0+ ,

+
(+)×(+)

=
h
+ 0 · · · 0 0

i
, and  =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 2 · · · −1 

+ 0 · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . .

...

0 · · · 0 + 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
To proceed, set

 =

∞X
=0

Ψ− (29)

and note first that, setting  = 5 in Lemma B-8, and we see that Assumptions (i) and (ii) of Lemma

B-8 are the same as the conditions specified in Assumption 2-2 (a)-(c). Next, note that, since in

this case Ψ = +
 0+ , we have

kΨk2 ≤ k+k2
°°

°°
2

°° 0+°°2
≤

q
max

¡
 0++

¢µq
max

©
()

0

ª¶q

max
¡
+

0
+

¢
= max

¡
+

0
+

¢µq
max

©
()

0

ª¶

=

q
max

©
()

0

ª

= max
¡

¢

≤ 
£
max

©¯̄
max

¡

¢¯̄

¯̄
min

¡

¢¯̄ª¤

(by Assumption 2-7)

=  [max {|max ()|  |min ()|}]

= max

where max = max {|max ()|  |min ()|} and where 0  max  1 since, by Assumption 2-1, all
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eigenvalues of  have modulus less than 1. It follows that

∞X
=0

kΨk2 ≤ 

∞X
=0

max =


1− max
∞.

Moreover, by Assumption 2-1,

det
©
(+) −1 − · · ·−


ª 6= 0 for all  such that || ≤ 1

and, by definition,

∞X
=0

Ψ
 = Ψ () =

¡
(+) −1 − · · ·−


¢−1

for all  such that || ≤ 1

so that

Ψ ()
¡
(+) −1 − · · ·−


¢
= (+) for all  such that || ≤ 1

In addition, since

det {Ψ ()}det©(+) −1 − · · ·−

ª

= det
©
Ψ ()

¡
(+) −1 − · · ·−


¢ª

= det
©
(+)

ª
= 1,

it follows that

det

⎧⎨⎩
∞X
=0

Ψ


⎫⎬⎭ = det {Ψ ()}

=
1

det
©
(+) −1 − · · ·−

ª
6= 0 for all  such that || ≤ 1.
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Finally, note that, setting  = 5,

∞X
=0

⎛⎝ ∞X
=

kΨk2

⎞⎠ 
1+

=

∞X
=0

⎛⎝ ∞X
=

kΨk2

⎞⎠ 5
6

≤
∞X
=0

⎛⎝ ∞X
=

max

⎞⎠ 5
6

= 
5
6

∞X
=0

⎛⎝ ∞X
=

max

⎞⎠ 5
6

≤ 
5
6

∞X
=0

∞X
=

µ

5
6
max

¶

Ã
by the inequality

¯̄̄̄
¯
X
=1



¯̄̄̄
¯


≤ 

X
=1

|| where  = 1 for  ≤ 1
!

= 
5
6

∞X
=0

( + 1)

µ

5
6
max

¶

= 
5
6

∙
1− 

5
6
max

¸−2
(by Lemma B-10)

 ∞
µ
since 0  

5
6
max  1 given that 0  max  1

¶
.

Hence, all conditions of Lemma B-8 are fulfilled. Applying Lemma B-8, we then obtain that
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there exists a constant  such that

 () ≤ 

∞X
=

⎛⎝ ∞X
=

kΨk2

⎞⎠ 5
6

≤ 

∞X
=

⎛⎝ ∞X
=

max

⎞⎠ 5
6

= 
5
6

∞X
=

⎛⎝ ∞X
=

max

⎞⎠ 5
6

≤ 
5
6

∞X
=

∞X
=

µ

5
6
max

¶

= 
5
6

µ

5
6
max

¶ ∞X
=0

( + 1)

µ

5
6
max

¶

= 
5
6

µ

5
6
max

¶ ∙
1− 

5
6
max

¸−2
= 

5
6

∙
1− 

5
6
max

¸−2
exp

½
−
∙
5

6
|lnmax|

¸


¾
(since 0  max  1)

≤ 1 exp {−2}→ 0 as →∞.

for some positive constants 1 and 2 such that

1 ≥ 
5
6

∙
1− 

5
6
max

¸−2
and 2 ≤ 5

6
|lnmax|

It follows that the process {} (as defined in expression (29)) is  mixing with beta coefficient
 () satisfying

 () ≤ 1 exp {−2} .

Since

 = ∗ +
∞X
=0

Ψ− = ∗ + 

and since ∗ is a nonrandom parameter, we can then apply part (a) of Lemma B-2 to deduce that

{} is a  mixing process with  coefficient  () satisfying the inequality

 () ≤ 1 exp {−2} . ¤
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Lemma B-12: Let   =
³
 0  0−1 · · ·  0−+2  0−+1

´0
and

  =
³
 0  0−1 · · ·  0−+2  0−+1

´0
. Under Assumptions 2-1, 2-2(a)-(c), 2-5, 2-7, and 2-

10(b); the following statements are true as  →∞

(a)

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0
¡
 

0
 −

£
 

0


¤¢
 

¯̄̄̄
¯̄ → 0

(b)

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0
¡
 

0
 −

£
 

0


¤¢
 

¯̄̄̄
¯̄ → 0

(c)

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0 (  − [ ])

¯̄̄̄
¯̄ → 0

(d)

max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0
©
(  − [ ]) +

¡
 

0
 −

£
 

0


¤¢
 

+
¡
 

0
 −

£
 

0


¤¢
 

ª¢2
→ 0

(e) There exists a positive constant  such that

max
1≤≤

max
∈

µ


21

¶

= max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0
©
 [ ] +

£
 

0


¤
  +

£
 

0


¤
 

ª⎞⎠2

= max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 [ +1]

⎞⎠2
≤  ∞
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(f)

max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠2 =  (1) .

(g)

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

⎧⎨⎩
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 (  − [ ])

+
1

1

(−1)+1+−1X
=(−1)+

©
0
¡
 

0
 −

£
 

0


¤¢
  + 0

¡
 

0
 −

£
 

0


¤¢
 

ª⎫⎬⎭
⎞⎠

×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

©
0 [ ] + 0

£
 

0


¤
  + 0

£
 

0


¤
 

ª⎞⎠⎫⎬⎭
¯̄̄̄
¯̄

→ 0

(h)

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠¯̄̄̄¯̄
→ 0

(i)

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠¯̄̄̄¯̄
→ 0

Proof of Lemma B-12:

To show part (a), note that, for any   0,
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

⎧⎨⎩max1≤≤
max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0
¡
 

0
 −

£
 

0


¤¢
 

¯̄̄̄
¯̄ ≥ 

⎫⎬⎭
= 

⎧⎨⎩max1≤≤
max
∈

⎛⎝1


X
=1

1

1

(−1)+1+−1X
=(−1)+

0
¡
 

0
 −

£
 

0


¤¢
 

⎞⎠2 ≥ 2

⎫⎬⎭
≤ 

⎧⎨⎩max1≤≤
max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0
¡
 

0
 −

£
 

0


¤¢
 

⎞⎠2 ≥ 2

⎫⎬⎭
(by Jensen’s inequality)

= 

⎧⎨⎩max∈
max
1≤≤

1



X
=1

⎛⎝0

⎡⎣ 1
1

(−1)+1+−1X
=(−1)+

¡
 

0
 −

£
 

0


¤¢
 

⎤⎦⎞⎠2 ≥ 2

⎫⎬⎭
≤ 

⎧⎨⎩max∈

X
=1

1



X
=1

⎛⎝0

⎡⎣ 1
1

(−1)+1+−1X
=(−1)+

¡
 

0
 −

£
 

0


¤¢
 

⎤⎦⎞⎠2 ≥ 2

⎫⎬⎭
≤ 

⎧⎨⎩max∈
kk22

X
=1

⎛⎝1

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(́31)

Let  be a ×1 elementary vector whose  component is 1 and all other components are 0, and
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note that

X
=1

⎛⎝1


X
=1

1

21

(−1)+1+−1X
=(−1)+

0 
h¡
 

0
 −

£
 

0


¤¢0 ¡
 

0
 −

£
 

0


¤¢i
 

⎞⎠
=

X
=1

⎛⎝ 1

21

X
=1

(−1)+1+−1X
=(−1)+

0 
h¡
 

0
 −

£
 

0


¤¢0 ¡
 

0
 −

£
 

0


¤¢i
0  

⎞⎠
=

X
=1

1

21

X
=1

⎛⎝(−1)+1+−1X
=(−1)+

0 
£
 

0
 

0


¤
0  

−
(−1)+1+−1X
=(−1)+

0 
£
 

0


¤

£
 

0


¤
0  

⎞⎠
≤

X
=1

1

21

X
=1

(−1)+1+−1X
=(−1)+


h
k k22

¡
0   

¢2i

≤
X

=1

1

21

X
=1

(−1)+1+−1X
=(−1)+

r

h
k k42

ir

³
0   

0

0
  

´2
(by CS inequality)
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(by part (a) of Lemma B-7 and by the fact that  is an elementary vector)
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µ
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¶
. (32)

for some positive constant  ≥ 
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†
¢2r


h
k k42
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
h
k k42

i
2max, which exists in light of

Lemma B-5 and the fact that 0  max  1 given Assumption 2-1.

To analyze the second term on the right-hand side of expression (31), note first that by Lemma

B-11,
©
( 0   0)

0ª
is -mixing with  mixing coefficient satisfying

 () ≤ 1 exp {−2} for some positive constants 1 and 2.

Since  ≤  (), it follows that  = (
0
  

0
)
0
is -mixing as well, with  mixing coefficient
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satisfying

 ≤ 1 exp {−2}

Moreover, by applying part (b) of Lemma B-2, we further deduce that  =  
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 ≤ 1 exp {−2 (− + 1)}
≤ ∗1 exp {−2}

for some positive constant ∗1 ≥ 1 exp {2 (− 1)}. Hence, we can apply Lemma B-3 with  = 3
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where  denotes the  mixing coefficient for the process {} and where, by our previous
calculations,


1
3

 ≤ (∗1)
1
3 exp

½
−2

3

¾
for all  sufficiently large.

It further follows that there exists a positive constant 3 such that
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where the last inequality stems from the fact that
X∞

=0
exp {− (23)} is a convergent geometric
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series given that 0  exp {− (23)}  1 for 2  0. Next, note that


¯̄̄
0 

¡
 

0
 −

£
 

0


¤¢0


¯̄̄3
≤ 22

n

¯̄
0   

0


¯̄3
+
¯̄

£
0   

0


¤¯̄3o
(by Loève’s  inequality)

≤ 22
n

¯̄
0   

0


¯̄3
+
¡

£¯̄
0   

0


¯̄¤¢3o
(by Jensen’s inequality)

≤ 22

⎧⎨⎩

¯̄̄̄
¯0   

0

0
  

2
+

0 
0


2

¯̄̄̄
¯
3

+
¡

£¯̄
0   

0


¯̄¤¢3⎫⎬⎭
≤ 4

22

8

h

¯̄
0   

0

0
  

¯̄3
+

¯̄
0 

0


¯̄3i
+4

Ãr

h
0   

0

0
  

iq
 [ 

0
]

!3
(by Loève’s  inequality and by the CS inequality)

≤ 2
¯̄
0 

0
  

¯̄3
 k k62 + 2 k k62 + 4

³
 k k22

´ 3
2 ¡

0 
0
  

¢ 3
2

³
 k k22

´ 3
2

≤ 2 kk62
³
†
´6

6max k k62 + 2 k k62 + 4
³
 k k22

´ 3
2 kk32

³
†
´3

3max

³
 k k22

´ 3
2

= 2
³
†
´6

6max k k62 + 2 k k62 + 4
³
 k k22

´ 3
2
³
†
´3

3max

³
 k k22

´ 3
2¡

since kk2 = 1 for every  ∈ {1  } given that ’s are elementary vectors
¢

≤ 4

for some positive constant 4 ≥ 2
¡
†
¢6
6max k k62+2 k k62+4

³
 k k22

´ 3
2 ¡

†
¢3
3max

³
 k k22

´ 3
2

which exists in light of Lemma B-5 and the fact that 0  max  1 given Assumption 2-1. In a
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Hence,
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It then follows from expressions (30), (31), (32), and (33) that
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Next, to show part (b), note that, for any   0,
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(by Assumption 2-5)
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Note first that
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Consider the first term on the majorant side of expression (35), whose order of magnitude we can
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analyze as follows
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(by part (b) of Lemma B-7 and by the fact that  is an elementary vector)
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for some positive constant  ≥ 
¡
†
¢2

h
k k42

i
2max, which exists in light of Lemma B-5 and

the fact that 0  max  1 given Assumption 2-1.

To analyze the second term on the right-hand side of expression (35), note first that by Lemma

B-11, {} is -mixing with  mixing coefficient satisfying

 () ≤ 1 exp {−2} for some positive constants 1 and 2.

Since  ≤  (), it follows that  is -mixing as well, with  mixing coefficient satisfying

 ≤ 1 exp {−2}
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Moreover, by applying part (b) of Lemma B-2, we further deduce that  =  
0

0
   is also

-mixing with  mixing coefficient satisfying

 ≤ 1 exp {−2 (− + 1)}
≤ ∗1 exp {−2}

for some positive constant ∗1 ≥ 1 exp {2 (− 1)}. Hence, we can apply Lemma B-3 with  = 3

and  = 3 to obtain
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where  denotes the alpha mixing coefficient for the process {} and where, by our previous
calculations,


1
3

 ≤ (∗1)
1
3 exp

½
−2

3

¾
for all  sufficiently large,

It further follows that there exists a positive constant 3 such that

∞X
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
1
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Next, note that
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since kk2 = 1 for every  ∈ {1  } given that ’s are elementary vectors

¢
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for some positive constant 6 ≥ 2
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exists in light of Lemma B-5 and the fact that 0  max  1 given Assumption 2-1. In a similar

way, we can also show that there exists a positive constant 7 such that
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Hence,
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It then follows from expressions (34), (35), (36), and (37) that


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Now, to show part (c), note that, for any   0,
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Note that
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Consider the first term on the majorant side of expression (39), whose order of magnitude we can

analyze as follows
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k k22

≤ 
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µ
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¶
. (40)

for some positive constant  ≥ k k22
h
k k22

i
, which exists in light of Assumption 2-5 and

Lemma B-5.

To analyze the second term on the right-hand side of expression (39), note first that by the same
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argument as given for part (b) above, we can apply Lemma B-11 to deduce that {} is -mixing
and, thus, also -mixing with  mixing coefficient satisfying

 ≤ 1 exp {−2}

Hence, we can apply Lemma B-3 with  = 3 and  = 3 to obtain
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Moreover, there exists a positive constant 3 such that
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where again the last inequality stems from the fact that
X∞

=0
exp {− (23)} is a convergent

geometric series given that 0  exp {− (23)}  1 for 2  0. Next, note that
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+
³
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h
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which exists in light of the result

given in Lemma B-5. In a similar way, we can also show that there exists a positive constant 9
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such that
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Finally, by Assumption 2-5, there exists a positive constant 10 such that max1≤≤ 2 ≤ k k22 ≤
10 ∞. Hence,
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It then follows from expressions (38), (39), (40), and (41) that



⎧⎨⎩max1≤≤
max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0 (  − [ ])

¯̄̄̄
¯̄ ≥ 

⎫⎬⎭
≤ 

2

X
=1

⎛⎝1


X
=1

1

21

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

2
£
(  − [ ])

0 (  − [ ])
¤⎞⎠

≤ 

2

X
=1

⎛⎝1


X
=1

1

21

(−1)+1+−1X
=(−1)+

2
£
(  − [ ])

0 (  − [ ])
¤⎞⎠

+


2
1



X
=1

2

21

(−1)+1+−2X
=(−1)+

(−1)+1+−−1X
=1

¯̄

£
(  − [ ])

0 ¡ + −
£
 +

¤¢¤¯̄ X
=1

2

≤ 

2
1



X
=1



1
+



2
1



X
=1

∗

1

∞X
=1

exp

½
−2

3

¾

=


2
1

1
+

∗

2
1

1

∞X
=1

exp

½
−2

3

¾
= 

µ
1

1

¶
+

µ
1

1

¶
= 

µ
1

1

¶
=  (1) .

Turning our attention to part (d), note that, by apply Loève’s  inequality, we obtain
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It follows from the arguments given in the proofs of parts (a)-(c) above that, for any   0,


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as required.

For part (e), note that
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£
 

0


¤
0  

ª⎞⎠2

≤ max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

©

£¯̄
0 

¯̄¤ ¯̄


¯̄
+

£¯̄
0 

0

0
  

¯̄¤
+

£¯̄
0 

0

0
  

¯̄¤ª⎞⎠2
(by triangle and Jensen’s inequalities)

≤ max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

½q
kk22

q
 k k22 max

1≤≤
¯̄


¯̄
+

q
0 [ 

0
] 

r
max
1≤≤

0  [ 
0
]

0
  

+

q
0 [ 

0
] 

r
max
1≤≤

0  [ 
0
]

0
  

)!2

≤
µ
max
∈

kk22
¶
1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

½q
 k k22 max

1≤≤
¯̄


¯̄

+

q
 k k22

q
 k k22

r
max
1≤≤

0 
0
   + k k22

r
max
1≤≤

0 
0
  

)!2

≤
µ
max
∈

kk22
¶
1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

½q
 k k22 max

1≤≤
¯̄


¯̄

+

q
 k k22

q
 k k22†max

r
max
1≤≤

0 + k k22†max
r
max
1≤≤

0

)!2
(by Lemma B-7)

=

µ
max
∈

kk22
¶
1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

½q
 k k22 max

1≤≤
¯̄


¯̄
+

q
 k k22

q
 k k22†max + k k22†max

¾¶2
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≤
µ
max
∈

kk22
¶
1



X
=1

1

1

(−1)+1+−1X
=(−1)+

µq
 k k22 max

1≤≤
¯̄


¯̄
+

q
 k k22

q
 k k22†max + k k22†max

¶2
≤

µ
max
∈

kk22
¶
1



X
=1

1

1

(−1)+1+−1X
=(−1)+

µq
 k k22 k k22

+

q
 k k22

q
 k k22†max + k k22†max

¶2
≤  ∞

for some positive constant  such that

 ≥
µ
sup
∈

kk22
¶
 k k22

µ
k k22 +

q
 k k22†max +

q
 k k22†max

¶2
where such a constant exists in light of Assumption 2-5, Lemma B-5, and the fact that 0  max  1

given Assumption 2-1.
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To show part (f), note that

max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠2

≤ max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0
©
(  − [ ]) +

¡
 

0
 −

£
 

0


¤¢
 

+
¡
 

0
 −

£
 

0


¤¢
 

ª
+
1

1

(−1)+1+−1X
=(−1)+

0
©
 [ ] +

£
 

0


¤
  +

£
 

0


¤
 

ª⎞⎠2

≤ max
1≤≤

max
∈

2



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0
©
(  − [ ]) +

¡
 

0
 −

£
 

0


¤¢
 

+
¡
 

0
 −

£
 

0


¤¢
 

ª¢2
+ max
1≤≤

max
∈

2



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0
©
 [ ] +

£
 

0


¤
  +

£
 

0


¤
 

ª⎞⎠2
(by Loève’s  inequality)

=  (1) + (1) (applying the results given in parts (d) and (e) of this lemma)

=  (1) .

To show part (g), we apply the Cauchy-Schwarz inequality as well as parts (d) and (e) of this
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lemma to obtain

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

⎧⎨⎩
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

©
0 (  − [ ]) + 0

¡
 

0
 −

£
 

0


¤¢
 

+0
¡
 

0
 −

£
 

0


¤¢
 

ª¢
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

©
0 [ ] + 0

£
 

0


¤
  + 0

£
 

0


¤
 

ª⎞⎠⎫⎬⎭
¯̄̄̄
¯̄

≤ max
1≤≤

max
∈

1



X
=1

¯̄̄̄
¯̄
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

©
0 (  − [ ]) + 0

¡
 

0
 −

£
 

0


¤¢
 

+0
¡
 

0
 −

£
 

0


¤¢
 

ª¢
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

©
0 [ ] + 0

£
 

0


¤
  + 0

£
 

0


¤
 

ª⎞⎠¯̄̄̄¯̄
≤

⎡⎣max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

©
0 (  − [ ]) + 0

¡
 

0
 −

£
 

0


¤¢
 

+0
¡
 

0
 −

£
 

0


¤¢
 

ª¢2i12
×
⎡⎣max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

©
0 [ ] + 0

£
 

0


¤
  + 0

£
 

0


¤
 

ª⎞⎠2⎤⎦12
=  (1) (1)

=  (1) .

For part (h), we apply the Cauchy-Schwarz inequality as well as part (d) of Lemma B-6 and
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part (f) of this lemma to obtain

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠¯̄̄̄¯̄
≤ max

1≤≤
max
∈

1



X
=1

¯̄̄̄
¯̄
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠¯̄̄̄¯̄
≤

vuuutmax
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠2

×

vuuutmax
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠2
=  (1)  (1)

=  (1)

Finally, for part (i), we apply the Cauchy-Schwarz inequality as well as part (b) of Lemma B-6
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and part (f) of this lemma to obtain

max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠¯̄̄̄¯̄
≤ max

1≤≤
max
∈

1



X
=1

¯̄̄̄
¯̄
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠¯̄̄̄¯̄
≤

vuuutmax
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠2

×

vuuutmax
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠2
=  (1)  (1)

=  (1) . ¤

Lemma B-13: Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3(a)-(c), 2-5, 2-7, and 2-9 hold and

suppose that 1 2  →∞ such that 1
3
1 = 1 b1

0 c3 → 0. Then, the following statements

are true.

(a)

max
1≤≤

max
∈

¯̄̄̄
¯ − 



¯̄̄̄
¯ → 0

(b)

max
1≤≤

max
∈

¯̄̄̄
  − 



¯̄̄̄
→ 0

Proof of Lemma B-13:

To show part (a), note first that by applying parts (a) and (c) of Lemma B-6, parts (a)-(c) of
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Lemma B-12, and the Slutsky theorem; we obtain

max
1≤≤

max
∈

¯̄̄̄
¯ − 

1

¯̄̄̄
¯

= max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤

+
1



X
=1

1

1

(−1)+1+−1X
=(−1)+

0 +1 +
1



X
=1

1

1

(−1)+1+−1X
=(−1)+

+1

−1


X
=1

1

1

(−1)+1+−1X
=(−1)+

©
0 [ ] + 0

£
 

0


¤
  + 0

£
 

0


¤
 

ª¯̄̄̄¯̄
≤ max

1≤≤
max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0 (  − [ ])

¯̄̄̄
¯̄

+ max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0
¡
 

0
 −

£
 

0


¤¢
 

¯̄̄̄
¯̄

+ max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0
¡
 

0
 −

£
 

0


¤¢
 

¯̄̄̄
¯̄

+ max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0 +1

¯̄̄̄
¯̄

+ max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

+1

¯̄̄̄
¯̄

=  (1)

Moreover, by Assumption 2-9, there exist a positive constant  such that for all  and  sufficiently

large

min
1≤≤

min
∈

¯̄̄̄


1

¯̄̄̄

= min
1≤≤

min
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0
©
 [ ] +

£
 

0


¤
  +

£
 

0


¤
 

ª¯̄̄̄¯̄
≥   0
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It follows that

max
1≤≤

max
∈

¯̄̄̄
¯ − 



¯̄̄̄
¯ ≤ max

1≤≤
max
∈

¯̄̄̄
¯ − 

1

¯̄̄̄
¯  min1≤≤

min
∈

¯̄̄̄


1

¯̄̄̄
=  (1) .

Now, for part (b), note that, applying parts (d), (g), (h), and (i) of Lemma B-12, parts (b),

(d), and (e) of Lemma B-6, and the Slutsky theorem; we have
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max
1≤≤

max
∈

¯̄̄̄
  − 

21

¯̄̄̄

= max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0
©
(  − [ ]) +

¡
 

0
 −

£
 

0


¤¢
 

+
¡
 

0
 −

£
 

0


¤¢
 

ª¢2
+ max
1≤≤

max
∈

¯̄̄̄
¯̄2

X
=1

⎧⎨⎩
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0
©
(  − [ ]) +

¡
 

0
 −

£
 

0


¤¢
 

+
¡
 

0
 −

£
 

0


¤¢
 

ª¢
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0
©
 [ ] +

£
 

0


¤
  +

£
 

0


¤
 

ª⎞⎠⎫⎬⎭
¯̄̄̄
¯̄

+ max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠2

+ max
1≤≤

max
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠2

+2 max
1≤≤

max
∈

¯̄̄̄
¯̄1

X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠¯̄̄̄¯̄
+2 max

1≤≤
max
∈

¯̄̄̄
¯̄1

X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

+1

⎞⎠¯̄̄̄¯̄
+2 max

1≤≤
max
∈

¯̄̄̄
¯̄1

X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 

£
 +  0  +  0 

¤⎞⎠
×
⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0 +1

⎞⎠¯̄̄̄¯̄
=  (1)
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Moreover, note that, for all  and  sufficiently large,

min
1≤≤

min
∈



21

= min
1≤≤

min
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

©
0 [ ] + 0

£
 

0


¤
  + 0

£
 

0


¤
 

ª⎞⎠2

= min
1≤≤

min
∈

1



X
=1

⎛⎝ 1

1

(−1)+1+−1X
=(−1)+

0
©
 [ ] +

£
 

0


¤
  +

£
 

0


¤
 

ª⎞⎠2

≥ min
1≤≤

min
∈

⎛⎝1


X
=1

1

1

(−1)+1+−1X
=(−1)+

0
©
 [ ] +

£
 

0


¤
  +

£
 

0


¤
 

ª⎞⎠2
(by Jensen’s inequality)

= min
1≤≤

min
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0
©
 [ ] +

£
 

0


¤
  +

£
 

0


¤
 

ª¯̄̄̄¯̄
2

=

⎛⎝ min
1≤≤

min
∈

¯̄̄̄
¯̄1

X
=1

1

1

(−1)+1+−1X
=(−1)+

0
©
 [ ] +

£
 

0


¤
  +

£
 

0


¤
 

ª¯̄̄̄¯̄
⎞⎠2

≥ 2  0 (by Assumption 2-9) .

It follows that

max
1≤≤

max
∈

¯̄̄̄
  − 



¯̄̄̄
≤ max
1≤≤

max
∈

¯̄̄̄
  − 

21

¯̄̄̄
 min
1≤≤

min
∈

µ


21

¶
=  (1) . ¤

Lemma B-14: Let   ∈ R such that  ≥ 0 and  ≥ 0. Then,¯̄̄√
−
√

¯̄̄
≤
p
|− |
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Proof of Lemma B-14: Note that³√
−
√

´2

= − 2√
√
+ 

=
√

³√

−
√

´
+
√

³√

−√
´

≤ √

¯̄̄√

−
√

¯̄̄
+
√

¯̄̄√

−√
¯̄̄

=
³√

+
√

´ ¯̄̄√

−
√

¯̄̄

=
¯̄̄³√

+
√

´³√

−
√

´¯̄̄

= |− |

Taking principal square root on both sides, we obtain¯̄̄√
−
√

¯̄̄
≤
p
|− |. ¤

Lemma B-15:



(
\
=1



)
≥

X
=1

 ()− (− 1)

Proof of Lemma B-15:



(
\
=1



)
= 1− 

(Ã
\
=1



!)

= 1− 

(
[
=1




)
(by DeMorgan’s Law)

≥ 1−
X
=1

 (
 )

= 1−
X
=1

[1−  ()]

=

X
=1

 ()−+ 1

=

X
=1

 ()− (− 1) . ¤

Lemma B-16:

(a) For   0,

Φ () = 1−Φ () ≤  ()



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where  () and Φ () denote, respectively, the pdf and the cdf of a standard normal random

variable.

(b) Let  = 1 + 2. Specify  such that  → 0 as 1 2 → ∞ and such that, for some

constant   0,

 ≥ 1



for all 1 2 sufficiently large. Then, for all 1 2 sufficiently large such that

1− 

2
≥ Φ (2)

we have

Φ−1
³
1− 

2

´
≤
p
2 (1 + )

√
ln .

Proof of Lemma B-16:

(a)

1−Φ () =

Z ∞



1√
2
exp

½
−

2

2

¾


=

Z ∞



1



√
2
exp

½
−

2

2

¾


≤ 1



Z ∞



√
2
exp

½
−

2

2

¾


Let

 = −
2

2
and  = −

so that Z ∞



√
2
exp

½
−

2

2

¾
 = −

Z −∞

− 2

2

1√
2
exp {} 

=

Z − 2

2

−∞

1√
2
exp {} 

=
1√
2
exp

½
−

2

2

¾
=  ()

It follows that

Φ () = 1−Φ () ≤  ()


.
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(b) Let   0 and let

Φ () = Pr ( ≤ ) = 1− 

2

Note that

Φ−1 (Φ ()) = Φ−1
³
1− 

2

´
= 

and, by the result given in part (a) above,

1−Φ () = 1−
³
1− 

2

´
=



2
≤  ()



The latter inequality implies that

 ≤  ()
2



so that

ln  ≤ ln () + ln 2 + ln

µ




¶
= −1

2
2 − 1

2
ln 2− 1

2
ln + ln 2 + ln

µ




¶
= −1

2
2 +

1

2
ln 2− 1

2
ln + ln

µ




¶
 −1

2
2 +

1

2
ln 2 + ln

µ




¶
 −1

2
2 + ln 2 + ln

µ




¶
or

2 ≤ 2 (ln 2− ln ) + 2 ln
µ




¶
= 2 ln

µ
2



¶
+ 2 ln

µ




¶
≤ 2 ln

µ




¶
for any  = Φ−1

³
1− 

2

´
≥ 2

so that

 ≤
√
2

s
ln

µ




¶
for any  = Φ−1

³
1− 

2

´
≥ 2

Hence, for 1 2 sufficiently large so that

1− 

2
≥ Φ (2) or, equivalently,  = Φ−1

³
1− 

2

´
≥ 2,

111



we have

Φ−1
³
1− 

2

´
= 

≤
√
2

s
ln

µ




¶
=
√
2
p
ln − ln

=
√
2
√
ln

r
1− ln

ln

≤
√
2
√
ln

r
1− ln

−

ln

=
p
2 (1 + )

√
ln . ¤

Lemma B-17: Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3(a)-(c) 2-4, 2-5, 2-7, and 2-8 hold.

Let Φ (·) denote the cumulative distribution function of the standard normal random variable.

Then, there exists a positive constant  such that

 (| | ≥ ) ≤ 2 [1−Φ ()]
n
1 + (1 + )3 −(1−1)

1
2

o
(42)

for

 ∈  = { ∈ {1  } :  = 0} ,

for  ∈ {1  }, for  sufficiently large, and for all  such that

0 ≤  ≤ 0min
n
 (1−1)

1
6  

2
2

o
with 0 being a positive constant.

Proof of Lemma B-17:

Note first that, for any  such that

 ∈  = { ∈ {1  } :  = 0} 

the formula for  reduces to

 =

⎛⎝ X
=1

⎡⎣(−1)+1+−1X
=(−1)+

+1

⎤⎦2⎞⎠−
1
2

X
=1

(−1)+1+−1X
=(−1)+

+1.
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Hence, to verify the conditions of Theorem 4.1 of Chen, Shao, Wu, and Xu (2016), we set  =

+1, and note that

 [] =  [+1]

=  [ [] +1] (by the law of iterated expectations

given the independence of  and +1 in light of Assumption 2-4)

= 0 (by Assumption 2-3(a))

so that the first part of condition (4.1) of Chen, Shao, Wu, and Xu (2016) is fulfilled. Moreover,

in light of Assumptions 2-3(b) and Lemma B-5, we see that there exists some positive constant 1

such that, for  ∈ {1 },


h
||

31
10

i
= 

h
|+1|

31
10

i
≤

³
 ||

186
29

´ 29
60
³
 |+1|6

´ 31
60

(by Hölder’s inequality)

≤
∙³

 ||
186
29

´ 29
186

¸ 31
10

⎡⎣
⎛⎝ X

=1

−1X
=0

2+1−

⎞⎠3⎤⎦
31
60

≤
∙³

 ||7
´ 1
7

¸ 31
10
∙³


°° +1

°°6
2

´ 1
6

¸ 31
10

(by Liapunov’s inequality)

≤ 
31
10
1

Hence, the second part of condition (4.1) of Chen, Shao, Wu, and Xu (2016) is also fulfilled with

 = 31
10

 2. Moreover, note that, by Assumption 2-8, for all  ≥ 1, 1 ≥ 1, and 2 =  − 1 ≥ 1



⎧⎨⎩
⎡⎣ 1√

1

(−1)+1+−1X
=(−1)+



⎤⎦2⎫⎬⎭ = 

⎧⎨⎩
⎡⎣ 1√

1

(−1)+1+−1X
=(−1)+

+1

⎤⎦2⎫⎬⎭
=

1

1

(−1)+1+−1X
=(−1)+

(−1)+1+−1X
=(−1)+

 {+1+1}

≥ 

or



⎧⎨⎩
⎡⎣(−1)+1+−1X

=(−1)+


⎤⎦2⎫⎬⎭ = 

⎧⎨⎩
⎡⎣(−1)+1+−1X

=(−1)+
+1

⎤⎦2⎫⎬⎭ ≥ 1,
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so that condition (4.2) of Chen, Shao, Wu, and Xu (2016) is also satisfied. Finally, by Lemma

B-11, Assumption 2-3(c), and Assumption 2-4;
©
(+1 )

0ª is  mixing with  mixing coefficient
satisfying

 () ≤ 1 exp {−2}

for some constants 1  0 and 2  0. It follows by part (a) of Lemma B-2 that {} (with
 = +1) satisfies the  mixing condition (2.1) stipulated in Chen, Shao, Wu, and Xu (2016)

for all  ∈ . Hence, by applying Theorem 4.1 of Chen, Shao, Wu, and Xu (2016) for the case

where  = 11, we obtain the Cramér-type moderate deviation result



½


q
  ≥ 

¾
1−Φ () = 1 + (1) (1 + )3 −(1−1)

1
2 (43)

for all 0 ≤  ≤ 0min
n
 (1−1)

1
6  

2
2

o
and for | (1)| ≤  with  being an absolute constant.

In addition, note that



½


q
  ≤ −

¾
Φ (−) =



½
−

q
  ≥ 

¾
Φ (−)

=



½
−

q
  ≥ 

¾
1−Φ ()

Since

− =

X
=1

(−1)+1+−1X
=(−1)+

(−+1) ,

for this case, we can take  = −+1, and note that, trivially, by calculations similar to those
1Note that Theorem 4.1 of Chen, Shao, Wu, and Xu (2016) requires that 0   ≤ 1 and   −2. These conditions

are satisfied here given that we choose  = 1 and  = 3110.
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given above, we have

 [] =  [−+1] = 0

h
||

31
10

i
= 

h
|−+1|

31
10

i
= 

h
|+1|

31
10

i
≤ 

31
10
1 , and



⎧⎨⎩
⎡⎣(−1)+1+−1X

=(−1)+


⎤⎦2⎫⎬⎭ = 

⎧⎨⎩
⎡⎣(−1)+1+−1X

=(−1)+
(−+1)

⎤⎦2⎫⎬⎭
= 

⎧⎨⎩
⎡⎣(−1)+1+−1X

=(−1)+
+1

⎤⎦2⎫⎬⎭ ≥ 1.

Moreover, it is easily seen that {} (with  = −+1) also satisfies the  mixing condition
(2.1) stipulated in Chen, Shao, Wu, and Xu (2016) for every . Thus, by applying Theorem 4.1 of

Chen, Shao, Wu, and Xu (2016), we also obtain the Cramér-type moderate deviation result



½


q
  ≤ −

¾
Φ (−) = 1 + (1) (1 + )3 −(1−1)

1
2 (44)

for all 0 ≤  ≤ 0min
n


1−1
6  

2
2

o
and for | (1)| ≤  with  being an absolute constant.

115



Next, note that¯̄̄̄
 (| | ≥ )

2 [1−Φ ()] − 1
¯̄̄̄

=

¯̄̄̄
¯̄̄̄
µ¯̄̄̄


q
 

¯̄̄̄
≥ 

¶
2 [1−Φ ()] − 1

¯̄̄̄
¯̄̄̄

=

¯̄̄̄
¯̄̄̄
µ½



q
  ≥ 

¾
∪
½
−

q
  ≥ 

¾¶
2 [1−Φ ()] − 1

¯̄̄̄
¯̄̄̄

=

¯̄̄̄
¯̄̄̄
µ


q
  ≥ 

¶
+ 

µ
−

q
  ≥ 

¶
2 [1−Φ ()] − 1

¯̄̄̄
¯̄̄̄

µ
since

½


q
  ≥ 

¾
∩
½
−

q
  ≥ 

¾
= ∅

¶

=

¯̄̄̄
¯̄̄̄
µ


q
  ≥ 

¶
2 [1−Φ ()] − 1

2
+



µ


q
  ≤ −

¶
2Φ (−) − 1

2

¯̄̄̄
¯̄̄̄

=

¯̄̄̄
¯̄̄̄1
2

⎡⎢⎢⎣
µ


q
  ≥ 

¶
[1−Φ ()] − 1

⎤⎥⎥⎦+ 12
⎡⎢⎢⎣

µ


q
  ≤ −

¶
Φ (−) − 1

⎤⎥⎥⎦
¯̄̄̄
¯̄̄̄

≤ 1

2

¯̄̄̄
¯̄̄̄
µ


q
  ≥ 

¶
[1−Φ ()] − 1

¯̄̄̄
¯̄̄̄+ 1

2

¯̄̄̄
¯̄̄̄
µ


q
  ≤ −

¶
Φ (−) − 1

¯̄̄̄
¯̄̄̄
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so that in light of expressions (43) and (44), we have

¯̄̄̄
 (| | ≥ )

2 [1−Φ ()] − 1
¯̄̄̄
=

¯̄̄̄
¯̄̄̄
µ¯̄̄̄


q
 

¯̄̄̄
≥ 

¶
2 [1−Φ ()] − 1

¯̄̄̄
¯̄̄̄

≤ 1

2

¯̄̄̄
¯̄̄̄
µ


q
  ≥ 

¶
[1−Φ ()] − 1

¯̄̄̄
¯̄̄̄+ 1

2

¯̄̄̄
¯̄̄̄
µ


q
  ≤ −

¶
Φ (−) − 1

¯̄̄̄
¯̄̄̄

≤ 

2
(1 + )3 −(1−1)

1
2 +



2
(1 + )3 −(1−1)

1
2

=  (1 + )3 −(1−1)
1
2

It then follows that

− (1 + )3 −(1−1)
1
2 ≤  (| | ≥ )

2 [1−Φ ()] − 1 ≤  (1 + )3 −(1−1)
1
2 (45)

Focusing on the right-hand part of the inequality in (45), we have

 (| | ≥ )

2 [1−Φ ()] − 1 ≤  (1 + )3 −(1−1)
1
2

Simple rearrangement of the inequality above then leads to the desired result

 (| | ≥ ) ≤ 2 [1−Φ ()]
n
1 + (1 + )3 −(1−1)

1
2

o
,

which holds for

 ∈  = { ∈ {1  } :  = 0} ,

for  ∈ {1  }, for all  sufficiently large, and for all  such that

0 ≤  ≤ 0min
n


1−1
6  

2
2

o
. ¤

3 Appendix C: Supporting Lemmas Used in the Proofs of Theo-

rems 3 and 4

Derivation of the -step Ahead Forecasting Equation Given in Expression (23) of the

Main Paper:
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Consider the FAVAR process

+1 = +1 + · · ·+−+1 + +1, (46)

where  = ( 0   0)
0
. Suppose that equation (46) satisfies Assumptions 2-1 and 2-2 of the main

paper. Then, similar to a VAR process, we can rewrite this model in the companion form

  = + −1 +

where

  =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝



−1
...

−+2
−+1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
  =

Ã




!
  =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝



0
...

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,  =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝



0
...

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, and

 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 2 · · · −1 

+ 0 · · · · · · 0

0
. . .

. . .
...

...
. . .

. . .
. . .

...

0 · · · 0 + 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (47)

Successive substitution for the lagged   ’s gives

 + =

−1X
=0

+  +

−1X
=0

+−

Let


×(+)

=
h
 0 · · · 0

i
and +

(+)×(+)
=
h
+ 0 · · · 0

i
and note that

 + = +, ++− = +− ,
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and

 0+++− =

⎛⎜⎜⎜⎜⎜⎝
+ 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

+−
0
...

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

+−
0
...

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
Hence,

+ =  +

=

−1X
=0


+ 

  +

−1X
=0


 0+++−

=

−1X
=0


+ 

  +

−1X
=0


 0++− (48)

Furthermore, let P(+) be a permutation matrix such that

P(+)  =

Ã
 

 

!
, where   =

⎛⎜⎜⎝

...

−+1

⎞⎟⎟⎠ and   =

⎛⎜⎜⎝

...

−+1

⎞⎟⎟⎠ . (49)

and note that P(+) is an orthogonal matrix, so that P 0(+)P(+) = (+) = P(+)P 0(+).
Next, for  = 1  , let  be a × 1 elementary vector whose  component is 1 and all other
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components are 0; and define


(+)×

=

⎛⎝  ⊗ 

0
×

⎞⎠ , 

(+)×
=

⎛⎝ 0
×

 ⊗ 

⎞⎠ ,


(+)×
=

³
1 2 · · · 

´

=

⎛⎝ 1 ⊗  2 ⊗  · · ·  ⊗ 

0
×

0
×

· · · 0
×

⎞⎠
=

⎛⎝  ⊗ 

0
×

⎞⎠ =

⎛⎝ 

0
×

⎞⎠


(+)×

=
³
1 2 · · · 

´

=

⎛⎝ 0
×

0
×

· · · 0
×

1 ⊗  2 ⊗  · · ·  ⊗ 

⎞⎠
=

⎛⎝ 0
×

 ⊗ 

⎞⎠ =

⎛⎝ 0
×



⎞⎠
It follows that


(+)×(+)

=

µ


(+)×


(+)×

¶
=

⎛⎜⎝  0
×

0
×



⎞⎟⎠ = (+) (50)

In addition, using these notations, it is easy to see that

0P(+)  = −+1 for  = 1   (51)

and, similarly,

0P(+)  = −+1 for  = 1  . (52)

Hence, making use of expressions (48) and (50) and the fact that P(+) is an orthogonal matrix,
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we can write

+ =  +

=

−1X
=0


+ 

P 0(+)P(+)  +

−1X
=0


 0++−

=

−1X
=0


+ 

P 0(+)0P(+)  +

−1X
=0


 0++−

=

−1X
=0


+

X
=1


P 0(+)

¡


0
 + 

0


¢P(+)  +

−1X
=0


 0++−

so that, in light of expressions (51) and (52), we further deduce that

+ =  +

=

−1X
=0


+

X
=1


P 0(+)

¡


0
 + 

0


¢P(+)  +

−1X
=0


 0++−

=

−1X
=0


+

X
=1


P 0(+)0P(+)  +

X
=1


P 0(+)

0
P(+) 

+

−1X
=0


 0++−

=

−1X
=0


+

X
=1


P 0(+)−+1 +

X
=1


P 0(+)−+1

+

−1X
=0


 0++−

= 0 +

X
=1

01−+1 +
X

=1

02−+1 + +

where

0 =

−1X
=0


, + =

−1X
=0


 0++− ,

01 = 
P 0(+) and 02 = 

P 0(+) for  = 1  . (53)

Next, define 01 =
³
011 012 · · · 01

´
and 02 =

³
021 022 · · · 02

´
, and note that,
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by expression (53) above,

01 = 
P 0(+)

³
1 2 · · · 

´
= 

P 0(+)
02 = 

P 0(+)
³
1 2 · · · 

´
= 

P 0(+) .

Finally, let   and   be as defined in expression (49), and we can write the -step ahead forecast

equation more succinctly as

+ = 0 +

X
=1

01−+1 +
X

=1

02−+1 + +

= 0 +01  +02  + +. ¤

Lemma C-1: Let  =  − − + 1 where  is a (fixed) non-negative integer and  is a (fixed)

positive integer. Suppose that Assumptions 2-1, 2-2(a)-(b), 2-2(d), 2-5, and 2-7 hold. Then, the

following statements are true.

(a) There exists a positive constant  such that

min

⎧⎨⎩ 1



−X
=

∞X
=0

 0+
£
−0−

¤
+

¡

¢0⎫⎬⎭ ≥   0,

where  is the coefficient matrix of the companion form given in expression (47) and where

+
(+)×(+)

=
h
+ 0 · · · 0

i
. (54)

(b) The matrix

1



−X
=

⎛⎜⎜⎝
1  [ 0]  [ 0]

 [ ]  [ 
0
]  [ 

0
]

 [ ]  [ 
0
]  [ 

0
]

⎞⎟⎟⎠
is non-singular for all   + − 1.

Proof of Lemma C-1:

For part (a), we prove by contradiction. To proceed, let

+ = 0 ⊗ + for  ∈ {1  }
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where  is a ×1 elementary vector whose  component is equal to 1 and all other components
are equal to 0. Note that, under this definition, +1 = + , where + is as defined previously

in expression (54). Suppose that the matrix

∞X
=0

 0+1+1

¡

¢0

is singular; then, there exists  ∈ R(+)\ {0} such that
∞X
=0

0 0+1+1

¡

¢0
 = 0

This, in turn, implies that +1

¡

¢0
 = 0 for all . Now, partition

 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
(+)×1

2
(+)×1

...


(+)×1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
Note that, for  = 0, let 0 = + , and it is easily seen that

0 = +1

¡
0
¢0


= +1

=
h
+ 0 · · · 0 0

i
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

2
...

−1


⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 1 (= 01)
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Now, for  = 1, define  =
h
1 2 · · · −1 

i
, and note that

0 = +1
0

=
h
+ 0 · · · 0 0

i
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

01 + 0 · · · 0

02 0 +
...

...
...

. . .
. . . 0

0−1
... 0

. . . +

0 0 · · · · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

2
...

−1


⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
= +1

h

0

 0+1  0+2 · · ·  0+−1
i


=
h
+1

0
+1 + +2

i


= [1+1 + 0+2] 

= 11 + 02

where 1 = +1
0
= 01. Since previously we have shown that 1 = 0, it follows that

2 = 11 + 02 = 0.

Moreover, for  = 2, using the fact that +
0
+ = + and +

0
+ = 0 for  6= , we

obtain

0 = +1

¡
0
¢2


= +1

h

0

 0+1  0+2 · · ·  0+−1  0+

i2


= [1+1 + 0+2]
h

0

 0+1  0+2 · · ·  0+−1  0+

i


=
³
[1+1 + 0+2]

0
+1 + 1+2 + 0+3

´


= (2+1 + 1+2 + 0+3) 

= 21 + 12 + 03

where

2 = [1+1 + 0+2]
0

Given that 1 = 0 and 2 = 0, as we have previously shown, it then follows that

3 = 21 + 12 + 03 = 0 (since 0 = +)
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We will show by mathematical induction that, in fact,  = 0 for every  ∈ {1  }. To proceed,
suppose that 1 = 2 = · · · =  = 0 and 0 = +1 (

0) . By straightforward calculations, one

can show (in a manner similar to the case where  = 0 1 or 2 given earlier) that +1 (
0)  has

the representation

+1

¡
0
¢
 = 1 + −12 + · · ·1 + 0+1

for coefficients   −1  1, and 0 where 0 = + . It follows from the induction hypotheses

that

+1 = 1 + −12 + · · ·1 + 0+1

= +1

¡
0
¢


= 0.

Hence, by mathematical induction, we conclude that  = 0 for every  ∈ {1  }, but this implies
that

 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

2
...

−1


⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 0
(+)×1

which contradicts our initial assumption that  6= 0. It then follows that the matrix
∞X
=0

 0+1+1

¡

¢0

is positive definite and, thus, also non-singular, so that there exists a positive constant ∗ such

that

min

⎧⎨⎩
∞X
=0

 0+1+1

¡

¢0⎫⎬⎭ ≥ ∗  0
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Moreover, in light of Assumption 2-2(d), this further implies that

min

⎧⎨⎩ 1



−X
=

∞X
=0

 0+
£
−0−

¤
+

¡

¢0⎫⎬⎭

= min

⎧⎨⎩
∞X
=0

 0+1

1



−X
=


£
−0−

¤
+1

¡

¢0⎫⎬⎭ (since +1 = +)

≥ min

⎧⎨⎩
∞X
=0

 0+1+1

¡

¢0⎫⎬⎭min

(
1



−X
=


£
−0−

¤)

≥ min

⎧⎨⎩
∞X
=0

 0+1+1

¡

¢0⎫⎬⎭ inf min

©

£
−0−

¤ª
≥ ∗

≥   0 (by choosing  ≤ ∗) .

where the second inequality above follows from the fact that

min

⎧⎨⎩
−X
=


h
−0−

i


⎫⎬⎭ ≥
−X
=

min

⎧⎨⎩
h
−0−

i


⎫⎬⎭
=

1



−X
=

min
©

£
−0−

¤ª
≥ inf


min

©

£
−0−

¤ª
.

Now, to show part (b), note first that extpression (18) in the proof of Lemma B-5 gives a vector

moving-average representation for   of the form

  =
¡
(+) −

¢−1
 0++

∞X
=0

 0+− ,

where + = +1 =
h
+ 0 · · · 0 0

i
. Now, let


(+)×

=

⎛⎝ 

0
×

⎞⎠ and 
(+)×

=

⎛⎝ 0
×



⎞⎠ ,
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and let P(+) be a permutation matrix such that

P(+)  =

Ã
 

 

!
.

It follows that

  = 0P(+) 

= 0P(+)
¡
(+) −

¢−1
 0++

∞X
=0

0P(+) 0+−

and

  = 0P(+) 

= 0P(+)
¡
(+) −

¢−1
 0++

∞X
=0

0P(+) 0+− .

Moreover,


£
 

0


¤
= 

⎧⎨⎩
⎛⎝0P(+)

¡
(+) −

¢−1
 0++

∞X
=0

0P(+) 0+−

⎞⎠
×
Ã
0+

¡
(+) −0

¢−1P 0(+) + ∞X
=0

0−+
¡

¢0 P 0(+)

!)
= 0P(+)

¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1P 0(+)
+

∞X
=0

∞X
=0

0P(+) 0+
£
−0−

¤
+

¡

¢0 P 0(+)

= 0P(+)
¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1P 0(+)
+

∞X
=0

0P(+) 0+
£
−0−

¤
+

¡

¢0 P 0(+),
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
£
 

0


¤
= 

⎧⎨⎩
⎛⎝0P(+)

¡
(+) −

¢−1
 0++

∞X
=0

0P(+) 0+−

⎞⎠
×
Ã
0+

¡
(+) −0

¢−1 P 0(+) + ∞X
=0

0−+
¡

¢0 P 0(+)

!)
= 0P(+)

¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1P 0(+)
+

∞X
=0

∞X
=0

0P(+) 0+
£
−0−

¤
+

¡

¢0 P 0(+)

= 0P(+)
¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1P 0(+)
+

∞X
=0

0P(+) 0+
£
−0−

¤
+

¡

¢0 P 0(+) ,

and


£
 

0


¤
= 

⎧⎨⎩
⎛⎝0P(+)

¡
(+) −

¢−1
 0++

∞X
=0

0P(+) 0+−

⎞⎠
×
Ã
0+

¡
(+) −0

¢−1 P 0(+) + ∞X
=0

0−+
¡

¢0 P 0(+)

!)
= 0P(+)

¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1 P 0(+)
+

∞X
=0

∞X
=0

0P(+) 0+
£
−0−

¤
+

¡

¢0 P 0(+)

= 0P(+)
¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1 P 0(+)
+

∞X
=0

0P(+) 0+
£
−0−

¤
+

¡

¢0 P 0(+) ,

In addition, since

 [ ] =
¡
(+) −

¢−1
 0+ and


£
 

0


¤
=

¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1
+

∞X
=0

 0+
£
−0−

¤
+

¡

¢0
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and since h
 

i
=

⎛⎜⎝  0
×

0
×



⎞⎟⎠ = (+)

it is easy to see thatÃ
 [ 

0
]  [ 

0
]

 [ 
0
]  [ 

0
]

!

=

Ã
0
0

!
P(+)

¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1P 0(+) ³  

´

+

Ã
0
0

! ∞X
=0

P(+) 0+
£
−0−

¤
+

¡

¢0P 0(+) ³  

´
= P(+)

¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1P 0(+)
+

∞X
=0

P(+) 0+
£
−0−

¤
+

¡

¢0 P 0(+)

= P(+)
£
 

0


¤P 0(+)
and ³

 [ 0]  [ 0]
´

=
³
0+

¡
(+) −0

¢−1P 0
(+)

 0+
¡
(+) −0

¢−1P 0
(+)



´
= 0+

¡
(+) −0

¢−1P 0(+) ³  

´
= 0+

¡
(+) −0

¢−1P 0(+)
= 

£
 0



¤P 0(+)
Making use of these expressions, we can then write⎛⎜⎜⎝

1  [ 0]  [ 0]

 [ ]  [ 
0
]  [ 

0
]

 [ ]  [ 
0
]  [ 

0
]

⎞⎟⎟⎠ =

Ã
1  [ 0

]P 0(+)
P(+) [ ] P(+) [ 

0
]P 0(+)

!

=

Ã
1 0

0 P(+)

!Ã
1  [ 0

]

 [ ]  [ 
0
]

!Ã
1 0

0 P 0
(+)

!
.
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Next, note that

det

Ã
1  [ 0

]

 [ ]  [ 
0
]

!
= det (1) det

©

£
 

0


¤− [ ]
£
 0



¤ª
= det

©

£
 

0


¤− [ ]
£
 0



¤ª
= det

n¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1
+

∞X
=0

 0+
£
−0−

¤
+

¡

¢0

− ¡(+) −
¢−1

 0+
0+

¡
(+) −0

¢−1o
= det

⎧⎨⎩
∞X
=0

 0+
£
−0−

¤
+

¡

¢0⎫⎬⎭

Now, by Assumption 2-2(d) and by the same argument as that used to prove part (a) above, we

see that there exists a constant  such that

min

⎧⎨⎩
∞X
=0

 0+
£
−0−

¤
+

¡

¢0⎫⎬⎭

≥ min

⎧⎨⎩
∞X
=0

 0++
¡

¢0⎫⎬⎭ inf min

©

£
−0−

¤ª
≥   0

for all , which, in turn, implies that in this case

det

Ã
1  [ 0

]

 [ ]  [ 
0
]

!
= det

⎧⎨⎩
∞X
=0

 0+
£
−0−

¤
+

¡

¢0⎫⎬⎭

≥ (+)  0

for all . Furthermore, since the matrix Ã
1 0

0 P(+)

!
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is nonsingular, it follows that the matrix

1



−X
=

⎛⎜⎜⎝
1  [ 0]  [ 0]

 [ ]  [ 
0
]  [ 

0
]

 [ ]  [ 
0
]  [ 

0
]

⎞⎟⎟⎠
=

Ã
1 0

0 P(+)

!
1



−X
=

Ã
1  [ 0

]

 [ ]  [ 
0
]

!Ã
1 0

0 P 0
(+)

!

will be nonsingular and, thus, positive definite as required. ¤

Lemma C-2: Let  =  − − + 1 where  is a (fixed) non-negative integer and  is a (fixed)

positive integer. Suppose that Assumptions 2-1, 2-2(a)-(c), 2-5, and 2-7 hold. Then, the following

statements are true.

(a)

1



−X
=

 
0
 −

1



−X
=


£
 

0


¤
= 

µ
1√


¶
where

  =

⎛⎜⎜⎝


...

−+1

⎞⎟⎟⎠ and  =

"




#
.

(b)

1



−X
=

 
0
 −

1



−X
=


£
 

0


¤
= 

µ
1√


¶
1



−X
=

 
0
 −

1



−X
=


£
 

0


¤
= 

µ
1√


¶
, and

1



−X
=

 
0
 −

1



−X
=


£
 

0


¤
= 

µ
1√


¶

where   and   are as defined in expression (49).

(c)

1



−X
=

  =
¡
(+) −

¢−1
 0++

µ
1√


¶

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(d)

1



−X
=

  = 0P(+)
¡
(+) −

¢−1
 0++

µ
1√


¶
,

1



−X
=

  = 0P(+)
¡
(+) −

¢−1
 0++

µ
1√


¶
.

(e)

1



−X
=

 
0
+ = 

µ
1√


¶
, where + =

−1X
=0


 0++−

with 
×(+)

=
h
 0 · · · 0

i
and +

(+)×(+)
=
h
+ 0 · · · 0

i
.

(f)

1



−X
=

 
0
+ = 

µ
1√


¶
and

1



−X
=

 
0
+ = 

µ
1√


¶
,

where + is as defined in part (e) above.
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where + is as defined in part (e) above.

Proof of Lemma C-2:
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To show part (a), we note that for   ∈ R(+) such that kk2 = kk2 = 1, we can write
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where the fourth inequality above follows from applying Liapunov’s inequality and the result given

in Lemma B-5.

Next, note that by Lemma B-11, {} is -mixing with  mixing coefficient satisfying  () ≤
1 exp {−2}. Since  ≤  (), it follows that  is -mixing as well, with  mixing

coefficient satisfying  ≤ 1 exp {−2}. Moreover, by applying part (b) of Lemma B-2, we
further deduce that  = 0 

0
 is also -mixing with  mixing coefficient satisfying

 ≤ 1 exp {−2 (− + 1)}
≤ ∗1 exp {−2}

for some positive constant ∗1 ≥ 1 exp {2 (− 1)}. Hence, we can apply Lemma B-3 with  = 2
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and  = 3 to obtain
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where  denotes the  mixing coefficient for the process  = 0 

0
 and where, by our

previous calculations,
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for all  sufficiently large.

It further follows that there exists a positive constant 3 such that
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where the last inequality stems from the fact that
X∞

=0
exp {− (26)} is a convergent geometric
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series given that 0  exp {− (26)}  1 for 2  0. Hence,¯̄̄̄
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It follows that
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so that, applying Markov’s inequality, we get
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Since this result holds for every  ∈ R(+) and  ∈ R(+) such that kk2 = kk2 = 1, we further
deduce that
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To show part (b), note first that
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and
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To show part (c), let  ∈ R(+) such that kk2 = 1, and write
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that all eigenvalues of  have modulus less than 1. It follows that
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Moreover, write ¯̄̄̄
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Observe that

∞X
=0

0 0+
£
−0−

¤

£
−0−

¤
+

¡

¢0


≤
∞X
=0

max
¡

£
−0−

¤

£
−0−

¤¢
0 0++

¡

¢0


≤
∞X
=0

max
¡

£
−0−

¤

£
−0−

¤¢
2max

= 

∞X
=0

2max
¡

£
−0−

¤¢
2max

≤ 

∞X
=0

¡

©

£
−0−

¤ª¢2
2max

= 

∞X
=0

³
 k−k22

´2
2max

≤ 

∞X
=0

³
 k−k62

´ 2
3
2max (by Liapunov’s inequality)

≤ 
2
3

1

1− 2max

140



and
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It follows that ¯̄̄̄
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Putting these results together, we obtain
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¡

¢0 −−X

=1

()0 

= 
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¶
so that, upon applying Markov’s inequality, we get
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µ
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¶
.

from which we further deduce, upon applying Slutsky’s theorem, that
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Since the above result holds for all  ∈ R(+) such that kk2 = 1, we further deduce that
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¶


To show part (d), note again that
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µ
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×
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×1
 
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⎞⎟⎠ =  
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µ
0

×
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×1
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⎞⎟⎠ =  
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By the result given in part (c) above, it follows by Slutsky’s theorem that

1



−X
=

  = 0P(+)
1



−X
=

 

= 0P(+)
¡
(+) −

¢−1
 0++ 0P(+)

1



−X
=

∞X
=0

 0+−

= 0P(+)
¡
(+) −

¢−1
 0++

µ
1√


¶
,
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¶
.

Turning our attention to part (e), let  ∈ R(+) and  ∈ R such that kk2 = 1 and kk2 = 1;
and, by direct calculation, we obtain
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denotes the max singular value of  and let max = max {|max ()|  |min ()|},
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and note first that
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where the next to last inequality follows from the fact that  k+−k42 ≤
³
sup kk6

´ 2
3 ≤ 

2
3

by Liapunov’s inequality and by application of Assumption 2-2(b) and where the last inequality

follows from the fact that  is a fixed integer and 0  max  1 in light of Assumption 2-1. Applying

the Cauchy-Schwarz inequality and the existence of moment result given in Lemma B-5, it then
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follows that
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Next, observe that
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Hence, defining
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so that, applying Markov’s inequality, we get
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To show part (g), let  ∈ R such that kk2 = 1 and write
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Now,
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that all eigenvalues of  have modulus less than 1. It follows that
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Similar to the argument given previously, we have
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Putting these results together, we obtain
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so that, upon applying Markov’s inequality, we get
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Lastly, to show part (h), let   ∈ R such that kk2 = kk2 = 1; and write
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Making use of the Cauchy-Schwarz inequality, we then have
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In the proof of part (e) of this lemma, we have shown that, given Assumptions 2-2(b) and 2-7,
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where max = max {|max ()|  |min ()|} and where  is a fixed integer and 0  max  1 in light
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It follows that
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Next, observe that

0+
0
+−

£
0+

0
+

¤
=

−1X
=0

−1X
=0

0 0+
¡
+−0+− −

£
+−0+−

¤¢
+

³

´0
 0

=

−1X
=0

−1X
=0

³
0 0+ ⊗ 0 0+

´©


¡
+−0+−

¢− 
¡

£
+−0+−

¤¢ª
=

−1X
=0

−1X
=0

³
0 0+ ⊗ 0 0+

´
{(+− ⊗ +−)− [+− ⊗ +− ]}

and

0++
0
++−

£
0++

0
++

¤
=

−1X
=0

−1X
=0

0 0+
¡
++−0++− −

£
++−0++−

¤¢
+ (

)0  0

=

−1X
=0

−1X
=0

³
0 0+ ⊗ 0 0+

´©


¡
++−0++−

¢− 
¡

£
++−0++−

¤¢ª
=

−1X
=0

−1X
=0

³
0 0+ ⊗ 0 0+

´
{(++− ⊗ ++−)− [++− ⊗ ++−]}

Moreover, note that, for  ≥ 


©¡
0+

0
+−

£
0+

0
+

¤¢ ¡
0++

0
++−

£
0++

0
++

¤¢ª
=

−1X
=0

−1X
=0

−1X
=0

−1X
=0

n³
0 0+ ⊗ 0 0+

´
× ([(+− ⊗ +−)− (+− ⊗ +−)]

× [(++− ⊗ ++−)− (++− ⊗ ++−)]
0¢

×
µ
+ (

)0  0⊗ +

³

´0
 0

¶¾
= 0

Note further that, when  = 1, we will always have  ≥ , given that by definition  is an integer

≥ 1. This implies we need to distinguish between the case where  = 1 from the case where  ≥ 2.
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Consider first the case where  = 1. In this case, we have, for all  ≥ 1
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(as shown previously in expression (56)) (57)

Consider next the case where  ≥ 2. In this case,
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for all  ≥  as previously shown; however, for 1 ≤  ≤ − 1, we have
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 0

´¯̄̄
≤ 

−1X
=0

³
0 0++

¡

¢0
 0
´³

0 0++
¡

¢0
 0

´

= 

−1X
=0

h
0

¡

¢0
 0
i h

0
¡

¢0
 0

i ¡
since max

¡
 0++

¢
= 1

¢
≤ 

−1X
=0

h
max

n

¡

¢0oi2 £

0 0
¤ £
0 0

¤
= 

−1X
=0

h
max

n

¡

¢0oi2 ¡

since 
0
 =  and 0 = 0 = 1

¢
= 

−1X
=0

h
max

n¡

¢0

oi2

= 

−1X
=0

4max
¡

¢

≤ 

−1X
=0

∗max
n¯̄
max

¡

¢¯̄4


¯̄
min

¡

¢¯̄4o

(by Assumption 2-7)

= 

−1X
=0

∗max
n
|max ()|4  |min ()|4

o

= 

−1X
=0

∗4max (where 0  max = max {|max ()|  |min ()|}  1)

≤ ∗
¡
since 0  max  1 and 0max = 1

¢
≤ 

¡
for ∗ ≤  ∞¢ ,
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−1X
=0

−1X
=0
 6=

¯̄̄³
0 0+ ⊗ 0 0+

´

¡
+−0+− ⊗ +−0+−

¢

×
µ
+

³

´0
 0⊗ +

¡

¢0
 0

¶¯̄̄̄
≤ 

−1X
=0

−1X
=0
 6=

µ
0 0++

³

´0
 0
¶³

0 0++
¡

¢0
 0

´

= 

−1X
=0

−1X
=0
 6=

∙
0

³

´0
 0
¸ h

0
¡

¢0
 0

i ¡
since max

¡
 0++

¢
= 1

¢

≤ 

−1X
=0

−1X
=0
 6=

h
max

n

¡

¢0oi ∙

max

½

³

´0¾¸ £

0 0
¤ £
0 0

¤

= 

−1X
=0

−1X
=0
 6=

h
max

n

¡

¢0oi ∙

max

½

³

´0¾¸ ¡

since 
0
 =  and 0 = 0 = 1

¢

= 

−1X
=0

−1X
=0
 6=

h
max

n¡

¢0

oi ∙

max

½³

´0


¾¸

= 

−1X
=0

−1X
=0
 6=

2max
¡

¢
2max

³

´

≤ 

−1X
=0

−1X
=0
 6=

(∗)2max
n¯̄
max

¡

¢¯̄2


¯̄
min

¡

¢¯̄2o

max

½¯̄̄
max

³

´¯̄̄2


¯̄̄
min

³

´¯̄̄2¾

(by Assumption 2-7)

= 

−1X
=0

−1X
=0
 6=

(∗)2max
n
|max ()|2  |min ()|2

o
max

n
|max ()|2  |min ()|2

o

≤ 

−1X
=0

−1X
=0
 6=

(∗)2 2max
2
max (where max = max {|max ()|  |min ()|})

= 2 (∗)2 (since 0  max  1 given Assumption 2-1)

≤ 
³
for 2 (∗)2 ≤  ∞

´
,
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−1X
=0

−1X
=0

6=+

¯̄̄³
0 0+ ⊗ 0 0+

´

¡
+−0++− ⊗ +−0++−

¢

×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¯̄̄̄
≤

−1X
=0

−1X
=0

6=+

nh³
0 0+ ⊗ 0 0+

´

¡
+−0+− ⊗ +−0+−

¢

×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¸12
×
h³
0 0+ ⊗ 0 0+

´

¡
++−0++− ⊗ ++−0++−

¢
×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¸12)

≤ 

−1X
=0

−1X
=0

6=+

q¡
0 0++ (

)
0
 0
¢ ¡
0 0++ (

)
0
 0

¢
×
q¡

0 0++ ()
0
 0
¢ ¡
0 0++ ()

0
 0

¢
= 

−1X
=0

−1X
=0

6=+

q£
0 ()

0
 0
¤ £
0 ()

0
 0

¤q£
0 ()

0
 0
¤ £
0 ()

0
 0

¤
¡
since max

¡
 0++

¢
= 1

¢
≤ 

−1X
=0

−1X
=0

6=+

∙
max

½

³

´0¾¸ ∙

max

½

³

´0¾¸ £

0 0
¤ £
0 0

¤

= 

−1X
=0

−1X
=0

6=+

∙
max

½

³

´0¾¸ ∙

max

½

³

´0¾¸ ¡

since 
0
 =  and 0 = 0 = 1

¢

= 

−1X
=0

−1X
=0

6=+

∙
max

½³

´0


¾¸ ∙
max

½³

´0


¾¸
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= 

−1X
=0

−1X
=0

6=+

2max

³

´
2max

³

´

≤ 

−1X
=0

−1X
=0

6=+

(∗)2max
½¯̄̄
max

³

´¯̄̄2


¯̄̄
min

³

´¯̄̄2¾

max

½¯̄̄
max

³

´¯̄̄2


¯̄̄
min

³

´¯̄̄2¾

(by Assumption 2-7)

= 

−1X
=0

−1X
=0

6=+

(∗)2max
n
|max ()|2  |min ()|2

o
max

n
|max ()|2  |min ()|2

o

≤ 

−1X
=0

−1X
=0

6=+

(∗)2 2max
2
max (since max = max {|max ()|  |min ()|})

= 2 (∗)2
¡
since 0  max  1 and 0max = 1

¢
≤ 

³
for 2 (∗)2 ≤  ∞

´
,
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−1X
=0

−1X
=0

6=+

¯̄̄³
0 0+ ⊗ 0 0+

´

¡
+−0++− ⊗ ++−0+−

¢

×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¯̄̄̄
≤

−1X
=0

−1X
=0

6=+

nh³
0 0+ ⊗ 0 0+

´

¡
+−0+− ⊗ ++−0++−

¢

×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¸12
×
h³
0 0+ ⊗ 0 0+

´

¡
++−0++− ⊗ +−0+−

¢
×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¸12)

≤ 

−1X
=0

−1X
=0

6=+

q¡
0 0++ (

)
0
 0
¢ ¡
0 0++ (

)
0
 0

¢
×
q¡

0 0++ ()
0
 0
¢ ¡
0 0++ ()

0
 0

¢
= 

−1X
=0

−1X
=0

6=+

q£
0 ()

0
 0
¤ £
0 ()

0
 0

¤q£
0 ()

0
 0
¤ £
0 ()

0
 0

¤
¡
since max

¡
 0++

¢
= 1

¢
≤ 

−1X
=0

−1X
=0

6=+

∙
max

½

³

´0¾¸ ∙

max

½

³

´0¾¸ £

0 0
¤ £
0 0

¤

= 

−1X
=0

−1X
=0

6=+

∙
max

½

³

´0¾¸ ∙

max

½

³

´0¾¸ ¡

since 
0
 =  and 0 = 0 = 1

¢

= 

−1X
=0

−1X
=0

6=+

∙
max

½³

´0


¾¸ ∙
max

½³

´0


¾¸
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= 

−1X
=0

−1X
=0

6=+

2max

³

´
2max

³

´

≤ 

−1X
=0

−1X
=0

6=+

(∗)2max
½¯̄̄
max

³

´¯̄̄2


¯̄̄
min

³

´¯̄̄2¾

max

½¯̄̄
max

³

´¯̄̄2


¯̄̄
min

³

´¯̄̄2¾

(by Assumption 2-7)

= 

−1X
=0

−1X
=0

6=+

(∗)2max
n
|max ()|2  |min ()|2

o
max

n
|max ()|2  |min ()|2

o

≤ 

−1X
=0

−1X
=0

6=+

(∗)2 2max
2
max (since max = max {|max ()|  |min ()|})

= 2 (∗)2
¡
since 0  max  1 and 0max = 1

¢
≤ 

³
for 2 (∗)2 ≤  ∞

´
,
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and

−1X
=0

−1X
=0

¯̄¡
0 0+ ⊗ 0 0+

¢
 (+− ⊗ +−) (++− ⊗ ++−)

0

×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¯̄̄̄
≤

−1X
=0

−1X
=0

©£¡
0 0+ ⊗ 0 0+

¢
 (+− ⊗ +−) (+− ⊗ +−)

0

×
³
+

¡

¢0
 0⊗ +

¡

¢0
 0

´i12
×
h³
0 0+ ⊗ 0 0+

´
 (++− ⊗ ++−) (++− ⊗ ++−)

0

×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¸12)

≤ 

−1X
=0

−1X
=0

q¡
0 0++ (

)
0
 0
¢ ¡
0 0++ (

)
0
 0

¢
×
q¡

0 0++ ()
0
 0
¢ ¡
0 0++ ()

0
 0

¢
= 

−1X
=0

−1X
=0

q£
0 ()

0
 0
¤ £
0 ()

0
 0

¤q£
0 ()

0
 0
¤ £
0 ()

0
 0

¤
¡
since max

¡
 0++

¢
= 1

¢
≤ 

−1X
=0

−1X
=0

h
max

n

¡

¢0oi ∙

max

½

³

´0¾¸ £

0 0
¤ £
0 0

¤
= 

−1X
=0

−1X
=0

h
max

n

¡

¢0oi ∙

max

½

³

´0¾¸ ¡

since 
0
 =  and 0 = 0 = 1

¢
= 

−1X
=0

−1X
=0

h
max

n¡

¢0

oi ∙

max

½³

´0


¾¸

= 

−1X
=0

−1X
=0

2max
¡

¢
2max

³

´
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≤ 

−1X
=0

−1X
=0

(∗)2max
n¯̄
max

¡

¢¯̄2


¯̄
min

¡

¢¯̄2o

max

½¯̄̄
max

³

´¯̄̄2


¯̄̄
min

³

´¯̄̄2¾

(by Assumption 2-7)

= 

−1X
=0

−1X
=0

(∗)2max
n
|max ()|2  |min ()|2

o
max

n
|max ()|2  |min ()|2

o

≤ 

−1X
=0

−1X
=0

(∗)2 2max
2
max (since max = max {|max ()|  |min ()|})

= 2 (∗)2
¡
since 0  max  1 and 0max = 1

¢
≤ 

³
for 2 (∗)2 ≤  ∞

´
,

where upper bounds given above have made use of the fact that for all  and 


£


0
 ⊗ 

0


¤
= 

£
( ⊗ ) ( ⊗ )

0¤
≤ 

©

£
( ⊗ ) ( ⊗ )

0¤ª · (+)2
(where the inequality holds in positive semi-definite sense)

= 
£

©
( ⊗ ) ( ⊗ )

0ª¤ · (+)2
= 

£

©
( ⊗ )

0 ( ⊗ )
ª¤ · (+)2

= 
£
0

0

¤ · (+)2

= 
h
kk22 kk22

i
· (+)2

≤ sup


h
kk42

i
· (+)2

≤  · 2 (by Assumption 2-2(b))
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and

 ( ⊗ ) ( ⊗ )
0 ≤ 

©
 ( ⊗ ) ( ⊗ )

0ª · (+)2
(where the inequality holds in positive semi-definite sense)

=  ( ⊗ )
0 ( ⊗ ) · (+)2

=

X
=1

X
=1

( [])
2 · (+)2

≤
X

=1

X
=1

( ||)2 · (+)2

≤
X

=1

X
=1


£
2
¤

£
2
¤ · (+)2

= 

⎡⎣ X
=1

2

⎤⎦ " X
=1

2

#
· (+)2

=
³
 kk22

´2
· (+)2

≤  · (+)2 (by Assumption 2-2(b))

for some positive constant . It follows from these calculations that, for 1 ≤  ≤  − 1 where
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 ≥ 2, we have
¯̄

©¡
0+

0
+−

£
0+

0
+

¤¢ ¡
0++

0
++−

£
0++

0
++

¤¢ª¯̄
≤

−1X
=0

¯̄¡
0 0+ ⊗ 0 0+

¢

¡
+−0+− ⊗ +−0+−

¢
×
³
+

¡

¢0
 0⊗ +

¡

¢0
 0

´¯̄̄
+

−1X
=0

−1X
=0
 6=

¯̄̄³
0 0+ ⊗ 0 0+

´

¡
+−0+− ⊗ +−0+−

¢

×
µ
+

³

´0
 0⊗ +

¡

¢0
 0

¶¯̄̄̄
+

−1X
=0

−1X
=0

6=+

¯̄̄³
0 0+ ⊗ 0 0+

´

¡
+−0++− ⊗ +−0++−

¢

×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¯̄̄̄
+

−1X
=0

−1X
=0

6=+

¯̄̄³
0 0+ ⊗ 0 0+

´

¡
+−0++− ⊗ ++−0+−

¢

×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¯̄̄̄
+

−1X
=0

−1X
=0

¯̄¡
0 0+ ⊗ 0 0+

¢
 (+− ⊗ +−) (++− ⊗ ++−)

0

×
µ
+

³

´0
 0⊗ +

³

´0
 0

¶¯̄̄̄
≤ 5
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so that, when  ≥ 2,¯̄̄̄
¯ 2 2

−−1X
=

−−X
=1


©¡
0+

0
+−

£
0+

0
+

¤¢ ¡
0++

0
++−

£
0++

0
++

¤¢ª¯̄̄̄¯
=

¯̄̄̄
¯̄ 2 2

−−1X
=

min{−1−−}X
=1


©¡
0+

0
+−

£
0+

0
+

¤¢
× ¡0++0++−

£
0++

0
++

¤¢ª¯̄
≤ 2

 2

−−1X
=

min{−1−−}X
=1

¯̄

©¡
0+

0
+−

£
0+

0
+

¤¢
× ¡0++0++−

£
0++

0
++

¤¢ª¯̄
≤ 2



 − − 


(− 1) 5


10 (− 1)


( since  =  − − + 1)

= 

µ
1



¶
Putting everything together for the case where  ≥ 2, we see that



"
1



−X
=

¡
0+

0
+−

£
0+

0
+

¤¢#2

=
1

 2

−X
=


h¡
0+

0
+−

£
0+

0
+

¤¢2i

+
2

 2

−−1X
=

−−X
=1


©¡
0+

0
+−

£
0+

0
+

¤¢ ¡
0++

0
++−

£
0++

0
++

¤¢ª
= 

µ
1



¶
+

µ
1



¶
= 

µ
1



¶
(58)

In light of the results given in expressions (57) and (58), we can apply Markov’s inequality to

show that regardless of whether  = 1 or  ≥ 2

1



−X
=

0+
0
+−

1



−X
=


£
0+

0
+

¤
= 

µ
1√


¶
.

Moreover, since the above result holds for all   ∈ R such that kk2 = kk2 = 1, we further

168



deduce that for all (fixed) positive integer 

1



−X
=

+
0
+ −

1



−X
=


£
+

0
+

¤
= 

µ
1√


¶
. ¤

Lemma C-3: Suppose that  is an  × symmetric matrix which we can partition as

 =

⎛⎜⎝ 11
×

12
×(−)

21
(−)×

22
(−)×(−)

⎞⎟⎠
Then,

k21k2 ≤ kk2 .

Proof of Lemma C-3: Define

1
×

=

Ã


0

!
.

Let  ∈ R be such that kk2 = 1 and

002121 = max
kk2=1

002121

It follows that

k21k2 =

q
002121

≤
q
001111 + 002121

=

q
00101

≤
r
max
kk2=1

00
µ
noting that k1k2 =

q
0011 =

√
0 = 1

¶
= kk2 . ¤

Remark: This is a well-known linear algebraic result. A similar result has also been given in the

beginning of section 6 of Johnstone and Lu (2009).

Lemma C-4: Let

 =
1

0

X
=


£
 

0


¤
(59)

where 0 =  − + 1. Then, under Assumptions 2-1, 2-2(a)-(b), 2-2(d), 2-5, and 2-7; there exists
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a positive constant  such that

min {} ≥   0

for all   − 1.

Proof of Lemma C-4:

To proceed, note that we can write

1

0

X
=

Ã
 [ 

0
]  [ 

0
]

 [ 
0
]  [ 

0
]

!
= P(+)

1

0

X
=


£
 

0


¤P 0(+)
from which it follows that

min

(
1

0

X
=

Ã
 [ 

0
]  [ 

0
]

 [ 
0
]  [ 

0
]

!)
= min

(
P(+)

1

0

X
=


£
 

0


¤P 0(+)
)

≥ min

(
1

0

X
=


£
 

0


¤)
min

n
P(+)P 0(+)

o

= min

(
1

0

X
=


£
 

0


¤)
min

©
(+)

ª
¡
since P(+) is an orthogonal matrix

¢
= min

(
1

0

X
=


£
 

0


¤)

Next, note that

1

0

X
=


£
 

0


¤
=

1

0

X
=

¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1
+
1

0

X
=

∞X
=0

 0+
£
−0−

¤
+

¡

¢0

=
¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1
+

∞X
=0

 0+
1

0

X
=


£
−0−

¤
+

¡

¢0
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so that there exists a positive constant  such that

min

(
1

0

X
=


£
 

0


¤)
≥ min

n¡
(+) −

¢−1
 0+

0+
¡
(+) −0

¢−1o
+min

⎧⎨⎩
∞X
=0

 0+
1

0

X
=


£
−0−

¤
+

¡

¢0⎫⎬⎭

(by Weyl’s Theorem (see Theorem 4.3.1 of Horn and Johnson, 1985))

≥ min

⎧⎨⎩
∞X
=0

 0+
1

0

X
=


£
−0−

¤
+

¡

¢0⎫⎬⎭

≥   0 for all   − 1 (by the result given in part (a) of Lemma C-1)

It then follows that

min {}

= min

(
1

0

X
=


£
 

0


¤)

≥ min

(
1

0

X
=

Ã
 [ 

0
]  [ 

0
]

 [ 
0
]  [ 

0
]

!)
( by the Poincaré separation theorem (see Corollary 4.3.16 of Horn and Johnson, 1985) )

≥ min

(
1

0

X
=


£
 

0


¤)
≥   0 for all   − 1,

as required. ¤

Lemma C-5: Let  =  − − + 1 where  is a (fixed) non-negative integer and  is a (fixed)

positive integer. Suppose that Assumption 2-3 hold. Then,

(a)

1



−X
=
≤

| []| =  (1)
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(b)

1



−X
=
≤≤

| ()| =  (1)

(c)

1

 2

−X
=
≤≤≤

| ()| =  (1)

Proof of Lemma C-5:

To show part (a), first write

1



−X
=
≤

| []| = 1



−X
=


£
2
¤
+
1



−X
=


| []| (60)

Consider now the first term on the right-hand side of expression (60). Note that, trivially, by

Assumption 2-3(b),

1



−X
=


£
2
¤ ≤  =  (1) (61)

For the second term on the right-hand side of expression (60), note that by Assumption 2-3(c),

{}∞=−∞ is -mixing with  mixing coefficient satisfying

 () ≤ 1 exp {−2} .

for every . Since  ≤  (), it follows that {}∞=−∞ is -mixing as well, with  mixing

coefficient satisfying

 ≤ 1 exp {−2} for every .

Hence, in this case, we can apply Lemma B-3 with  = 6 and  = 54 to obtain

1



−X
=


| []|

≤ 1



−X
=


2
³
21−

1
6 + 1

´
[1 exp {−2 ( − )}]1− 1

6
− 4
5

³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5
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Application of Liapunov’s inequality then gives us

³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5 ≤

³
 ||6

´ 1
6
³
 ||6

´ 1
6

≤
µ
sup

 ||6

¶ 1
3

= 
1
3 ∞ (by Assumption 2-3(b))

Moreover, let  =  − , so that  =  + . Using these notations and the boundedness of³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5
as shown above, we can further write

1



−X
=


| []|

1



−X
=


2
³
21−

1
6 + 1

´
[1 exp {−2 ( − )}]1−1

6
− 4
5

³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5

≤ 
1
3



−X
=


2
³
2
5
6 + 1

´
[1 exp {−2 ( − )}] 130

≤ ∗



−X
=


exp
n
−2
30


o

µ
for some constant ∗ such that 2

³
2
5
6 + 1

´


1
3

1
30
1 ≤ ∗ ∞

¶
≤ ∗



−X
=

∞X
=1

exp
n
−2
30


o

= ∗
∞X

1=1

exp
n
−2
30


o

=  (1) (given Lemma B-1) (62)

It follows from expressions (60), (61), and (62) that

1



−X
=
≤

| []| =
1



−X
=


£
2
¤
+
1



−X
=


| []|

=  (1) + (1)

=  (1) .

173



To show part (b), first write

1



−X
=
≤≤

| ()| =
1



−X
=

 ||3 + 1



−X
=
≤≤

−−−0

| ()|

+
1



−X
=
≤≤

−≥− −0

| ()| (63)

For the first term on the right-hand side of expression (63) above, note that, trivially, we can apply

Assumption 2-3(b) to obtain

1



−X
=

 ||3 ≤  =  (1) . (64)

Next, note that, for the second term on the right-hand side of expression (63) above, we can

apply Lemma B-3 with  = 6 and  = 54 to obtain

1



−X
=
≤≤

−−−0

| ()|

≤ 1



−X
=
≤≤

−−−0

2
³
21−

1
6 + 1

´
[1 exp {−2 (− )}]1− 1

6
−4
5

³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5

Next, applying Hölder’s inequality, we have

³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5 ≤

³
 ||6

´ 1
6

µ³
 ||

5
2

´ 1
2
³
 ||

5
2

´ 1
2

¶ 4
5

=
³
 ||6

´ 1
6
³
 ||

5
2

´ 2
5
³
 ||

5
2

´ 2
5

≤
³
 ||6

´ 1
6
³
 ||6

´ 1
6
³
 ||6

´ 1
6

(by Liapunov’s inequality)

= 
1
2 ∞ (by Assumption 2-3(b))

Moreover, let 1 = −  and 2 = − , so that  = +1 and  = + 2 = +1+ 2. Using these
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notations and the boundedness of
³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5
as shown above, we can further write

1



−X
=
≤≤

−−−0

| ()|

≤ 1



−X
=
≤≤

−−−0

2
³
21−

1
6 + 1

´
[1 exp {−2 (− )}]1− 1

6
−4
5

³
 ||6

´ 1
6
³
 ||

5
4

´ 4
5

≤ 
1
2



−X
=
≤≤

−−−0

2
³
2
5
6 + 1

´
[1 exp {−2 (− )}] 130

≤ ∗



−X
=
≤≤

−−−0

exp
n
−2
30

1

o
µ
for some constant ∗ such that 2

³
2
5
6 + 1

´


1
2

1
30
1 ≤ ∗ ∞

¶
≤ ∗



−X
=

∞X
1=1

1−1X
2=0

exp
n
−2
30

1

o

≤ ∗



−X
=

∞X
1=1

1 exp
n
−2
30

1

o
= ∗

∞X
1=1

1 exp
n
−2
30


\
1

o
=  (1) (given Lemma B-1) (65)

Similarly, for the third term on the right-hand side of expression (63), we can apply Lemma

B-3 with  = 6 and  = 54, we have

1



−X
=
≤≤

−≥− −0

| ()|

≤ 1



−X
=
≤≤

−≥− −0

2
³
21−

1
6 + 1

´
[1 exp {−2 ( − )}]1− 4

5
−1
6

³
 ||

5
4

´ 4
5
³
 ||6

´ 1
6
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Next, applying Hölder’s inequality, we have

³
 ||

5
4

´ 4
5
³
 ||6

´ 1
6 ≤

µ³
 ||

5
2

´ 1
2
³
 ||

5
2

´ 1
2

¶ 4
5 ³

 ||6
´ 1
6

=
³
 ||

5
2

´ 2
5
³
 ||

5
2

´ 2
5
³
 ||6

´ 1
6

≤
³
 ||6

´ 1
6
³
 ||6

´ 1
6
³
 ||6

´ 1
6

(by Liapunov’s inequality)

= 
1
2 ∞ (by Assumption 2-3(b))

Moreover, let 1 = −  and 2 = − , so that  = +1 and  = + 2 = +1+ 2. Using these

notations and the boundedness of
³
 ||

5
4

´ 4
5
³
 ||6

´ 1
6
as shown above, we can further write

1



−X
=
≤≤

−≥− −0

| ()|

≤ 1



−X
=
≤≤

−≥− −0

2
³
21−

1
6 + 1

´
[1 exp {−2 ( − )}]1− 4

5
− 1
6

³
 ||

5
4

´ 4
5
³
 ||6

´ 1
6

≤ 
1
2



−X
=
≤≤

−≥− −0

2
³
2
5
6 + 1

´
[1 exp {−2 ( − )}] 130

≤ ∗



−X
=
≤≤

−≥− −0

exp
n
−2
30

2

o
µ
for some constant ∗ such that 2

³
2
5
6 + 1

´


1
2

1
30

1 ≤ ∗ ∞
¶

≤ ∗



−X
=

∞X
2=1

2X
1=0

exp
n
−2
30

2

o

=
∗



−X
=

∞X
2=1

(2 + 1) exp
n
−2
30

2

o

= ∗

⎡⎣ ∞X
2=1

2 exp
n
−2
30

2

o
+

∞X
2=1

exp
n
−2
30

2

o⎤⎦
=  (1) (given Lemma B-1) (66)
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It follows from expressions (9), (10), (11), and (12) that

1



−X
=
≤≤

| ()| =
1



−X
=

 ||3 + 1



−X
=
≤≤

−−−0

| ()|

+
1



−X
=
≤≤

−≥− −0

| ()|

=  (1) + (1) + (1)

=  (1) .

Finally, to show part (c), we first write

1

 2

−X
=
≤≤≤

| ()|

=
1

 2

−X
=
≤

¯̄

£


3


¤¯̄
+
1

 2

−X
=
≤≤≤

−− −0

| ()|+ 1

 2

−X
=
≤≤≤

−≤− −0

| ()|

=
1

 2

−X
=
≤

¯̄

£


3


¤¯̄
+
1

 2

−X
=
≤≤≤

−− −0

| [{ − () + ()}]|

+
1

 2

−X
=
≤≤≤

−≤− −0

| [{ − () + ()}]|

≤ 1

 2

−X
=
≤

¯̄

£


3


¤¯̄
+
1

 2

−X
=
≤≤≤

−− −0

| [{ − ()}]|

+
1

 2

−X
=
≤≤≤

−≤− −0

| [{ − ()}]|+ 1

 2

−X
=
≤≤≤
−0

| ()| | ()| (67)

For the first term on the right-hand side of expression (67) above, note that, by Jensen’s inequality,
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the Cauchy-Schwarz inequality, and Assumption 2-3(b); we have

1

 2

−X
=
≤

¯̄

£


3


¤¯̄ ≤ 1

 2

−X
=
≤


£¯̄


3


¯̄¤

≤ 1

 2

−X
=
≤

q
 ||2

q
 ||6

≤ 1

 2

−X
=
≤

³
 ||6

´ 1
6

q
 ||6

(by Liapunov’s inequality)

≤ 
2
3 2
 2

(by Assumption 2-3(b))

=  (1) (68)

Next, for the second term on the right-hand side of expression (67), we can apply Lemma B-3

with  = 43 and  = 6 to obtain

1

 2

−X
=
≤≤≤

−− −0

| [{ − ()}]|

≤ 1

 2

−X
=
≤≤≤

−− −0

n
2
³
21−

3
4 + 1

´
[1 exp {−2 ( − )}]1− 3

4
−1
6

×
³
 |{ − ()}|

4
3

´ 3
4
³
 ||6

´ 1
6

¾
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Next, by repeated application of Hölder’s inequality,

 |{ − ()}|
4
3 ≤

h
 ( − ())

12
7

i 7
9
h
 ||6

i 2
9

≤
h
2
5
7

³
 ||

12
7 + | []|

12
7

´i 7
9
h
 ||6

i 2
9

(by Loève’s  inequality)

≤
h
2
5
7

³
 ||

12
7 + ||

12
7

´i 7
9
h
 ||6

i 2
9

(by Jensen’s inequality)

=
h
2
12
7  ||

12
7

i 7
9
h
 ||6

i 2
9

≤ 2
4
3

∙³
 ||

24
7

´ 1
2
³
 ||

24
7

´ 1
2

¸ 7
9 h

 ||6
i 2
9

= 2
4
3

∙³
 ||

24
7

´ 7
24
³
 ||

24
7

´ 7
24

¸ 4
3 h

 ||6
i 2
9

≤ 2
4
3

∙³
 ||6

´ 1
6
³
 ||6

´ 1
6

¸ 4
3 h

 ||6
i 2
9

≤ 2
4
3 ()

2
9 ()

2
9 ()

2
9 (by Assumption 2-3(b) )

= 2
4
3

2
3

Moreover, let 1 =  −  and 2 =  −  so that  = + 1 and  =  + 2 =  + 1 + 2.

Using these notations and the boundedness of  |{ − ()}|
4
3 as shown above, we can
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further write

1

 2

−X
=
≤≤≤

−− −0

| [{ − ()}]|

≤ 1

 2

−X
=
≤≤≤

−− −0

n
2
³
21−

3
4 + 1

´
[1 exp {−2 ( − )}]1− 3

4
−1
6

×
³
 |{ − ()}|

4
3

´ 3
4
³
 ||6

´ 1
6

¾
≤ 1

 2

−X
=
≤≤≤

−− −0

2
³
2
1
4 + 1

´
[1 exp {−2 ( − )}] 112

³
2
4
3

2
3

´ 3
4
()

1
6

≤ ∗

 2

−X
=
≤≤≤

−− −0

exp
n
−2
12

2

o
µ
for some constant ∗ such that 4

³
2
1
4 + 1

´


2
3

1
12
1 ≤ ∗ ∞

¶
≤ ∗

 2

−X
=

−X
=

∞X
2=1

2−1X
1=0

exp
n
−2
12

2

o
= ∗

∞X
2=1

2 exp
n
−2
12

2

o
=  (1) (given Lemma B-1) (69)

Similarly, for the third term on the right-hand side of expression (67) above, we can apply

Lemma B-3 with  = 2 and  = 3 to obtain

1

 2

−X
=
≤≤≤

−≤− −0

| [{ − ()}]|

≤ 1

 2

−X
=
≤≤≤

−≤− −0

n
2
³
21−

1
2 + 1

´
[1 exp {−2 ( − )}]1− 1

2
−1
3

×
³
 |{ − ()}|2

´ 1
2
³
 ||3

´ 1
3

¾
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Next, applications of Hölder’s inequality yield

 ||3 ≤
³
 ||6

´ 1
2
³
 ||6

´ 1
2

≤ ()
1
2 ()

1
2 (by Assumption 2-3(b))

=  ∞

and

 |{ − ()}|2 ≤ 2
³
 ||2 + | []|2

´
(by Loève’s  inequality)

≤ 2
³
 ||2 + ||2

´
(by Jensen’s inequality)

= 4 ||2

≤ 4

∙³
 ||4

´ 1
4
³
 ||4

´ 1
4

¸2
≤ 4

∙³
 ||6

´ 1
6
³
 ||6

´ 1
6

¸2
(by Liapunov’s inequality)

≤ 4

µ
sup

 ||6

¶2
3

≤ 4 ()
2
3 ∞ (by Assumption 2-3(b) )

Moreover, let 1 =  −  and 2 =  −  so that  = + 1 and  =  + 2 =  + 1 + 2. Using

these notations and the boundedness of  ||3 and  |{ − ()}|2 as shown above,
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we can further write

1

 2

−X
=
≤≤≤

−≤− −0

| [{ − ()}]|

≤ 1

 2

−X
=
≤≤≤

−≤− −0

n
2
³
21−

1
2 + 1

´
[1 exp {−2 ( − )}]1− 1

2
− 1
3

×
³
 |{ − ()}|2

´ 1
2
³
 ||3

´ 1
3

¾
≤ 1

 2

−X
=
≤≤≤

−≤− −0

2
³
2
1
2 + 1

´
[1 exp {−2 ( − )}] 16

³
4

2
3

´ 1
2
()

1
3

≤ ∗

 2

−X
=
≤≤≤

−≤− −0

exp
n
−2
6
1

o
µ
for some constant ∗ such that 4

³
2
1
2 + 1

´


2
3

1
6
1 ≤ ∗ ∞

¶
≤ ∗

 2

−X
=

−X
=

∞X
1=1

1X
2=0

exp
n
−2
6
1

o
= ∗

∞X
1=1

(1 + 1) exp
n
−2
6
1

o
=  (1) (given Lemma B-1) (70)

Finally, consider the fourth term on the right-hand side of expression (67) above. For this term,

we apply the result given in part (a) to obtain

1

 2

−X
=
≤≤≤
−0

| ()| | ()| ≤

⎛⎜⎜⎝ 1



−X
=
≤

| ()|

⎞⎟⎟⎠
⎛⎜⎝ 1



−X
=
≤

| ()|

⎞⎟⎠
=  (1) . (71)
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It follows from expressions (67)-(71) that

1

 2

−X
=
≤≤≤

| ()|

≤ 1

 2

−X
=
≤

¯̄

£


3


¤¯̄
+
1

 2

−X
=
≤≤≤

−− −0

| [{ − ()}]|

+
1

 2

−X
=
≤≤≤

−≤− −0

| [{ − ()}]|+ 1

 2

−X
=
≤≤≤
−0

| ()| | ()|

=  (1) . ¤

Lemma C-6: Let  =  −  −  + 1 where  is a (fixed) non-negative integer and  is a

(fixed) positive integer. Suppose that Assumptions 2-1, 2-2(a)-(b), 2-5, and 2-7 hold. Then, as

1 2  →∞,

max
∈

1

1

X
∈

µ
0

0·√
1

¶2
= 

⎛⎝ 
1
3
2

1

⎞⎠ .
Proof of Lemma C-6:

To proceed, we first show the boundedness of the quantity

1

1

X
∈

X
∈

1

2
3




Ã
−X
=

0 

!6

Note first that there exist a constant 1  1 such that

1

1

X
∈

X
∈

1

2
3




Ã
−X
=

0 

!6

≤ 1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤

{| []|

×
¯̄

£¡
0 

¢ ¡
0 

¢ ¡
0 

¢ ¡
0 

¢ ¡
0 

¢ ¡
0

¢¤¯̄ª
Next, note that, by repeated application of Hölder’s inequality, we have by Assumption 2-5 and
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Lemma B-5 that there exists a positive constant  such that
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Hence, we can write

1

1

X
∈

X
∈

1

2
3




Ã
−X
=

0 

!6

≤ 1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤

| []|

≤ 1

12
3


X
∈

X
∈

−X
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=

≤≤≤≤≤
−≥max{−−}−0

| []|
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
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∈
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≤≤≤≤≤
−≥max{−−}−0

| []|
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∈
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=

≤≤≤≤≤
−≥max{−−}−0

| []|

≤ 1

12
3


X
∈

X
∈

−X
=
≤≤
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−≥max{−−}−0

| []|
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X
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| [{ − ()}]|
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Next, consider T T 2. For this term, note first that by Assumption 2-3(c), {}∞=−∞ is -mixing

with  mixing coefficient satisfying

 () ≤ 1 exp {−2}

for every . Since  ≤  (), it follows that {}∞=−∞ is -mixing as well, with  mixing

coefficient satisfying

 ≤ 1 exp {−2} for every .

Hence, in this case, we can apply Lemma B-3 with  = 54 and  = 6 to obtain
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Next, by repeated application of Hölder’s inequality, we have
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Moreover, let 1 = − , 2 =  − , and 3 =  − , so that  =  + 1,  = + 2 =  + 1+ 2,

 =  + 3 =  + 1+ 2 + 3.. Using these notations and the boundedness of  ||
5
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as shown above, we can further write
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12

3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

exp
n
−2
30

3

o
µ
for some constant ∗1 such that 2

³
2
1
5 + 1

´
1

6
7

1
30
1 ≤ ∗1 ∞

¶
≤ ∗1

12
3


X
∈

X
∈

−X
=

−X
=

−X
=

∞X
3=1

3X
1=0

3X
2=0

exp
n
−2
30

3

o

≤ ∗1
12

3


X
∈

X
∈

−X
=

−X
=

−X
=

∞X
3=1

(3 + 1)
2 exp

n
−2
30

3

o

= ∗1
12

3


12
3


⎡⎣ ∞X
3=1

23\ exp
n
−2
30

3

o
+ 2

∞X
3=1

3\ exp
n
−2
30

3

o
+

∞X
3=1

exp
n
−2
30

3

o⎤⎦
≤ ∗11 (73)

for some positive constant

1 ≥
∞X

3=1

23\ exp
n
−2
30

3

o
+ 2

∞X
3=1

3\ exp
n
−2
30

3

o
+

∞X
3=1

exp
n
−2
30

3

o
.

which exists in light of Lemma B-1.
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Now, consider T T 3. Here, we apply Lemma B-3 with  = 32 and  = 72 to obtain

T T 3 =
1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

| [{ − ()}]|

≤ 1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

n
2
³
21−

2
3 + 1

´
[1 exp {−2 ( − )}]1−2

3
− 2
7

×
³
 |{ − ()}|

3
2

´ 2
3
³
 ||

7
2

´ 2
7

¾
=

1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

n
2
³
2
1
3 + 1

´
[1 exp {−2 ( − )}] 121

×
³
 |{ − ()}|

3
2

´ 2
3
³
 ||

7
2

´ 2
7

¾
Next, observe that by applying of Hölder’s inequality, we have

 ||
7
2 ≤

³
 ||7

´ 1
2
³
 ||7

´ 1
2

≤ ¡

¢ 1
2
¡

¢ 1
2 (by Assumption 2-3(b))

=  ∞,
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and

 |{ − ()}|
3
2 ≤ 2

1
2

³
 ||

3
2 + | []|

3
2

´
(by Loève’s  inequality)

≤ 2
1
2

³
 ||

3
2 + ||

3
2

´
(by Jensen’s inequality)

≤ 2
3
2 ||

3
2

≤ 2
3
2

³
 ||3

´ 1
2
³
 ||3

´ 1
2

≤ 2
3
2

µ³
 ||6

´ 1
2
³
 ||6

´ 1
2

¶ 1
2
µ³

 ||6
´ 1
2
³
 ||6

´ 1
2

¶ 1
2

= 2
3
2

∙³
 ||6

´ 1
6
³
 ||6

´ 1
6
³
 ||6

´ 1
6
³
 ||6

´ 1
6

¸ 3
2

≤ 2
3
2

∙³
 ||7

´ 1
7
³
 ||7

´ 1
7
³
 ||7

´ 1
7
³
 ||7

´ 1
7

¸ 3
2

(by Liapunov’s inequality)

≤ 2
3
2

"µ
sup

 ||7

¶4
7

# 3
2

= 2
3
2

6
7 (by Assumption 2-3(b))

Again, let 1 =  − , 2 =  − , and 3 =  − , so that  =  + 1,  = + 2 =  + 1+ 2,

 =  + 3 =  + 1+ 2 + 3. Using these notations and the boundedness of  ||
7
2 and
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 |{ − ()}|
3
2 as shown above, we can further write

T T 3

=
1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

| [{ − ()}]|

≤ 1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

n
2
³
2
1
3 + 1

´
[1 exp {−2 ( − )}] 121

×
³
 |{ − ()}|

3
2

´ 2
3
³
 ||

7
2

´ 2
7

¾
≤ 1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

2
³
2
1
3 + 1

´
[1 exp {−2 ( − )}] 121

³
2
3
2

6
7

´ 2
3 ¡


¢ 2
7

≤ ∗2
12

3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

exp
n
−2
21

2

o
µ
for some constant ∗2 such that 4

³
2
1
3 + 1

´
1

6
7

1
21
1 ≤ ∗2 ∞

¶
≤ ∗2

12
3


X
∈

X
∈

−X
=

−X
=

−X
=

∞X
2=1

2X
1=0

2X
3=0

exp
n
−2
21

2

o
= ∗2

12
3


12
3


∞X
2=1

(2 + 1)
2 exp

n
−2
21

2

o

= ∗2

⎡⎣ ∞X
2=1

22 exp
n
−2
21

2

o
+ 2

∞X
2=1

2 exp
n
−2
21

2

o
+

∞X
2=1

exp
n
−2
21

2

o⎤⎦
≤ ∗22 (74)

for some positive constant

2 ≥
∞X

2=1

22 exp
n
−2
21

2

o
+ 2

∞X
2=1

2 exp
n
−2
21

2

o
+

∞X
2=1

exp
n
−2
21

2

o
which exists in light of Lemma B-1.

Turning our attention to the term T T 4, note that, from the upper bounds given in the proofs
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of parts (a) and (c) of Lemma C-5, it is clear that there exists a positive constant ∗∗ such that,

for all  and for all  sufficiently large,

1



−X
=
≤

| ()| ≤ ∗∗1

and

1

 2

−X
=
≤≤≤

| ()| ≤ ∗∗1

from which it follows that

T T 4 =
1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

| ()| | ()|

≤ 1

12

X
∈

X
∈

⎛⎜⎜⎝ 1

 2

−X
=
≤≤≤

| ()|

⎞⎟⎟⎠
⎛⎜⎝ 1



−X
=
≤

| ()|

⎞⎟⎠
≤ 1

12

X
∈

X
∈

(∗∗1 )
2

= 1 (
∗∗
1 )

2 12

12

= 1 (
∗∗
1 )

2
(75)

193



Consider now T T 5. In this case, we apply Lemma B-3 with  = 2 and  = 94 to obtain

T T 5 =
1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

| [{ − ()}]|

≤ 1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

n
2
³
21−

1
2 + 1

´
[1 exp {−2 (− )}]1− 1

2
− 4
9

×
³
 |{ − ()}|2

´ 1
2
³
 ||

9
4

´ 4
9

¾
=

1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

n
2
³
2
1
2 + 1

´
[1 exp {−2 (− )}] 118

×
³
 |{ − ()}|2

´ 1
2
³
 ||

9
4

´ 4
9

¾
Next, by repeated application of Hölder’s inequality, we obtain

 ||
9
4

≤
h
 ||7

i 9
28
h
 ||

63
19

i 19
28

≤
h
 ||7

i 9
28

∙³
 ||

126
19

´ 1
2
³
 ||

126
19

´ 1
2

¸ 19
28

=
h
 ||7

i 9
28
³
 ||

126
19

´ 19
56
³
 ||

126
19

´ 19
56

=
h
 ||7

i 9
28

∙³
 ||

126
19

´ 19
126
³
 ||

126
19

´ 19
126

¸ 9
4

≤
h
 ||7

i 9
28

∙³
 ||7

´ 1
7
³
 ||7

´ 1
7

¸ 9
4

(by Liapunov’s inequality)

≤
µ
sup

 ||7

¶ 27
28

≤ 
27
28 (by Assumption 2-3(b))
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and

 |{ − ()}|2 ≤ 2
³
 ||2 + | []|2

´
(by Loève’s  inequality)

≤ 2
³
 ||2 + ||2

´
(by Jensen’s inequality)

≤ 4 ||2

≤ 4
³
 ||6

´ 1
3
³
 ||3

´ 2
3

≤ 4
³
 ||6

´ 1
3

µq
 ||6

q
 ||6

¶ 2
3

= 4

∙³
 ||6

´ 1
6

¸2 ∙³
 ||6

´ 1
6
³
 ||6

´ 1
6

¸2
≤ 4

∙³
 ||7

´ 1
7

¸2 ∙³
 ||7

´ 1
7
³
 ||7

´ 1
7

¸2
(by Liapunov’s inequality)

≤ 4

"µ
sup

 ||7

¶ 1
7

#6
≤ 4

6
7 (by Assumption 2-3(b))

Define again 1 = − , 2 =  − , and 3 =  − , so that  =  + 1,  = + 2 =  + 1+ 2,

 =  + 3 =  + 1+ 2 + 3. Using these notations and the boundedness of  ||
9
4 and
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 |{ − ()}|2 as shown above, we can further write

T T 5

≤ 1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

n
2
³
2
1
2 + 1

´
[1 exp {−2 (− )}] 118

×
³
 |{ − ()}|2

´ 1
2
³
 ||

9
4

´ 4
9

¾
≤ 1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

2
³
2
1
2 + 1

´
[1 exp {−2 (− )}] 118

³
4

6
7

´ 1
2
³


27
28

´ 4
9

≤ ∗3
12

3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

exp
n
−2
18

1

o
µ
for some constant ∗3 such that 4

³
2
1
2 + 1

´
1

6
7

1
18
1 ≤ ∗3 ∞

¶
≤ ∗3

12
3


X
∈

X
∈

−X
=

−X
=

−X
=

∞X
1=1

1X
2=0

1X
3=0

exp
n
−2
18

1

o
≤ ∗312

3


12
3


∞X
1=1

(1 + 1)
2 exp

n
−2
18

1

o

≤ ∗3

⎡⎣ ∞X
1=1

21 exp
n
−2
18

1

o
+ 2

∞X
1=1

1 exp
n
−2
18

1

o
+

∞X
1=1

exp
n
−2
18

1

o⎤⎦
≤ ∗33 (76)

for some positive constant

3 ≥
∞X

1=1

21 exp
n
−2
18

1

o
+ 2

∞X
1=1

1 exp
n
−2
18

1

o
+

∞X
1=1

exp
n
−2
18

1

o
which exists in light of Lemma B-1.

Finally, consider T T 6. Note that, from the upper bounds given in the proofs of part (b) of

Lemma C-5, it is clear that there exists a positive constant ∗∗2 such that, for all  and for all 
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sufficiently large,

1



−X
=
≤≤

| ()| ≤ ∗∗2

and

1



−X
=
≤≤

| ()| ≤ ∗∗2

from which it follows that

T T 6 =
1

12
3


X
∈

X
∈

−X
=

≤≤≤≤≤
−≥max{−−}−0

| ()| | ()|

≤ 1

12

X
∈

X
∈

⎛⎜⎜⎝ 1



−X
=
≤≤

| ()|

⎞⎟⎟⎠
⎛⎜⎜⎝ 1



−X
=
≤≤

| ()|

⎞⎟⎟⎠
≤ 1

12

X
∈

X
∈

(∗∗)2

= 1 (
∗∗
2 )

2 12

12

=
1 (

∗∗
2 )

2


= 

µ
1



¶
. (77)

It follows from expressions (72)-(77) that, for all 1 2, and  sufficiently large,

1

1

X
∈

X
∈

1

3
1

3




Ã
−X
=

0 

!6
≤ T T 1 + T T 2 + T T 3 + T T 4 + T T 5 + T T 6
≤ 1

6
7 + ∗11 + ∗22 + 1 (

∗∗
1 )

2 + ∗33 +
1 (

∗∗
2 )

2



≤ e
for some positive constant e such that

e ≥ 1
6
7 + ∗11 + ∗22 + 1 (

∗∗
1 )

2
+ ∗33 +

1 (
∗∗
2 )

2


.
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Hence, for any   0, set  =
³ e´ 1

3
, and note that

Pr

⎧⎨⎩1


1
3
2
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∈

1

1

X
∈

µ
0

0·√
1

¶2
≥ 

⎫⎬⎭
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⎧⎨⎩max∈
1

1

X
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
1
6
2

√


−X
=

0 

⎞⎠2 ≥ 

⎫⎬⎭
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⎧⎪⎨⎪⎩max∈

⎡⎣ 1

1

X
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⎛⎝ 1


1
6
2

√


−X
=

0 

⎞⎠2⎤⎦3 ≥ 3

⎫⎪⎬⎪⎭
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⎧⎨⎩max∈
1

1

X
∈

⎛⎝ 1


1
6
2

√


−X
=

0 

⎞⎠6 ≥ 3

⎫⎬⎭ (by Jensen’s inequality)

≤ Pr

⎧⎨⎩ 1

1

X
∈

X
∈

⎛⎝ 1


1
6
2

√


−X
=

0 

⎞⎠6 ≥ 3

⎫⎬⎭
≤ 



1

1

X
∈

X
∈

1

2
3




Ã
−X
=

0 

!6
≤ e e
= 

This shows that

max
∈

1

1

X
∈

µ
0

0·√
1

¶2
= 

⎛⎝ 
1
3
2

1

⎞⎠ = 

⎛⎝ 
1
3
2

1

⎞⎠ . ¤
Before stating the next lemma, we first introduce some more notations. Let S+ denote either
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the statistic
X

=1
 | | or the statistic max1≤≤ | |, and define

c =
n
 ∈ {1  } : S+ ≥ Φ−1

³
1− 

2

´o
, (78)

b =
n
 ∈ {1  } : S+  Φ−1

³
1− 

2

´o
, (79)

b1 = #
³c

´
, i.e., the cardinality of the set c, (80)

Γ
³c

´
=

⎛⎜⎜⎜⎜⎜⎜⎝
1

³c
´0

2

³c
´0

...



³c
´0

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
I
n
1 ∈ c

o
01

I
n
2 ∈ c

o
02

...

I
n
 ∈ c

o
0

⎞⎟⎟⎟⎟⎟⎟⎠ , and


³c

´
=

⎛⎜⎜⎜⎜⎜⎜⎝
1·
³c

´0
2·
³c

´0
...

 ·
³c

´0

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
I
n
1 ∈ c

o
01·

I
n
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o
02·

...

I
n
 ∈ c

o
0 ·

⎞⎟⎟⎟⎟⎟⎟⎠ , (81)

where · = ( +1  −)
0 for  = 1   .

Lemma C-7: Let  =  − − + 1 where  is a (fixed) non-negative integer and  is a (fixed)

positive integer. Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3(a)-(c), 2-4, 2-5, 2-7, 2-8, 2-10(a)

and 2-11 hold. Then, as 1 2  →∞, the following statements are true.

(a) X
∈

I
n
 ∈ c

o
=  ()

(b) X
∈

I
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 ∈ c
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1

X
∈

µ
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0·√
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⎛⎝
1
3
2 

1

⎞⎠ 

(c)

1

1

X
∈

I
n
 ∈ c

o X
∈

µ
0

0·√
1

¶2
= 

µ
1



¶

Proof of Lemma C-7:

To show part (a), let S+ denote either the statistic
X

=1
 | | or the statisticmax1≤≤ | |.

Following arguments similar to that given in the proof of part (a) of Theorem 1, we see that there
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exists a constant   2 such that

X
∈


h
I
n
 ∈ c

oi
=

X
∈

Pr
³
 ∈ c
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1− 
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´o
≤ 

2



≤ 

for all 12, and  sufficiently large. Hence, for any   0, set  = , and note that
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

X
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I
n
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≥ 

)
≤ 1



X
∈


h
I
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(by Markov’s inequality)
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

= 

which shows that X
∈

I
n
 ∈ c

o
=  ()

Next, to show part (b), we combine the result given in part (a) of this lemma with the result

of Lemma C-6 to obtain
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I
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Finally, to show part (c), note first that
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Moreover, write
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Note that by Assumption 2-3(c), {}∞=−∞ is -mixing with  mixing coefficient satisfying

 () ≤ 1 exp {−2}

for every . Since  ≤  (), it follows that {}∞=−∞ is -mixing as well, with  mixing

coefficient satisfying

 ≤ 1 exp {−2} for every .

Hence, applying Lemma B-3 with  = 3 and  = 3 as well as Assumptions 2-3(b) and 2-5 and
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Lemma B-5; we get
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which exists in light of Lemma B-1. Hence, for any   0, set  = , and note that
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Lemma C-8: Let  =  − − + 1 where  is a (fixed) non-negative integer and  is a (fixed)

positive integer. Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3(a)-(c), 2-4, 2-5, 2-7, 2-8, 2-10(a)

and 2-11* hold. Then, the following statements are true.

(a)
1

1

X
∈

I
n
 ∈ c

oµ0··


¶
=  (1) .

(b)

1

1

X
∈

I
n
 ∈ c

oµ0··


¶
= 

Ã


2
7

5
7

1

!
=  (1) .

Proof of Lemma C-8:

203



To show part (a), note first that
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which exists in light of Assumption 2-3(b). Hence,
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Next, to show part (b), note that
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which exists in light of Assumption 2-3(b). Now,
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  0, set  = 3, and note that

Pr

(
1


2
7

5
7

1

1

X
∈

I
n
 ∈ c

oµ0··


¶
≥ 

)

≤ 1


2
7

5
7

1



1

1

X
∈



∙
I
n
 ∈ c

oµ0··


¶¸
(by Markov’s inequality)

≤ 1


2
7

5
7



3
3


2
7

5
7

1
= 

which shows that

1

1

X
∈

I
n
 ∈ c

oµ0··


¶
= 

Ã


2
7

5
7

1

!
=  (1) . ¤

Lemma C-9: Let  =  − − + 1 where  is a (fixed) non-negative integer and  is a (fixed)

positive integer. Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3, 2-4, 2-5, 2-7, 2-8, 2-10(a) and 2-11*

hold. Then, the following statements are true.

(a)

T1 = 1

1

X
∈

I
n
 ∈ c

o 1

1

X
∈

I
n
 ∈ c

oµ0··


¶2
= 

µ
max

½
1

1

1



¾¶
=  (1) .

(b)

T2 = 1

1

X
∈

I
n
 ∈ c

o 1

1

X
∈

I
n
 ∈ c

oµ0··


¶2
= 

Ã


2
7

5
7

1

!
=  (1) .

(c)

T3 = 1

1

X
∈

I
n
 ∈ c

o 1

1

X
∈

I
n
 ∈ c

oµ0··


¶2
= 

Ã


2
7

5
7

1

!
=  (1) .

(d)

T4 = 1

1

X
∈

I
n
 ∈ c

o 1

1

X
∈

I
n
 ∈ c

oµ0··


¶2
= 

Ã


4
7

10
7

2
1

!
=  (1) .

Proof of Lemma C-9:
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To show part (a), note that
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for some positive constant 1 ≥ sup
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Consider the first term on the right-hand side above. Note that by Assumption 2-3(c), {}∞=−∞
is -mixing with  mixing coefficient satisfying

 () ≤ 1 exp {−2}

for every . Since  ≤  (), it follows that {}∞=−∞ is -mixing as well, with  mixing

coefficient satisfying

 ≤ 1 exp {−2} for every .
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Hence, we can apply Lemma B-3 with  = 2 and  = 3 to obtain
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Moreover,
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for some positive constant  ≥ 1 + 2 + 3. Hence, for any   0, set  = , and applying

Markov’s inequality, we obtain
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Next, to show part (b), we apply parts (a) and (b) of Lemma C-8 to obtain
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Part (c) can be shown in the same way as part (b) above. Hence, to avoid redundancy, we do

not give an explicit proof here.
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Finally, to show part (d), we apply part (b) of Lemma C-8 to obtain
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Lemma C-10: Let
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where 0 =  − + 1, where c and b1 are as defined, respectively, in expressions (78) and (80)
above, and where
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with · = ( +1   )
0 for  = 1   . Suppose that Assumptions 2-1, 2-2(a)-(c), 2-3,

2-4, 2-5, 2-7, 2-8, 2-10, and 2-11* hold.
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Proof of Lemma C-10:

To proceed, note that we can write
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so that
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stant  such that
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since, by Assumption 2-6, there exists some positive constant ∗ such that max (Γ0Γ1) ≤ ∗ 

∞ for all 1, 2 sufficiently large. Moreover, applying part (a) of Lemma C-15 and the Slutsky’s

theorem, we have
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Consider now the other terms on the right-hand side of expression (84). To proceed, we first

note that, by applying part (a) of Lemma C-15 and the Slutsky’s theorem, we have¯̄̄̄
¯̄
Ã
1 +

b1 −1

1

!−1 ¯̄̄̄¯̄ =
¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1

→ 1.
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so that, for any   0,⎧⎪⎨⎪⎩
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Hence, applying either part (a) or part (b) of Theorem 2 depending on whether S+ =
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Note that °°°°°°
Γ
³c

´
√
1

°°°°°°
2



= 

⎧⎪⎨⎪⎩
Γ
³c

´0
Γ
³c

´
1

⎫⎪⎬⎪⎭
= 

(
1

1

X
=1

I
n
 ∈ c

o


0


)

=
1

1

X
=1

I
n
 ∈ c

o

©


0


ª
=

1

1

X
=1

kk22 I
n
 ∈ c

o
≤ sup


kk22

1

1

X
=1

I
n
 ∈ c

o
= sup

∈∈

kk22
1

1

X
=1

I
n
 ∈ c

o
(since  = 0 for all  ∈ )

≤ 1
1

1

X
=1

I
n
 ∈ c

o

for some positive constanct 1 ≥ sup kk22 = sup∈∈ kk22 which exists in light of Assumption
2-5. Moreover, write

1

1

X
=1

I
n
 ∈ c

o
=

1

1

X
∈

I
n
 ∈ c

o
+
1

1

X
∈

I
n
 ∈ c

o
(88)

For the first term on the right-hand side of expression (88) above, we can apply part (a) of Lemma

C-7 to obtain
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With regard to the second term on the right-hand side of expression (88), note that
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set  =  for any positive constant  ≥ 1, and note that
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Turning our attention to the term 
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218



°°°°°°°

³c

´0
Γ

³c
´0

10

°°°°°°°
2



=

X
=1

X
=1

µ
I
n
 ∈ c

o
I
n
 ∈ c

o 0·
10

¶2

=
1

2
1

2
0

X
=1

X
=1

I
n
 ∈ c

o
I
n
 ∈ c

o
0

0·0·

=
1

2
1

2
0

X
=1

X
∈

I
n
 ∈ c

o
I
n
 ∈ c

o
0

0·0·

=
1

1

X
∈

I
n
 ∈ c

o 1

1
2
0

X
=1

I
n
 ∈ c

o¡
0

0·
¢2

≤ 1

1

X
∈

1

1
2
0

X
=1

I
n
 ∈ c

o¡
0

0·
¢2

=
1

1

X
∈

1

1
2
0

X
∈

I
n
 ∈ c

o¡
0

0·
¢2
+
1

1

X
∈

1

1
2
0

X
∈

I
n
 ∈ c

o¡
0

0·
¢2

=
X
∈

I
n
 ∈ c

o 1

1

X
∈

µ
0

0·√
10

¶2
+
1

1

X
∈

I
n
 ∈ c

o X
∈

µ
0

0·√
10

¶2

Applying parts (b) and (c) of Lemma C-7, we obtain°°°°°°°

³c

´0
Γ

³c
´0

10

°°°°°°°
2



≤
X
∈

I
n
 ∈ c

o 1

1

X
∈

µ
0

0·√
10

¶2
+
1

1

X
∈

I
n
 ∈ c

o X
∈

µ
0

0·√
10

¶2

= 

⎛⎝
1
3

2 

1

⎞⎠+

µ
1



¶

= 

⎛⎝max
⎧⎨⎩

1
3
2 

1

1



⎫⎬⎭
⎞⎠

=  (1) (by Assumption 2-11*)

219
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we can write°°°°°°°
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¶2
= T1 + T2 + T3 + T4 () ,

where the order of magnitude in probability of the terms T1, T2, T3, and T4 are given in parts
(a)-(d) of Lemma C-9. It, thus, follows by applying parts (a)-(d) of Lemma C-9 with  = 0 that

°°°°°°°
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from which we further deduce that°°°°°°°

³c

´0

³c

´
10

°°°°°°°

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1√
1


1√
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
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14√

1

)!
=  (1) as 1 2  →∞. (92)

Expressions (86)-(92) together imply that°°°°bΣ³c
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Since kk2 ≤ kk , we also have
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Lemma C-11: Let


×

=
ΓΓ

0

1
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where

 =
1

0

X
=


£
 

0


¤
with 0 =  − + 1.

Suppose that Assumptions 2-1, 2-2(a)-(b), 2-2(d), 2-5, 2-6 and 2-7 hold; and let  be an  × 

orthogonal matrix whose columns are the eigenvectors of . Under the assumed conditions, the

following statements are true.

(a)  () =  for all 1, 2, and  sufficiently large, and, hence, 0 is an eigenvlaue of 

with algebraic multiplicity equaling  −.

(b) Partition  as follows:


×

=

∙
1

×
2

×(−)

¸
Without loss of generality, suppose that the columns of 1 are eigenvectors associated with

the non-zero eigenvalues of , whereas 2 contains the eigenvectors associated with the zero

eigenvalue. Then, the matrix 0 can be partitioned as follows:

0 =

⎛⎜⎝ Λ1
×

0
×(−)

0
(−)×

Λ2
(−)×(−)

⎞⎟⎠ =

⎛⎜⎝ Λ1
×

0
×(−)

0
(−)×

0
(−)×(−)

⎞⎟⎠ . (93)

where Λ1 is a diagonal matrix whose diagonal elements are the non-zero eigenvalues of  and

where Λ2 = 0.

(c) Define the separation measure

sep (Λ1Λ2) = min
 6=0

kΛ1 −Λ2k
kk

;

then, there exists a positive constant  such that

sep (Λ1Λ2) = sep (Λ1 0) = min
 6=0

kΛ1k
kk

≥ min

Ã

12

 Γ
0Γ12



1

!
≥   0.

Proof of Lemma C-11: To show part (a), note first that, by the result of Lemma C-4 above,

there exists a positive constant  such that

min {} ≥   0
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for all   − 1; and, by Assumption 2-6, we have,

min

µ
Γ0Γ
1

¶
≥ 1


for 12 sufficiently large

for some constant  such that 0   ∞. Combining these two inequalities, we see that
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(

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 Γ
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

1

)
≥ min
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Γ0Γ
1

¶
min {}

≥ 


 0 for all 1, 2, and  sufficiently large.

This implies that the × matrix


12
 Γ

0Γ12


1

is a positive definite (and, therefore, also non-singular) for 1, 2, and  sufficiently large. More-

over, observe that

det

½
 − ΓΓ

0

1

¾
=  det

½
 − −1

ΓΓ
0

1

¾
=  det

(
 − −1


12
 Γ

0Γ12


1

)
(by Sylvester’s determinantal theorem)

= − det

(
 −


12

 Γ
0Γ12



1

)
(94)

Hence, the non-zero eigenvalues of the matrix ΓΓ
01 correspond exactly to the eigenvalues

of the positive definite matrix 
12
 Γ

0Γ12
 1, from which we further deduce that the matrix

 =
ΓΓ

0

1

must be of rank  for 1, 2,  sufficiently large. Since  is an × matrix with  = 1+2,

it follows immediately that 0 is an eigenvalue of  with algebraic multiplicity equaling  − for

1, 2,  sufficiently large.

To show part (b), let Λ1 =  (11  1), whose diagonal elements 1  0, for  ∈
{1 }, denote the non-zero eigenvalues of  (which must all be positive given that they

correspond to the eigenvalues of the positive definite matrix 
12
 Γ

0Γ12
 1 as shown in the
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proof of part (a)). Moreover, let

Λ2 = 0
(−)×(−)

whose diagonal elements are the  − zero eigenvalues of Since  is a symmetric matrix, the

representation given in expression (93) follows immediately from the usual spectral decomposition.

Finally, to show part (c), note that for any × ( −) matrix  6= 0, we have

kΛ1 −Λ2k = kΛ1k (since Λ2 = 0)

=

q
 { 0Λ01Λ1}

≥ min (Λ1)
p
 { 0}

= min (Λ1) kk

It follows that

sep (Λ1Λ2) = min
 6=0

kΛ1 −Λ2k
kk

= min
 6=0

kΛ1k
kk

(since Λ2 = 0 in this case)

≥ min
 6=0

min (Λ1) kk
kk

= min (Λ1)

Furthermore, in light of expression (94), the diagonal elements of Λ1, being the non-zero eigenvalues

of , must all be the solutions of the determinantal equation

det

(
 −


12
 Γ

0Γ12


1

)
= 0

so that, as noted in the proof of part (a) above, they are also the eigenvalues of the dual matrix


12
 Γ

0Γ12
 1. It follows from the proof of part (a) that there exists a positive constant  such

that for all 1, 2, and  sufficiently large.

sep (Λ1Λ2) = sep (Λ1 0)

≥ min (Λ1)

= min

Ã

12
 Γ

0Γ12


1

!
≥   0. ¤
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Lemma C-12: Suppose that  and  are both ×  symmetric matrices and that

 =

∙
1
×

2
×(−)

¸
is an orthogonal matrix such that

ran (1) = { ∈ R :  = 1 for some  ∈ R}

is an invariant subspace for , i.e., for any e ∈ ran(1) and let ∗ = e; then ∗ ∈ ran(1).
Partition the matrices 0 and 0 as follows:

0 =

⎛⎜⎝ Λ1
×

0
×(−)

0
(−)×

Λ2
(−)×(−)

⎞⎟⎠ and 0 =

⎛⎜⎜⎝ 11
×

021
×(−)

21
(−)×

22
(−)×(−)

⎞⎟⎟⎠ .
If

sep (Λ1Λ2) = min
 6=0

kΛ1 −Λ2k
kk

 0 (95)

and if

kk2 ≤
sep (Λ1Λ2)

5

=
1

5
min
 6=0

kΛ1 −Λ2k
kk

, (96)

then, there exists a matrix  ∈ R(−)× satisfying

kk2 ≤
4

sep (Λ1Λ2)
k21k2

= 4

µ
min
 6=0

kΛ1 −Λ2k
kk

¶−1
k21k2

such that the columns of b1 = (1 +2)
¡
 +0

¢−12
define an orthonormal basis for a subspace that is invariant for +.

Remark: Lemma C-12 is a well-known result in linear algebra restated here in our notations. It is

given in Golub and van Loan (1996) as Theorem 8.1.10. As noted in Golub and van Loan (1996),

this result is also a slight adaptation of Theorem 4.11 in Stewart (1973), which could be consulted
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for proof details.

Lemma C-13: Let X be an invariant subspace of , and let the columns of  form a basis for

X . Then, there is a unique matrix  such that

 = .

The matrix  is the representation of  on X with respect to the basis . In particular, ( ) is

an eigenpair of  if and only if ( ) is an eigenpair of .

Proof of Lemma C-13: This is Theorem 3.9 of Stewart and Sun (1990). For a proof of this

theorem, see Stewart and Sun (1990).

A straightforward application of Lemma C-12 (or Theorem 8.1.10 of Golub and van Loan, 1996)

to our setting here leads to the following lemma.

Lemma C-14: Let bΣ³c
´
be the post-variable-selection sample covariance matrix as defined in

expression (82) in Lemma C-10. Decompose bΣ³c
´
as follows:

bΣ³c
´
= +,

where

 =
ΓΓ

0

1
(97)

and where

 = bΣ³c
´
− ΓΓ

0

1

=
1

1

µ
Γ
³c

´
Γ

³c
´0
− ΓΓ

0
¶
+
1

1
Γ
³c

´ ∙ 0
0
−

¸
Γ
³c

´0
+

³c

´0
Γ

³c
´0

10
+
Γ
³c

´
 0

³c
´

10
+


³c

´0

³c

´
10

 (98)

with 0 =  − + 1 and

 =
1

0

X
=


£
 

0


¤
.

Suppose that Assumptions 2-1, 2-2, 2-3, 2-4 2-5, 2-6, 2-7, 2-8, 2-10, and 2-11* hold, and define


×

=

∙
1

×
2

×(−)

¸
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to be an orthogonal matrix whose columns are the eigenvectors of the matrix . Without loss

of generality, suppose that the columns of 1 are the eigenvectors associated with the non-zero

eigenvalues of , whereas 2 contains the eigenvectors associated with the zero eigenvalue which

has an algebraic multiplicity of  − in this case2. Partition the matrices 0 and 0 as

follows:

0 =

⎛⎜⎝ Λ1
×

0
×(−)

0
(−)×

Λ2
(−)×(−)

⎞⎟⎠ =

⎛⎜⎝ Λ1
×

0
×(−)

0
(−)×

0
(−)×(−)

⎞⎟⎠ and

0 =

⎛⎜⎜⎝ 11
×

021
×(−)

21
(−)×

22
(−)×(−)

⎞⎟⎟⎠ ,
where Λ1 is a diagonal matrix whose diagonal elements are the  largest eigevalues of the matrix

.3

Under the assumed conditions, the following statements are true.

(a) There exists a ( −)× matrix  such that the columns of the matrix

b1 = (1 +2)
¡
 +0

¢−12
define an orthonormal basis for a subspace that is invariant for bΣ³c

´
= +. Moreover,

kk2 =  (1) as 1 2 and  →∞

(b)
°°° b1 −1

°°°
2
=  (1) as 1 2, and  →∞

(c) The exists a unique symmetric matrix  such that

(+) b1 = b1.
Moreover, let bΛ = 

³b1  b

´
(99)

2That 0 is an eigenvalue of the matrix

 =
ΓΓ

0

1

with algebraic multiplicity equaling  − has already been shown previously in Lemma C-11.
3We have also previously shown in Lemma C-11 that 0 can be partitioned in the manner given here.
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denote a diagonal matrix whose diagonal elements are the eigenvalues of the matrix , and

let b =
³ b1 b2 · · · b

´
(100)

be a  ×  matrix whose  column (i.e., b) is an eigenvector of  associated with

the eigenvalue b for  = 1 . Then, b is an orthogonal matrix and
³ b1b b´ is an

eigenpair for the matrix + for  = 1 .

(d) With probability approaching one, the columns of the matrix

b1 b = b1 ³ b1 b2 · · · b

´
=
³ b1b1 b1b2 · · · b1b

´
are the eigenvectors associated with the  largest eigenvalues of the post-variable-selection

sample covariance matrix

+ = bΣ³c
´
.

Proof of Lemm C-14:

To show part (a), we first verify that the conditions (95) and (96) of Lemma C-12 are satisfied

here. To proceed, let ran(1) denote the range space of 1, i.e.,

ran (1) =
©
 ∈ R :  = 1 for some  ∈ R

ª
and, by definition, Λ1 is a  ×  diagonal matrix whose diagonal elements are the non-zero

eigenvalues of the matrix  = ΓΓ
01. Now, for any e ∈ ran(1), note that

∗ = e
=

µ
ΓΓ

0

1

¶
1

= 1Λ1

= 1
∗ where ∗ = Λ1.

from which it follows that ∗ ∈ ran(1), so that ran(1) is an invariant subspace of . Next, by
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applying the result of Lemma C-11, we have

sep (Λ1Λ2) = sep (Λ1 0)

= min
 6=0

kΛ1k
kk

≥ min (Λ1)

= min

Ã

12
 Γ

0Γ12


1

!
≥   0 for 1 and 2 sufficiently large,

so that condition (95) of Lemma C-12 is fulfilled. Next, note that, from the result of Lemma C-10,

we have

kk2 =
°°°°bΣ³c

´
− ΓΓ

0

1

°°°°
2

=  (1) as 1, 2, and  → 0;

from which it follows that

kk2 ≤
sep (Λ1 0)

5
w.p.a.1 as 1, 2, and  → 0.

so that condition (96) of Lemma C-12 is also satisfied here w.p.a.1. Hence, application of Lemma

C-12 allows us to conclude that there exists a ( −)× matrix  such that the columns of

the matrix b1 = (1 +2)
¡
 +0

¢−12
define an orthonormal basis for a subspace that is invariant for +. In addition,

kk2 ≤
4

sep (Λ1 0)
kk2

≤ 4

"
min

Ã

12
 Γ

0Γ12


1

!#−1
kk2

≤ 4


kk2 (for some   0 by Assumption 2-6 and Lemma C-4)

=  (1) ,

which shows result (a).

To show that
°°° b1 −1

°°°
2
=  (1), we first show that an explicit representation for 1 can be

given as

1 =
Γ√
1

µ
Γ0Γ
1

¶−12
Ξ = Γ

¡
Γ0Γ
¢−12

Ξ
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where Ξ is an orthogonal matrix whose columns are eigenvectors of the matrix

∗


×

=

µ
Γ0Γ
1

¶12


µ
Γ0Γ
1

¶12
To see that this representation satisfies the various properties we require of 1, note first that

011 = Ξ
0
µ
Γ0Γ
1

¶−12
Γ0Γ
1

µ
Γ0Γ
1

¶−12
Ξ = ;

hence, 1 so represented does have orthonormal columns. Moreover, note that

ΓΓ
0

1
1 =

Γ√
1


Γ0Γ√
1

¡
Γ0Γ
¢−12

Ξ

=
Γ√
1


Γ0Γ
1

µ
Γ0Γ
1

¶−12
Ξ

=
Γ√
1

µ
Γ0Γ
1

¶−12µ
Γ0Γ
1

¶12


µ
Γ0Γ
1

¶12µ
Γ0Γ
1

¶−12
Γ0Γ
1

µ
Γ0Γ
1

¶−12
Ξ

=
Γ√
1

µ
Γ0Γ
1

¶−12
∗

Ξ

= Γ
¡
Γ0Γ
¢−12

ΞΛ1

= 1Λ1 (101)

where Λ1 is a × diagonal matrix whose diagonal elements are the eigenvalues of the matrix

∗
 , which also happen to be the non-zero eigenvalues of the matrix  = ΓΓ

01. Pre-

multiplying the above equation by 01, we obtain

01
ΓΓ

0

1
1 = 011Λ1 = Λ1.

Since equation (101) shows that the columns of Γ (Γ0Γ)−12 Ξ are indeed the eigenvectors of the

matrix  = ΓΓ
01, by the argument given previously in the proof of part (a) above, we can

then deduce that ran(1), the range space of 1 with 1 = Γ (Γ
0Γ)−12 Ξ, is an invariant subspace

of . It follows that setting

1 = Γ
¡
Γ0Γ
¢−12

Ξ

fulfills all the required properties of 1 specified in Lemma C-12 above.
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Next, write

b1 −1 = (1 +2)
¡
 +0

¢−12 −1

= 1

h¡
 +0

¢−12 − 

i
+2

¡
 +0

¢−12
=

Γ√
1

µ
Γ0Γ
1

¶−12
Ξ
h¡
 +0

¢−12 − 

i
+2

¡
 +0

¢−12
Applying the submultiplicative property of matrix norms and the triangle inequality, we obtain°°° b1 −1

°°°
2

≤
°°°°° Γ√

1

µ
Γ0Γ
1

¶−12°°°°°
2

kΞk2
°°°¡ +0

¢−12 − 

°°°
2

+ k2k2 kk2
°°°¡ +0

¢−12°°°
2

=
°°°¡ +0

¢−12 − 

°°°
2
+ kk2

°°°¡ +0
¢−12°°°

2

where the last equality follows from the fact that

kΞk2 =
p
max (Ξ0Ξ) =

q
max () = 1,°°02°°2 =

q
max (2

0
2) =

q
max (

0
22) =

q
max (−) = 1, and°°°°° Γ√

1

µ
Γ0Γ
1

¶−12°°°°°
2

=

vuutmax

(µ
Γ0Γ
1

¶−12
Γ0Γ
1

µ
Γ0Γ
1

¶−12)
=

q
max {} = 1.

Now, if ( ) is an eigen-pair of 0 so that

0 =  with  ≥ 0 given that 0 is positive semidefinite;

then,

¡
 +0

¢
 = (1 + ) ¡

 +0
¢−12

 =
1

\√1 + 
, andh

 −
¡
 +0

¢−12i
 =

µ
 − 1

\√1 + 


¶


=

√
1 + − 1
\√1 + 


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since
1

\√1 + 
is an eigenvalue of

¡
 +0

¢−12
associated with the eigenvector 

and

√
1 + − 1
\√1 + 

is an eigenvalue of  −
¡
 +0

¢−12
associated with the eigenvector 

Moreover, let

 () =

√
1 + − 1
\√1 + 

and note that, for  ≥ 0,

0 () =
1

2

1

1 + 
− 1
2

√
1 + − 1
(1 + )32

=
1

2

√
1 + −√1 + + 1

(1 + )32

=
1

2 (1 + )32
 0

so that, in particular,  () is an increasing function of  for  ≥ 0. It follows that°°° b1 −1

°°°
2

≤
°°°¡ +0

¢−12 − 

°°°
2
+ kk2

°°°¡ +0
¢−12°°°

2

=
°°° −

¡
 +0

¢−12°°°
2
+ kk2

°°°¡ +0
¢−12°°°

2

=

s
max

µh
 − ( +0)−12

i0 h
 − ( +0)−12

i¶
+ kk2

r
max

³
( +0)−120 ( +0)−12

´
= max

h
 −

¡
 +0

¢−12i
+ kk2 max

h¡
 +0

¢−12i³
since  −

¡
 +0

¢−12
and

¡
 +0

¢−12
are both symmetric and positive semidefinite

´
≤

p
1 + max (0)− 1
\
p
1 + min (0)

+
kk2

\
p
1 + min (0)

≤
q
1 + kk22 − 1 + kk2

¡
since min

¡
0

¢ ≥ 0 given that 0 is positive semi-definite
¢

=  (1) as 1 2, and  →∞ (since kk2 =  (1)) .

This shows result (b).
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To show part (c), note that, by the result given in part (a) above, the columns of b1 =
(1 +2) ( +0)−12 form an orthonormal basis for a subspace that is invariant for  + .

It then follows immediately from Lemma C-13 that there exists a unique matrix  such that

(+) b1 = (+) (1 +2)
¡
 +0

¢−12
= (1 +2)

¡
 +0

¢−12


= b1.
Note further that

b01 b1 =
¡
 +0

¢−12 ¡
01 +002

¢
(1 +2)

¡
 +0

¢−12
=

¡
 +0

¢−12 ¡
011 +0021 +012+0022

¢ ¡
 +0

¢−12
=

¡
 +0

¢−12 ¡
 +0

¢ ¡
 +0

¢−12³
since by assumption  =

h
1 2

i
is an orthogonal matrix

´
= 

which, in turn, implies that

b01 (+) b1 = b01µΓΓ
0

1
+

¶ b1 = b01 b1
= 

so that  must be symmetric since, in our situation here,

+ =
ΓΓ

0

1
+ bΣ³c

´
− ΓΓ

0

1
= bΣ³c

´
=


³c

´0

³c

´
10

is a symmetric matrix. Now, let bΛ = 
³b1  b

´
and

b =
³ b1 b2 · · · b

´
be as defined in expressions (99) and (100). The fact that  is symmetric implies that b is an

orthogonal matrix. In addition, further application of Lemma C-13 shows that
³ b1b b´ is an

eigenpair for the matrix + for  = 1 .
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Finally, to show part (d), let  =
³
1 2

´
, and note that, by assumption,

0 =

Ã
011 012
021 022

!
=

Ã
Λ1 0

0 0

!
= Λ

where Λ1 =  (11  1) contains the  largest eigenvalues of . Without loss of gener-

ality, we can further assume that 11  1 are ordered, so that 1 = () (), i.e., 1 is the

 largest eigenvalue of .4 Given that, 0 = 0 =  , we have³
1 2

´
=  = Λ =

³
1Λ1 0

´
from which it follows that

1
0
1
b1b = 1Λ1

0
1
b1b, for  ∈ {1 } . (102)

Now, the result of part (c) above shows
³ b1b b´ to be an eigenpair of the matrix  +  for

 ∈ {1 }, so that
(+) b1b = b b1b for  ∈ {1 } (103)

where b1 = (1 +2) ( +0)−12 as given in the result for part (a). Multiplying both sides

of expression (103) by b0 b01101, we get
bb0 b01101 b1b = b0 b01101 (+) b1b

= b0 b01101 b1b + b0 b01101 b1b (104)

Since  = ΓΓ
01 is symmetric, it further follows by expression (102) that

b0 b01101 = b0 b011010 = b0 b011Λ101 (105)

4 If this is not the case; then, we can always define a permutation matrix P such that

Λ
∗
= P0ΛP

results in a diagonal matrix whose diagonal elements are repermutated in such a way, so that the required ordering

of the eigenvalues is satisfied. Moreover, since P is an orthogonal matrix, it further follows that

 = PP0ΛPP00
= PΛ∗P 00

.

Now, define  = P, and note that  is an orthogonal matrix whose columns are just the columns of  repermutated.
Hence, we can simply proceed with our analysis using  in lieu of , and the associated eigenvalues will be in the

order which we have assumed.
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Moreover, note that

0 ≤
³b0 b01101 b1b´2

≤
³b0 b01101101 b1b´³b0 b010 b1b´ (by CS inequality)

=
³b0 b01101 b1b´³b0 b010 b1b´ ¡

since 011 = 

¢
=

hb0 ¡ +0
¢−12 ¡

01 +002
¢
1

0
1 (1 +2)

¡
 +0

¢−12 bi ³b0 b010 b1b´
=

hb0 ¡ +0
¢−1 bi ³b0 b010 b1b´

≤
hb0 ¡ +0

¢−1 bimax ¡0¢
from which it follows that

−
qb0 ( +0)−1 b kk2 = −

qb0 ( +0)−1 bpmax (0)

≤ −
r³b0 b01101 b1b´2

≤ −
¯̄̄b0 b01101 b1b ¯̄̄

≤ b0 b01101 b1b (106)

where the last inequality follows from the fact that

b0 b01101 b1b  − ¯̄̄b0 b01101 b1b ¯̄̄ if b0 b01101 b1b  0
whereas b0 b01101 b1b = − ¯̄̄b0 b01101 b1b ¯̄̄ if b0 b01101 b1b ≤ 0
Combining expressions (104), (105), and (106), we see that

bb0 b01101 b1b = b0 b01101 b1b + b0 b01101 b1b
≥ b0 b011Λ101 b1b −qb0 ( +0)−1 b kk2 (107)
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for  ∈ {1 }. In addition, note that

b0 b01101 b1b = b0 b01101 (1 +2)
¡
 +0

¢−12 b
= b0 b011 ¡ +0

¢−12 b
= b0 ¡ +0

¢−12 ¡
01 +002

¢
1
¡
 +0

¢−12 b
= b0 ¡ +0

¢−1 b
 0

Hence, dividing both sides of expression (107) by b0 b01101 b1b, we obtain
b ≥ b0 b011Λ101 b1bb0 b01101 b1b −

qb0 ( +0)−1 b kk2b0 b01101 b1b
= e0Λ1e −

qb0 ( +0)−1 b kk2b0 ( +0)−1 b
= e0Λ1e − kk2qb0 ( +0)−1 b
=

X
=1

e21 − kk2qb0 ( +0)−1 b
where

e = 01 b1bqb0 b01101 b1b so that kek
2
2 =

X
=1

e2 = 1.
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Note also that

b0 ¡ +0
¢−1 b ≥ min

n¡
 +0

¢−1ob0b
= min

n¡
 +0

¢−1o ³
since kbk22 = 1´

=
1

max ( +0)

≥ 1

1 + max (0)

=
1

1 + kk22

≥
"
1 +

16 k21k22
(sep (Λ1Λ2))

2

#−1
(by Lemma C-12)

≥
"
1 +

16 kk22
(sep (Λ1Λ2))

2

#−1
(by Lemma C-3 )

≥
"
1 +

16 (sep (Λ1Λ2))
2 25

(sep (Λ1Λ2))
2

#−1
w.p.a.1Ã

given that kk22 =
°°°°bΣ³c

´
− ΓΓ

0

1

°°°°2
2

=  (1) by Lemma C-10

!
=

25

41

Making use of this lower bound, we obtain, for  ∈ {1 },

b ≥ X
=1

e21 − kk2qb0 ( +0)−1 b
≥

X
=1

e21 − √415 kk2 w.p.a.1

Next, recall the notations we have introduced previously on the ordering of the eigenvalues of the

matrices + and , i.e.,

(1) (+) ≥ · · · ≥ () (+) ≥ (+1) (+) ≥ · · · ≥ () (+) ,

(1) () ≥ · · · ≥ () () ≥ (+1) () ≥ · · · ≥ () ()

Since  = ΓΓ
0 /1 and since part (a) of Lemma C-11 shows that  () =  for all 1,
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2, and  sufficiently large; it follows that

(+1) () = · · · = () () = 0. (108)

In addition, by Corollary 8.1.6 of Golub and van Loan (1996), we have the inequality.

(+1) (+) ≤ (+1) () + kk2 . (109)

Making use of expressions (108) and (109); we see that, for any  ∈ {1 },

b − (+1) (+) ≥
X
=1

e21 − √415 kk2 −
©
(+1) () + kk2

ª
w.p.a.1

=

X
=1

e21 − √41 + 55
kk2

¡
since (+1) () = 0 here

¢
=

X
=1

e2() ()− √41 + 55
kk2¡

since 1 = () () as discussed previously
¢

≥
X
=1

e2() ()− √41 + 55

sep (Λ1Λ2)

5
w.p.a.1

(since kk2 =  (1) by Lemma C-10)

=

X
=1

e2() ()− √41 + 525
sep (Λ1 0) (since Λ2 = 0 here)

≥ min (Λ1)−
√
41 + 5

25
sep (Λ1 0)

¡
since Λ1 = 

¡
(1) ()   () ()

¢¢
=

Ã
20−√41

25

!
sep (Λ1 0)

(since sep (Λ1 0) = min (Λ1) by Theorem 3.1 of Stewart and Sun (1990))

≥
Ã
20−√41

25

!
  0 (by part (c) of Lemma C-11) .

This shows that the set
nb1  b

o
contains asymptotically the  largest eigenvalues of the

matrix +. It further follows from the result given in part (c) that, with probability approaching

one, the columns of the matrix

b1 b = b1 ³ b1 b2 · · · b

´
=
³ b1b1 b1b2 · · · b1b

´
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are the eigenvectors associated with the  largest eigenvalues of the matrix +. ¤

Lemma C-15: Suppose that Assumptions 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 2-7, 2-8, 2-9, 2-10, and 2-11*

hold. Then, the following statements are true.

(a) b1 −1

1

→ 0

(b) °°°°°°
Γ
³c

´
− Γ

√
1

°°°°°°
2

→ 0

(c) Let b1 = (1 +2)
¡
 +0

¢−12
where 1, 2, and  are as defined in Lemma C-14 above. Also, let b be the  × 

orthogonal matrix given in expression (100) of Lemma C-14. Then, there exists some positive

constant  such that °°°°° b 0 b01Γ√
1

°°°°°
2

≤
s
max

µ
Γ0Γ
1

¶
≤  ∞

for 1 2, and  sufficiently large. In addition,°°°°° b 0 b01Γ√
1
−0

°°°°°
2

→ 0

where

 =

µ
Γ0Γ
1

¶ 1
2

Ξb ,
with Ξ being the  ×  orthogonal matrix whose columns are the eigenvectors of the

matrix

∗
 =

µ
Γ0Γ
1

¶12


µ
Γ0Γ
1

¶12
=

µ
Γ0Γ
1

¶12
1

 − + 1

X
=


£
 

0


¤µΓ0Γ
1

¶12
.

(d) For all fixed index  °°°°°°
01

³c
´

√
1

°°°°°°
2

=  (1) .
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(e) For all fixed index  °°°°°°


³c
´

√
1

°°°°°°
2

2

=  (1) .

(f) For all fixed index , °°°°°°
02

³c
´

√
1

°°°°°°
2

=  (1) .

(g) Let b1 = (1 +2)
¡
 +0

¢−12
where 1, 2, and  are as defined in Lemma C-14 above. Also, let b be the  × 

orthogonal matrix given in expression (100) of Lemma C-14. Then, for all fixed index ,°°°°°°
b 0 b01

³c
´

q b1
°°°°°°
2

→ 0 as 1, 2, and  →∞.

(h) °°°°°°°
Γ
³c

´0 b1 bq b1 −

°°°°°°°
2

=

°°°°°°
b 0 b01Γ³c

´
q b1 −0

°°°°°°
2

=  (1) as 1 2  →∞.

where  is as defined in part (c) above.

(i)

k k2 =  (1) for all .

(j) °°°b −0

°°°
2
=  (1) as 1, 2, and  →∞

where b denotes the principal component estimator of the factor vector  obtained after

the variables have been pre-screened based on the decision rule

 ∈
( b if S+  Φ−1

¡
1− 

2

¢
b if S+ ≤ Φ−1

¡
1− 

2

¢ ,

as described in section 2. Here, S+ may be either the statistic
X

=1
 | |or the statistic

max1≤≤ | |.
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Proof of Lemma C-15:

To show part (a), note first that, for any   0,(¯̄̄̄
¯ b1 −1

1

¯̄̄̄
¯ ≥ 

)
=

(¯̄̄̄
¯ 11

X
=1

I
n
 ∈ c

o
− 1
¯̄̄̄
¯ ≥ 

)

=

(¯̄̄̄
¯ 11 X

∈

I
n
 ∈ c

o
+
1

1

X
∈

I
n
 ∈ c

o
− 1
¯̄̄̄
¯ ≥ 

)

⊆
(¯̄̄̄
¯ 11 X

∈

I
n
 ∈ c

o
− 1
¯̄̄̄
¯+

¯̄̄̄
¯ 11 X

∈
I
n
 ∈ c

o¯̄̄̄¯ ≥ 

)

⊆
(¯̄̄̄
¯ 11 X

∈

I
n
 ∈ c

o
− 1
¯̄̄̄
¯ ≥ 

2

)
∪
(¯̄̄̄
¯ 11 X

∈
I
n
 ∈ c

o¯̄̄̄¯ ≥ 

2

)

=

(¯̄̄̄
¯ 11 X

∈

³
I
n
 ∈ c

o
− 1
´¯̄̄̄¯ ≥ 

2

)
∪
(¯̄̄̄
¯ 11 X

∈
I
n
 ∈ c

o¯̄̄̄¯ ≥ 

2

)

By Markov’s inequality, we have

Pr

Ã¯̄̄̄
¯ 11 X

∈

³
I
n
 ∈ c

o
− 1
´¯̄̄̄¯ ≥ 

2

!

= Pr

⎛⎝¯̄̄̄¯ 11 X
∈

³
I
n
 ∈ c

o
− 1
´¯̄̄̄¯
2

≥ 2

4

⎞⎠
≤ 4

2


⎧⎨⎩
¯̄̄̄
¯ 11 X

∈

³
I
n
 ∈ c

o
− 1
´¯̄̄̄¯
2
⎫⎬⎭

=
4

2
1

2
1

X
∈

X
∈


h³
I
n
 ∈ c

o
− 1
´³
I
n
 ∈ c

o
− 1
´i

=
4

2
1

2
1

X
∈

X
∈

³

h
I
n
 ∈ c

o
I
n
 ∈ c

oi
−

h
I
n
 ∈ c

oi
−

h
I
n
 ∈ c

oi
+ 1
´

=
4

2
1

2
1

X
∈

X
∈

n
Pr
³n

 ∈ c
o
∩
n
 ∈ c

o´
− Pr

³
 ∈ c

´o
+
4

2
1

2
1

X
∈

X
∈

n
1− Pr

³
 ∈ c

´o
≤ 4

2
1

2
1

X
∈

X
∈

n
Pr
³
 ∈ c

´
− Pr

³
 ∈ c

´o
+
4

2
1

1

X
∈

n
1− Pr

³
 ∈ c

´o
≤ 4

2
1

1

X
∈

½
1− min

∈
Pr
³
 ∈ c

´¾
→ 0 as 1 2, and  →∞.
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where the last line above follows from the fact that, for  ∈  and for either the case where

S+ =
X

=1
 | | or the case where S+ = max1≤≤ | |, we can apply the results of

Theorem 2 to obtain

min
∈

Pr
³
 ∈ c

´
≥ Pr

Ã \
∈

n
S+  Φ−1

³
1− 

2

´o!

= 

µ
min
∈

S+  Φ−1
³
1− 

2

´¶
→ 1

Also, making use of Markov’s inequality, we obtain, for either the case where S+ =
X

=1
 | |

or the case where S+ = max1≤≤ | |,
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³
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

2

1
[1 +  (1)]

(following an argument similar to that given in the proof of Theorem 1)

→ 0

µ
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

1
→ 0 and

2


=  (1)

¶
.

244



Combining these results, we have that
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¯ ≥ 

!

≤ Pr

Ã(¯̄̄̄
¯ 11 X
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 ∈ c
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2

!
(by the union bound)

→ 0

For part (b), note that
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Γ
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´
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
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
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´
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
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 − 

´³
I
n
 ∈ c
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³
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n
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o
 − 

´
=

1

1

X
=1

0
h
1− I

n
 ∈ c
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=

1

1

X
∈

0
h
1− I

n
 ∈ c

oi
(since  = 0 for  ∈ )
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Applying Markov’s inequality, we have, for any   0,

Pr

⎛⎜⎝
°°°°°°
Γ
³c

´
− Γ

√
1

°°°°°°
2



≥ 

⎞⎟⎠ ≤ 1




(
1
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X
∈
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h
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=
1



1
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h
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³
 ∈ c

´i
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

∙
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³
 ∈ c
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∈

0
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

∙
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∈
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³
 ∈ c

´¸µ
sup
∈

kk2
¶2

≤ 1



∙
1− min

∈
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³
 ∈ c

´¸

2
(by Assumption 2-5)

→ 0

µ
since min

∈
Pr
³
 ∈ c

´
→ 1 for  ∈  by Theorem 2

¶
from which we further deduce that°°°°°°

Γ
³c

´
− Γ

√
1

°°°°°°
2

≤
°°°°°°
Γ
³c

´
− Γ

√
1

°°°°°°


→ 0.

Turning our attention to part (c), note that since, by definition,

b1 = (1 +2)
¡
 +0

¢−12
where 011 = , 

0
22 = −, and 012 = 0; it follows that

b01 b1 =
¡
 +0

¢−12 ¡
01 +002

¢
(1 +2)

¡
 +0

¢−12
=

¡
 +0

¢−12 ¡
 +0

¢ ¡
 +0

¢−12
= 
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Hence, by Assumption 2-6,°°°°° b 0 b01Γ√
1

°°°°°
2

≤
°°°b 0 b01°°°

2

°°°° Γ√
1

°°°°
2

=

r
max

³ b1 b b 0 b01´
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µ
Γ0Γ
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¶

=
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¶

=

q
max ()
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¶ ³
since b is an orthogonal matrix

´
=

s
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µ
Γ0Γ
1

¶
≤  ∞ for 12 sufficiently large

Now, to show the second result in part (c), note that, since

 =

µ
Γ0Γ
1

¶ 1
2

Ξb and 1 =
Γ√
1

µ
Γ0Γ
1

¶−12
Ξ = Γ

¡
Γ0Γ
¢−12

Ξ ,

we can write

b 0 b01Γ√
1
−0 =

b 0 b01Γ√
1
− b 0Ξ0µΓ0Γ

1

¶ 1
2

=
b 0 b01Γ√

1
− b 0Ξ0µΓ0Γ

1

¶−12
Γ0Γ
1

=
b 0 b01Γ√

1
−
b 001Γ√

1

= b 0 ³ b1 −1

´0 Γ√
1
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from which it follows that°°°°° b 0 b01Γ√
1
−0

°°°°°
2

≤
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2
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(by Assumption 2-6)

=  (1) as 1 2, and  →∞ (by part (b) of Lemma C-14) .

Next, to show part (d), we first write
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where 1 denotes the ( )
 element of 1. Now, consider the first term on the right-hand side
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of expression (110). Write
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2

1

X
=1

X
∈

³
I
n
 ∈ c

o
− 1
´
1

X
∈

³
I
n
 ∈ c

o
− 1
´
1

=
2

1

X
=1

ÃX
∈

³
I
n
 ∈ c

o
− 1
´
1

!2

≤ 2

X
=1

Ã
1

1

X
∈

³
I
n
 ∈ c

o
− 1
´2!ÃX

∈

21
2


!

= 2

X
=1

"
1

1

X
∈

³
I
n
 ∈ c

o
− 2I

n
 ∈ c

o
+ 1
´#ÃX

∈

21
2


!

= 2

X
=1

"
1

1

X
∈

³
1− I

n
 ∈ c

o´#ÃX
∈

21
2


!

Now, for either the case where S+ =
X

=1
 | | or the case where S+ = max1≤≤ | |,
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we have
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Moreover, by part (b) of Assumption 2-3, we have
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Consider next the term E12. To proceed, let  (
) denote an  × 1 vector whose 

component  (
) is given by

 (
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(
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0 if  ∈ 

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and we can write
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where 0∗ denotes the 
 row of Γ∗ = Γ (Γ0Γ1)
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µ
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


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→ 0 as 1 →∞.

¡
since, under Assumption 2-3(d), there exists a positive constant 

such that sup

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⎞⎠

It follows by Markov’s inequality that

E12 =  (1) .

Now, for E13, write
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Observe that
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Applying the triangle and Cauchy-Schwarz inequalities, we further obtain
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

√
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→ 0 as 1 →∞. (since, under Assumption 2-3(d) that there exists a

positive constant  such that sup


1
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X
∈

X
∈

| []| ≤  ∞
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from which we further deduce, upon applying Markov’s inequality, that
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Moreover, since we have previously shown that
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X
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2
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it follows from these calculations that
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In a similar way, we can also show that

|E14| =  (1) .

Finally, application of the Slutsky’s theorem then allows us to deduce that
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Note that, for either the case where S+ =
X

=1
 | | or the case where S+ = max1≤≤ | |,
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we have, by applying an argument similar to that given in the proof of Theorem 1,
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Moreover, making use of part (b) of Assumption 2-3, we have
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It follows by Markov’s inequality that
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Combining these results and using the inequality
√
1 + 2 ≤ √1+√2, we further obtain, for
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so that by DeMorgan’s law(
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we have, by applying an argument similar to that given in the proof of Theorem 1,
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Hence,
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from which it further follows that°°°°°°
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Turning our attention to part (f), note first that since  =
h
1 2

i
is an orthogonal matrix,
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we have  = 0 = 1
0
1 +2

0
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0
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0
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Applying the results from parts (d) and (e) above, we then obtain
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Now, to show part (g), first write
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Note that°°°°°°
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since b 0 b =  so that
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2
= 1

´
It follows that
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where the last line follows from the fact that
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as shown in part (a) in Lemma C-14 and in parts (a), (d), and (f) of this lemma.
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Turning our attention to part (h), we write
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so that, by the triangle inequality°°°°°°°
Γ
³c

´0 b1bq b1 −

°°°°°°°
2

=

°°°°°°
b 0 b01Γ³c

´
q b1 −0

°°°°°°
2

≤
°°°°° b 0 b01Γ√

1
−0

°°°°°
2

+

°°°°°°
⎡⎣Ã1 + b1 −1

1

!−1
2

− 1
⎤⎦ b 0 b01Γ√

1

°°°°°°
2

+

°°°°°°
⎡⎣Ã1 + b1 −1

1

!− 1
2

− 1
⎤⎦ b 0 b01

⎛⎝Γ
³c

´
− Γ

√
1

⎞⎠°°°°°°
2

+

°°°°°°b 0 b01
⎛⎝Γ

³c
´
− Γ

√
1

⎞⎠°°°°°°
2

≤
°°°°° b 0 b01Γ√

1
−0

°°°°°
2

+

¯̄̄̄
¯̄
Ã
1 +

b1 −1

1

!− 1
2

− 1
¯̄̄̄
¯̄
°°°°° b 0 b01Γ√

1

°°°°°
2

+

¯̄̄̄
¯̄
Ã
1 +

b1 −1

1

!−1
2

− 1
¯̄̄̄
¯̄ °°°b 0 b01°°°

2

°°°°°°
Γ
³c

´
− Γ

√
1

°°°°°°
2

+
°°°b 0 b01°°°

2

°°°°°°
Γ
³c

´
− Γ

√
1

°°°°°°
2

=

°°°°° b 0 b01Γ√
1
−0

°°°°°
2

+

¯̄̄̄
¯̄
Ã
1 +

b1 −1

1

!− 1
2

− 1
¯̄̄̄
¯̄
°°°°° b 0 b01Γ√

1

°°°°°
2

+

¯̄̄̄
¯̄
Ã
1 +

b1 −1

1

!−1
2

− 1
¯̄̄̄
¯̄
°°°°°°
Γ
³c

´
− Γ

√
1

°°°°°°
2

+

°°°°°°
Γ
³c

´
− Γ

√
1

°°°°°°
2
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It follows that°°°°°°°
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To show part (i), let  be the positive constant given in Lemma B-5 such that

 k k62 ≤  ∞ for all ;

and, for any   0, we let  = 
1
6 
√
. Applying Markov’s inequality, we see that
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from which it follows that k k2 =  (1) for all .

Lastly, to show part (j), note that, similar to the derivation given in the proof of Theorem 3,
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except that we replace the fixed index  with the sample size  , we can write
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Next, note that, by following the same derivation as that given for the proof of part (g), we can
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Moreover, by argument similar to that given for parts (d) and (f) of this lemma, we can show that,
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It follows from applying expressions (111) and (112), part (a) of this lemma, and part (a) of Lemma

C-14 that °°°°°°
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In addition, note that by applying Lemma B-5 and the Markov’s inequality in a way similar to the

argument given for the proof of part (i) above, we can show that
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Making use of the results given in expressions (113) and (114) and applying the triangle inequality

as well as parts (a)-(c) of this lemma, expression (114), and the Slutsky’s theorem; we then obtain,
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1 +

b1 −1

1

!−1
2

− 1
¯̄̄̄
¯̄
°°°°° b 0 b01Γ√

1

°°°°°
2

kk2

+

¯̄̄̄
¯̄
Ã
1 +

b1 −1

1

!− 1
2

¯̄̄̄
¯̄
°°°°°°
Γ
³c

´
− Γ

√
1

°°°°°°
2

kk2 +
°°°°°°
b 0 b01

³c
´

q b1
°°°°°°
2³

again since
°°°b 0 b01°°°

2
= max

³ b1b b 0 b01´ = max

³b 0 b01 b1b ´ = max () = 1
´

=  (1) (1) +  (1) (1) (1) + (1)  (1) (1) +  (1)

=  (1) . ¤

Lemma C-16: Suppose that Assumptions 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 2-7, 2-8, 2-9, 2-10, and 2-11*

hold. Then, the following statements are true as 1 2  →∞.

(a)

1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

=  (1) , where  =  − − + 1.

(b)

1



−X
=

°°°°°°


³c
´

√
1

°°°°°°
2

2

=  (1) 

(c)

,
1



−X
=

°°°°°°
02

³c
´

√
1

°°°°°°
2

=  (1)
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(d)

1



−X
=

k k22 =  (1) and

°°°°° 1
−X
=

 
0


°°°°°
2

=  (1)

(e) °°°°°°°
b 0 b01 ³c

´0

³c

´ b1 b
 b1

°°°°°°°
2

=  (1)

(f) °°°°°°
 0

³c
´ b1 b



q b1
°°°°°°
2

=  (1)

(g) °°°°° 1
−X
=

³ b −0 

´³ b −0 

´0°°°°°
2

=  (1) .

Proof of Lemma C-16:

For part (a), first write

1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

2

=
1



−X
=

X
=1

Ã
X
=1

I
n
 ∈ c

o 1√
1

!2

=
1



−X
=

X
=1

ÃX
∈

I
n
 ∈ c

o 1√
1

+
X
∈

I
n
 ∈ c

o 1√
1

!2

≤ 2



−X
=

X
=1

ÃX
∈

I
n
 ∈ c

o 1√
1

!2
+
2



−X
=

X
=1

ÃX
∈

I
n
 ∈ c

o 1√
1

!2

=
2

1

−X
=

X
=1

X
∈

X
∈

I
n
 ∈ c

o
I
n
 ∈ c

o
11

+
2

1

−X
=

X
=1

X
∈

X
∈

I
n
 ∈ c

o
I
n
 ∈ c

o
11 (115)

268



where 1 denotes the ( )
 element of

1 =
Γ∗Ξ√
1

=
Γ√
1

µ
Γ0Γ
1

¶−12
Ξ

Now, where

2

1

−X
=

X
=1

X
∈

X
∈

I
n
 ∈ c

o
I
n
 ∈ c

o
11

=
2

1

−X
=

X
=1

X
∈

X
∈

³
I
n
 ∈ c

o
− 1 + 1

´³
I
n
 ∈ c

o
− 1 + 1

´
11

=
2

1

−X
=

X
=1

X
∈

³
I
n
 ∈ c

o
− 1
´
1

X
∈

³
I
n
 ∈ c

o
− 1
´
1

+
2

1

−X
=

X
=1

X
∈

³
I
n
 ∈ c

o
− 1
´
1

X
∈

1

+
2

1

−X
=

X
=1

X
∈

1
X
∈

³
I
n
 ∈ c

o
− 1
´
1

+
2

1

−X
=

X
=1

X
∈

X
∈

11

= E11 + E12 + E13 + E14
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Focusing first on the term E11, we have

2

1

−X
=

X
=1

X
∈

³
I
n
 ∈ c

o
− 1
´
1

X
∈

³
I
n
 ∈ c

o
− 1
´
1

=
2

1

−X
=

X
=1

ÃX
∈

³
I
n
 ∈ c

o
− 1
´
1

!2

≤ 2

1

−X
=

X
=1

Ã¯̄̄̄
¯X
∈

³
I
n
 ∈ c

o
− 1
´
1

¯̄̄̄
¯
!2

≤ 2

X
=1

Ã
1

1

X
∈

³
I
n
 ∈ c

o
− 1
´2! 1



−X
=

ÃX
∈

21
2


!

= 2

X
=1

"
1

1

X
∈

³
I
n
 ∈ c

o
− 2I

n
 ∈ c

o
+ 1
´# 1



−X
=

ÃX
∈

21
2


!

= 2

X
=1

"
1

1

X
∈

³
1− I

n
 ∈ c

o´# 1



−X
=

ÃX
∈

21
2


!

Now, for either the case where S+ =
X

=1
 | | or the case where S+ = max1≤≤ | |,

we have, by applying Theorem 2,

0 ≤ 

"
1

1

X
∈

³
1− I

n
 ∈ c

o´#

=
1

1

X
∈

h
1− Pr

³
 ∈ c

´i
=

1

1

X
∈

h
1− 

³
S+ ≥ Φ−1

³
1− 

2

´´i
≤ 1− 

µ
min
∈

S+ ≥ Φ−1
³
1− 

2

´¶
(given that 1 = # {} , where # {} denotes the cardinality of the set )

→ 0

µ
since 

µ
min
∈

S+ ≥ Φ−1
³
1− 

2

´¶
→ 1

¶
.
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Moreover, making use of part (b) of Assumption 2-3, we have



"
1



−X
=

X
∈

21
2


#
=

1



−X
=

X
∈

21
£
2
¤

≤ 
 − − + 1



X
=1

21

≤ 

Ã
since

X
=1

21 = 1 and  =  − − + 1

!

It follows by Markov’s inequality that

1

1

X
∈

³
1− I

n
 ∈ c

o´
=  (1) and

1



−X
=

X
∈

21
2
 =  (1)

from which we deduce that

E11 =
2

1

−X
=

X
=1

ÃX
∈

³
I
n
 ∈ c

o
− 1
´
1

!2

≤ 2

X
=1

"
1

1

X
∈

³
1− I

n
 ∈ c

o´# 1



−X
=

ÃX
∈

21
2


!
=  (1) .
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Next, consider the term E12. To proceed, write¯̄
E12

¯̄
=

¯̄̄̄
¯̄ 2

1

−X
=

X
=1

X
∈

³
I
n
 ∈ c

o
− 1
´
1

X
∈

1

¯̄̄̄
¯̄

=

¯̄̄̄
¯̄ 2

1

−X
=

X
=1

X
∈

1
X
∈

³
I
n
 ∈ c

o
− 1
´
1

¯̄̄̄
¯̄

≤ 2

1

−X
=

X
=1

¯̄̄̄
¯̄X
∈

1

¯̄̄̄
¯̄
¯̄̄̄
¯X
∈

³
I
n
 ∈ c

o
− 1
´
1

¯̄̄̄
¯

≤ 2

1

X
=1

sX
∈

³
I
n
 ∈ c

o
− 1
´2 1



−X
=

sX
∈

21
2


¯̄̄̄
¯̄X
∈

1

¯̄̄̄
¯̄

≤ 1

1

X
=1

sX
∈

³
I
n
 ∈ c

o
− 1
´2 1



−X
=

X
∈

21
2


+
1

1

X
=1

sX
∈

³
I
n
 ∈ c

o
− 1
´2 1



−X
=

⎛⎝X
∈

1

⎞⎠2
µ
by the inequality | | ≤ 1

2
2 +

1

2
 2
¶

=
1√
1

X
=1

s
1

1

X
∈

³
1− I

n
 ∈ c

o´ 1


−X
=

X
∈

21
2


+

s
1

1

X
∈

³
1− I

n
 ∈ c

o´ 1


−X
=

1√
1

X
=1

⎛⎝X
∈

1

⎞⎠2
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Observe that



⎡⎣ 1


−X
=

1√
1

X
=1

⎛⎝X
∈

1

⎞⎠2⎤⎦
=

1



−X
=

1√
1

X
=1

X
∈

X
∈

11 []

=
1



−X
=

1√
1

X
∈

X
∈

X
=1

11 []

=
1



−X
=

1√
1

X
∈

X
∈

0Γ∗√
1

X
=1

Ξ
0
Ξ

0Γ
0∗√
1

 []Ã
since 1 =

Γ∗Ξ√
1

with Γ∗ = Γ
µ
Γ0Γ
1

¶−12!

=
1



−X
=

1


3
2
1

X
∈

X
∈

0Γ∗ΞΞ
0Γ0∗ []

=
1



−X
=

1


3
2

1

X
∈

X
∈

0Γ∗Γ
0
∗ []

(since Ξ is an orthogonal matrix)

=
1



−X
=

1


3
2
1

X
∈

X
∈

0∗∗ []

where ∗ = (Γ0Γ1)
−12

 . Applying the triangle and Cauchy-Schwarz inequalities, we further
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obtain
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=
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∈
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0∗∗ []

=
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
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=

1


3
2

1

X
∈
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∈

0

µ
Γ0Γ
1

¶−12µ
Γ0Γ
1

¶−12
 []
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

−X
=

1


3
2
1

X
∈

X
∈

¯̄̄̄
¯0
µ
Γ0Γ
1

¶−12µ
Γ0Γ
1

¶−12


¯̄̄̄
¯ | []|

≤ 1



−X
=

1


3
2
1

X
∈

X
∈

s
0

µ
Γ0Γ
1

¶−1


s
0

µ
Γ0Γ
1

¶−1
 | [→]|

≤ 



1√
1

−X
=

1

1

X
∈

X
∈

| []|

(since, under Assumptions 2-5 and 2-6, there exist positive constants  and  such that

sup
∈

kk2 ≤  ∞ and min

µ
Γ0Γ
1

¶
≥   0

¶
≤ 



√
1

→ 0 as 1 →∞. (since, under Assumption 2-3(d), there exists a

positive constant  such that sup


1

1

X
∈

X
∈

| []| ≤  ∞
⎞⎠

from which we further deduce, upon applying Markov’s inequality, that

1



−X
=

1√
1

X
=1

⎛⎝X
∈

1

⎞⎠2 =  (1)

Moreover, since we have previously shown that

1

1

X
∈

³
1− I

n
 ∈ c

o´
=  (1) and

1



−X
=

X
∈

21
2
 =  (1) ,
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it follows from these calculations that

¯̄
E12

¯̄
≤ 1√

1

X
=1

s
1

1

X
∈

³
1− I

n
 ∈ c

o´ 1


−X
=

X
∈

21
2


+

s
1

1

X
∈

³
1− I

n
 ∈ c

o´ 1


−X
=

1√
1

X
=1

⎛⎝X
∈

1

⎞⎠2
=  (1) .

In a similar way, we can also show that

¯̄
E13

¯̄
=  (1) .

Finally, let  (
) denote an  × 1 vector whose  component  (

) is given by

 (
) =

(
 if  ∈ 

0 if  ∈ 

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and we can write

E14 =
2

1

−X
=

X
=1
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∈

X
∈

11
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−X
=
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=
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
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¾

=
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=



(
Ξ0
µ
Γ0Γ
1

¶−12
Γ0√
1

 (
) (

)0

1

Γ√
1

µ
Γ0Γ
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¶−12
Ξ

)

=
2



−X
=


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Γ0Γ
1

¶−12
Γ0√
1

 (
) (

)0
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Γ√
1
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
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)0 Γ∗

2
1

¾

=
2


2
1

−X
=

 (
)0 Γ∗Γ0∗ (

)

=
2


2
1

−X
=

X
∈

X
∈

0∗∗
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where 0∗ denotes the 
 row of Γ∗ = Γ (Γ0Γ1)

−12
. Taking expectation, we then obtain

0 ≤ 
£E14¤

=
2

1

−X
=

X
=1

X
∈

X
∈

11 []

=
2


2
1

−X
=

X
∈

X
∈

0∗∗ []

=
2


2
1

−X
=

X
∈

X
∈
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µ
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¶−12
 []

≤ 2


2
1

−X
=

X
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X
∈

¯̄̄̄
¯0
µ
Γ0Γ
1

¶−12µ
Γ0Γ
1

¶−12


¯̄̄̄
¯ | []|

≤ 2


2
1

−X
=

X
∈

X
∈

s
0

µ
Γ0Γ
1

¶−1


s
0

µ
Γ0Γ
1

¶−1
 | []|

≤ 2



1


2
1

−X
=

X
∈

X
∈

| []|

(since, under Assumptions 2-5 and 2-6, there exist positive constants  and  such that

sup
∈

kk2 ≤  ∞ and min

µ
Γ0Γ
1

¶
≥   0

¶
≤ 2





1

 − − + 1


=
2





1
→ 0 as 1  →∞.¡

since, under Assumption 2-3(d), there exist a positive constant 

such that sup


1

1

X
∈

X
∈

| []| ≤  ∞
⎞⎠

It follows by Markov’s inequality that

E14 =  (1) .

Application of the Slutsky’s theorem then allows us to deduce that

2

1

−X
=

X
=1

X
∈

X
∈

I
n
 ∈ c

o
I
n
 ∈ c

o
11 = E11 + E12 + E13 + E14

=  (1) +  (1) +  (1) +  (1)

=  (1) .

277



Consider now the second term on the extreme right-hand side of expression (115)
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o
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=
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I
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o
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=
2

1

−X
=

X
=1

Ã¯̄̄̄
¯X
∈

I
n
 ∈ c

o
1

¯̄̄̄
¯
!2

≤ 2

X
=1

"
1
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X
∈

I
n
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

−X
=

X
∈

21
2


#

Note that, for either the case where S+ =
X

=1
 | | or the case where S+ = max1≤≤ | |,

we have

0 ≤ 

"
1

1

X
∈

I
n
 ∈ c

o#

=
1

1

X
∈
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³
 ∈ c

´
=

1

1

X
∈


³
S+ ≥ Φ−1

³
1− 

2

´´
≤ 2

1

½
1 + 21+

−(1−1) 2
0 + 21+Φ−1

³
1− 

2

´2+

−(1−1) 2
0

¾
=

2

1
[1 +  (1)]

(following an argument similar to that given in the proof of Theorem 1)

→ 0 as 1 2  →∞
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Moreover, making use of part (b) of Assumption 2-3, we have



"
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−X
=
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∈
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#
=

1


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=

X
∈

21
£
2
¤

≤ 
1


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=

X
=1

21

≤ 
 − − + 1

Ã
given that

X
=1

21 = 1 and  =  − − + 1

!
≤  ∞

It follows by Markov’s inequality that

1

1

X
∈

I
n
 ∈ c

o
=  (1) and

1



−X
=

X
∈

21
2
 =  (1)

from which we deduce that

2
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=

X
=1

X
∈

X
∈

I
n
 ∈ c

o
I
n
 ∈ c

o
11

≤ 2

X
=1

"
1

1

X
∈

I
n
 ∈ c
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−X
=

X
∈

21
2


#
=  (1)

Combining these results, we further obtain
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°°°°°°
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X
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 ∈ c

o
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n
 ∈ c
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∈
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=  (1) +  (1)

=  (1) .
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To show part (b), write
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I
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I
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Next, note that, by making use of part (b) of Assumption 2-3, we have
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(since 1 = # {} ,

where # {} denotes the cardinality of the set )
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It follows that, for any   0 and for either the case where S+ =
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where S+ = max1≤≤ | |, we have

Pr

(
1

1

X
∈

I
n
 ∈ c

o 1



−X
=

2 ≥ 

)

≤ Pr

([
∈

n
 ∈ c

o)
≤

X
∈

Pr
n
 ∈ c

o
=

X
∈


³
S+ ≥ Φ−1

³
1− 

2

´´
≤ 2



½
1 + 21+

−(1−1) 2
0 + 21+Φ−1

³
1− 

2

´2+

−(1−1) 2
0

¾
=

2


[1 +  (1)]

(following an argument similar to that given in the proof of Theorem 1)

→ 0 as 1 2  →∞

Hence,

1

1

X
∈

I
n
 ∈ c

o 1



−X
=

2 =  (1)

from which it we further deduce that

1



−X
=

°°°°°°


³c
´

√
1

°°°°°°
2

2

≤ 1

1

−X
=

X
∈

2 +
1

1

X
∈

I
n
 ∈ c

o 1



−X
=

2

=  (1) +  (1)

=  (1) .
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Next, to show part (d), let  be the constant given in Lemma B-5 such that
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so that
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Turning our attention to part (e), write
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To analyze the four terms on the right-hand side of the expression above, note first that, by the

homogeneity of matrix norm and the triangle inequality,
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Similarly, we obtain°°°°°01 1

1

−X
=



³c
´


³c
´0
2

°°°°°
2

≤ 1



−X
=

°°°°°°°
01

³c
´


³c
´0
2

1

°°°°°°°
2

=
1



−X
=

vuuuutmax

⎧⎪⎨⎪⎩
⎛⎜⎝02

³c
´


³c
´0
1

0
1

³c
´


³c
´0
2

2
1

⎞⎟⎠
⎫⎪⎬⎪⎭

=
1



−X
=

vuuuut
°°°°°°
01

³c
´

√
1

°°°°°°
2

2

max

⎧⎪⎨⎪⎩
⎛⎜⎝02

³c
´


³c
´0
2

1

⎞⎟⎠
⎫⎪⎬⎪⎭

=
1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

vuuuutmax

⎛⎜⎝02

³c
´


³c
´0
2

1

⎞⎟⎠
≤ 1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

°°°°°°
02

³c
´

√
1

°°°°°°
2

and

°°°°°02 1

1

−X
=



³c
´


³c
´0
2

°°°°°
2

≤ 1



−X
=

°°°°°°°
02

³c
´


³c
´0
2

1

°°°°°°°
2

=
1



−X
=

°°°°°°
02

³c
´

√
1

°°°°°°
2

2

.

286



Hence,°°°°°°°
b 0 b01 ³c

´0

³c

´ b01 b
 b1

°°°°°°°
2

≤
¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 °°°b °°°2

2

°°°¡ +0
¢−12°°°2

2

1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

2

+2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 °°°b °°°2

2

°°°¡ +0
¢−12°°°2

2
kk2

1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

°°°°°°
02

³c
´

√
1

°°°°°°
2

+

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 °°°b °°°2

2

°°°¡ +0
¢−12°°°2

2
kk22

1



−X
=

°°°°°°
02

³c
´

√
1

°°°°°°
2

2

=

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 °°°¡ +0

¢−12°°°2
2

1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

2

+2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 °°°¡ +0

¢−12°°°2
2

1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

kk2

°°°°°°
02

³c
´

√
1

°°°°°°
2

+

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 °°°¡ +0

¢−12°°°2
2
kk22

1



−X
=

°°°°°°
02

³ b´
√
1

°°°°°°
2

2³
since b 0 b =  so that

°°°b °°°
2
= 1

´
≤ 2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 °°°¡ +0

¢−12°°°2
2

1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

2

+2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 °°°¡ +0

¢−12°°°2
2
kk22

1



−X
=

°°°°°°
02

³c
´

√
1

°°°°°°
2

2

It follows that

287



°°°°°°°
b 0 b01 ³c

´0

³c

´ b1 b
 b1

°°°°°°°
2

≤ 2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 °°°¡ +0

¢−12°°°2
2

1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

2

+2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 °°°¡ +0

¢−12°°°2
2
kk22

1



−X
=

°°°°°°
02

³c
´

√
1

°°°°°°
2

2

≤ 2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1Ã

1
\
p
1 + min (0)

!2
1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

2

+2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1Ã kk2

\
p
1 + min (0)

!2
1



−X
=

°°°°°°
02

³c
´

√
1

°°°°°°
2

2

= 2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1

1

1 + min (0)
1



−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

2

+2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1 kk22
1 + min (0)

1



−X
=

°°°°°°
02

³c
´

√
1

°°°°°°
2

2

≤ 2

¯̄̄̄
¯1 + b1 −1

1

¯̄̄̄
¯
−1
⎡⎢⎣ 1


−X
=

°°°°°°
01

³c
´

√
1

°°°°°°
2

2

+ kk22
1



−X
=

°°°°°°
02

³c
´

√
1

°°°°°°
2

2

⎤⎥⎦
=  (1) (applying part (a) of Lemma C-14, part (a) of Lemma C-15,

parts (a) and (c) of this lemma, and Slutsky’s theorem)

288



To show part (f), first write°°°°°°
 0

³c
´ b1b



q b1
°°°°°°
2

=

°°°°°° 1
−X
=

 
0


³c
´ b1bq b1

°°°°°°
2

≤ 1



−X
=

°°°°°°
 

0


³c
´ b1bq b1

°°°°°°
2

=
1



−X
=

vuuutmax

⎛⎝ b 0 b01

³c
´
 0 

0


³c
´ b1 bb1

⎞⎠

=
1



−X
=

k k2

vuuutmax

⎛⎝ b 0 b01

³c
´
 0

³c
´ b1bb1

⎞⎠

=
1



−X
=

k k2

vuut 0
³c

´ b1b b 0 b01

³c
´

b1
=

1



−X
=

k k2

°°°°°°
b 0 b01

³c
´

q b1
°°°°°°
2

≤
vuut 1



−X
=

k k22

vuuuut 1



−X
=

°°°°°°
b 0 b01

³c
´

q b1
°°°°°°
2

2

289
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from which we obtain
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Lastly, to show part (g), first write
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Applying part (h) of Lemma C-15 and parts (d), (e), and (f) of this lemma and the Slutsky’s
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°°°°°°
b 0 b01Γ³c

´
q b1 −0

°°°°°°
2

2

°°°°° 1
X
=

 
0


°°°°°
2

+ 2

°°°°°°
b 0 b01Γ³c

´
q b1 −0

°°°°°°
2

°°°°°°
 0

³c
´ b1b



q b1
°°°°°°
2

+

°°°°°°°
b 0 b01 ³c

´0

³c

´ b1 b
 b1

°°°°°°°
2

=  (1) (1) +  (1)  (1) +  (1)

=  (1) . ¤

Lemma C-17: Suppose that Assumptions 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 2-7, 2-8, 2-9, 2-10, and 2-11*

hold. Then, the following statements are true.

(a) b 0b

− 1



−X
=

0
£
 

0


¤
 =  (1) , where  =  − − + 1.
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(b) b 0

− 1



−X
=

0
£
 

0


¤
=  (1)

(c) b 0


− 1



−X
=

0 [ ] =  (1) 

where  = (1 1  1)
0 is a  × 1 vector.

(d) b 0 ³ b − 
´
−12


=  (1)

(e)

 0
³ b − 

´
−12


=  (1)

(f)

0
³ b − 

´
−12


=  (1)

(g) b 0H


=
1



−X
=

b 
0
+ =  (1)

Proof of Lemma C-17:
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To show part (a), first write

b 0b

− 1



−X
=

0
£
 

0


¤


=
1



−X
=

b 
b 0 − 1



−X
=

0
£
 

0


¤


=
1



−X
=

³b  −0  +0 

´³b  −0  +0 

´0
− 1



−X
=

0
£
 

0


¤


=
1



−X
=

³b  −0 

´³b  −0 

´0
+0

1



−X
=

 

³b  −0 

´0
+
1



−X
=

³b  −0 

´
 0+0

Ã
1



−X
=

 
0
 −

1



−X
=


£
 

0


¤!


Now, by part (g) of Lemma C-16, we have that

1



−X
=

³b  −0 

´³b  −0 

´0 → 0

Moreover, for any   ∈ R such that kk2 = kk2 = 1¯̄̄̄
¯00 1

−X
=

 

³b  −0 

´0


¯̄̄̄
¯

≤
vuut00

Ã
1



−X
=

 
0


!


vuut 1



−X
=

0
³b  −0 

´³b  −0 

´0


≤
vuut00max

Ã
1



−X
=

 
0


!vuut 1



−X
=

0
³b  −0 

´³b  −0 

´0


=

vuut00

°°°°° 1
−X
=

 
0


°°°°°
2

vuut 1



−X
=

0
³b  −0 

´³b  −0 

´0


(since, for a symmetric psd matrix ,

kk2 =
p
max (0) =

p
max (2) =

q
[max ()]

2 = max ()

¶
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Now, by Assumption 2-6, there exists a positive constant  such that

00 = 0 b 0Ξ0µΓ0Γ
1

¶12µ
Γ0Γ
1

¶12
Ξb 

= 0 b 0Ξ0µΓ0Γ
1

¶
Ξb 

≤ max

µ
Γ0Γ
1

¶
0 b 0Ξ0Ξb 

= max

µ
Γ0Γ
1

¶ ³
since Ξ0Ξ = , b 0 b = , and 0 = 1

´
≤  for all 1 2 sufficiently large. (116)

while, applying the triangle inequality and part (d) of Lemma C-16 allow us to show that°°°°° 1
−X
=

 
0


°°°°°
2

≤ 1



−X
=

°° 
0


°°
2

=
1



−X
=

q
max ( 

0
 

0
)

=
1



−X
=

q
[max ( 

0
)]
2

=
1



−X
=

q
k k42

=
1



−X
=

k k22

=  (1)

Combining this result with part (g) of Lemma C-16 and the Slutsky’s Theorem, we deduce that¯̄̄̄
¯00 1

−X
=

 

³b  −0 

´0


¯̄̄̄
¯

≤
vuut00

°°°°° 1
−X
=

 
0


°°°°°
2

vuut 1



−X
=

0
³b  −0 

´³b  −0 

´0


=  (1)
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Since this argument holds for all   ∈ R such that kk2 = kk2 = 1, we further obtain

0
1



−X
=

 

³b  −0 

´0
=  (1)

Now, given that

1



−X
=

³b  −0 

´
 0 =

"
0
1



−X
=

 

³b  −0 

´0#0
,

a similar argument also shows that

1



−X
=

³b  −0 

´
 0 =  (1) .

Making use of part (b) of Lemma C-2 and the Slutsky’s theorem, we also see that

0
Ã
1



−X
=

 
0
 −

1



−X
=


£
 

0


¤!


→ 0

Putting these results together and apply Slutsky’s theorem, we then obtain

b 0b

− 1



−X
=

0
£
 

0


¤


=
1



−X
=

³b  −0 

´³b  −0 

´0
+0

1



−X
=

 

³b  −0 

´0
+
1



−X
=

³b  −0 

´
 0+0

Ã
1



−X
=

 
0
 −

1



−X
=


£
 

0


¤!


=  (1)

297



To show part (b), first write, for any  ∈ R and  ∈ R such that kk2 = 1 and kk2 = 1,

0b 0 


− 1



−X
=

00
£
 

0


¤


=
1



−X
=

0b 
0
−

1



−X
=

00
£
 

0


¤


=
1



−X
=

0
³b  −0  +0 

´
 0−

1



−X
=

00
£
 

0


¤


=
1



−X
=

0
³b  −0 

´
 0+ 00

Ã
1



−X
=

 
0
 −

1



−X
=


£
 

0


¤!

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Focusing first on the first term on last line above, we note that,¯̄̄̄
¯ 1

−X
=

0
³b  −0 

´
 0

¯̄̄̄
¯

≤
vuut0

1



−X
=

³b  −0 

´³b  −0 

´0


vuut 1



−X
=

0 
0


=

vuut0
1



−X
=

³b  −0 

´³b  −0 

´0


vuut0
Ã
1



−X
=

 
0
 −

1



−X
=

 [ 
0
]

!
+

1



−X
=

0 [ 
0
] 

≤
vuut0

1



−X
=

³b  −0 

´³b  −0 

´0
 \

vuut0
Ã
1



−X
=

 
0
 −

1



−X
=

 [ 
0
]

!


+

vuut0
1



−X
=

³b  −0 

´³b  −0 

´0


vuut 1



−X
=

0 [ 
0
] ¡

since
√
1 + 2 ≤ √1 +√2

¢
≤

vuut0
1



−X
=

³b  −0 

´³b  −0 

´0
 \

vuut0
Ã
1



−X
=

 
0
 −

1



−X
=

 [ 
0
]

!


+

vuut0
1



−X
=

³b  −0 

´³b  −0 

´0


vuut 1



−X
=+1

 k k22³
since 0

£
 

0


¤
 = 

h¡
0 

¢2i ≤ 
£
0 0 

¤
= 

h
k k22

i´
=  (1)

by part (b) of Lemma C-2 and parts (d) and (g) of Lemma C-16. In addition, note that, by making
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use of part (b) of Lemma C-2, Assumption 2-6, and Slutsky’s theorem; we obtain¯̄̄̄
¯00

Ã
1



−X
=

 
0
 −

1



−X
=


£
 

0


¤!


¯̄̄̄
¯

≤
p
00

vuut0
Ã
1



−X
=

 
0
 −

1



−X
=

 [ 
0
]

!0Ã
1



−X
=

 
0
 −

1



−X
=

 [ 
0
]

!


≤
s
max

µ
Γ0Γ
1

¶vuut0
Ã
1



−X
=

 
0
 −

1



−X
=

 [ 
0
]

!0Ã
1



−X
=

 
0
 −

1



−X
=

 [ 
0
]

!


=  (1) .

Combining these results, we then get¯̄̄̄
¯0b

0
 


− 1



−X
=

00
£
 

0


¤


¯̄̄̄
¯

≤
¯̄̄̄
¯ 1

−X
=

0
³b  −0 

´
 0

¯̄̄̄
¯+

¯̄̄̄
¯00

Ã
1



−X
=

 
0
 −

1



−X
=


£
 

0


¤!


¯̄̄̄
¯

=  (1)

Since the above argument holds for all  ∈ R and  ∈ R such that kk2 = 1 and kk2 = 1; we
further deduce that b 0


− 1



−X
=

0
£
 

0


¤
=  (1) .

To show part (c), first write, for any  ∈ R such that kk2 = 1,

0b 0


− 000P(+)
¡
(+) −

¢−1
 0+

=
1



−X
=

0b  − 000P(+)
¡
(+) −

¢−1
 0+

=
1



−X
=

0
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Focusing first on the first term on last line above, we note that,¯̄̄̄
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(by triangle inequality)
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2

=  (1)

by part (g) of Lemma C-16 and Slutsky’s theorem. In addition, note that, by making use of part

(d) of Lemma C-2, Assumption 2-6, and Slutsky’s theorem; we obtain¯̄̄̄
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Combining these results and applying Slutsky’s theorem, we then get¯̄̄̄
¯0b

0
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Since the above argument holds for all  ∈ R such that kk2 = 1; we further deduce that

b 0


−00P(+)
¡
(+) −

¢−1
 0+ =  (1) .

Turning our attention to part (d), note that for any  ∈ R and  ∈ R such that kk2 = 1
and kk2 = 1, we can write
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−X
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using the inequality
√
1 + 2 ≤

√
1 +

√
2 for 1 ≥ 0 and 2 ≥ 0

¢
≤

⎧⎨⎩
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Ã
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=
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0
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!

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=


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2

0020−1−12µ
since for a symmetric psd matrix , kk2 =

p
max (0) =

p
max (2) =

q
[max ()]

2

= max () and since 
00

£
 

0


¤
 = 

h¡
00 

¢2i ≤ 
£
00 0 

¤
= 00

h
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=

⎧⎨⎩
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!

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×
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=
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2
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Now, by part (a) of this lemma and Slutsky’s theorem, we have¯̄̄̄
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£
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0


¤


!


¯̄̄̄
¯ =  (1) (117)

Note also that

1


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=


h
k k22

i
≤ 1



−X
=

³

h
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i´ 1
3
(by Liapunov’s inequality)
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=

¡

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3 (by Lemma B-5)

=
¡

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In addition, note that, by Assumption 2-7, there exists a positive constant  such that

max
¡
022

¢
= max

µ


P 0(+)0P(+)
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

¾ ¡
since 0 =  so max
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(by Assumption 2-7)
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o
= 2max

  for integer  ≥ 1,

where max = max {|max ()|  |min ()|} and where the last equality follows from the fact that

0  max  1 given that Assumption 2-1 implies that all eigenvalues of  have modulus less than

1. The boundedness of max (
0
22) allows us to further deduce that
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=

∙
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µ
Γ0Γ
1

¶¸−1
max

¡
022

¢
≤ ∗ ∞ (119)
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for some positive constant ∗ in light of Assumption 2-6. It follows by applying expression (116) in

the proof for part (a), expressions (117)-(119) here, as well as the result given in part (g) of Lemma

C-16 and the Slutsky’ theorem that¯̄̄̄
¯̄ 0 b

0 ³ b − 
´
−12



¯̄̄̄
¯̄

≤
⎧⎨⎩
vuut¯̄̄̄¯0

Ã
1



−X
=

b b 0 − 1



−X
=

0 [ 
0
]

!


¯̄̄̄
¯

×
vuut°°°°° 1

−X
=

³b  −0 

´³b  −0 

´0°°°°°
2

0020−1−12

⎫⎬⎭
+
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=  (1) .

Since the above argument holds for all  ∈ R and  ∈ R such that kk2 = 1 and kk2 = 1, we
further deduce that b 0 ³ b − 

´
−12


=  (1) .

To show part (e), note that for any  ∈ R and  ∈ R such that kk2 = 1 and kk2 = 1, we
can write
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=

³b 0 −  0
´0 ³b 0 −  0

´°°°°°
2

0020−1−12

⎫⎬⎭
+

vuut0
1



−X
=


h
k k22

ivuut°°°°° 1
−X
=

³b 0 −  0
´0 ³b 0 −  0

´°°°°°
2

0020−1−12µ
since for a symmetric psd matrix , kk2 =

p
max (0) =

p
max (2) =

q
[max ()]

2

= max () and since 
0
£
 

0


¤
 = 

h¡
0 

¢2i ≤ 
£
0 0 

¤
= 

h
k k22

i´
=

⎧⎨⎩
vuut¯̄̄̄¯0

Ã
1



−X
=

 
0
 −

1



−X
=

 [ 
0
]

!


¯̄̄̄
¯

×
vuut°°°°° 1

−X
=

³b  −0 

´³b  −0 

´0°°°°°
2

0020−1−12

⎫⎬⎭
+

vuut 1



−X
=


h
k k22

ivuut°°°°° 1
−X
=

³b  −0 

´³b  −0 

´0°°°°°
2

0020−1−12Ã
since

1



−X
=

³b 0 −  0
´0 ³b 0 −  0

´
=
1



−X
=

³b  −0 

´³b  −0 

´0!

Now, by part (b) of Lemma C-2 and Slutsky’s theorem, we have¯̄̄̄
¯0
Ã
1



−X
=

 
0
 −

1



−X
=


£
 

0


¤!


¯̄̄̄
¯ = 

µ
1√


¶
=  (1) (120)

Note also that

1



−X
=


h
k k22

i
≤ 1



−X
=

³

h
k k62

i´ 1
3
(by Liapunov’s inequality)

≤ 1



−X
=

¡

¢ 1
3 (by Lemma B-5)

=
¡

¢ 1
3 . (121)

It follows by applying expressions (119), (120), and (121) as well as the result given in part (g) of
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Lemma C-16 and the Slutsky’ theorem that¯̄̄̄
¯̄ 0 0

³ b − 
´
−12



¯̄̄̄
¯̄

≤
⎧⎨⎩
vuut¯̄̄̄¯0

Ã
1



−X
=

 
0
 −

1



−X
=

 [ 
0
]

!


¯̄̄̄
¯

×
vuut°°°°° 1

−X
=

³b  −0 

´³b  −0 

´0°°°°°
2

0020−1−12

⎫⎬⎭
+

vuut 1



−X
=


h
k k22

ivuut°°°°° 1
−X
=

³b  −0 

´³b  −0 

´0°°°°°
2

0020−1−12

=  (1) .

Since the above argument holds for all  ∈ R and  ∈ R such that kk2 = 1 and kk2 = 1, we
further deduce that

 0
³ b − 

´
−12


=  (1) .

To show part (f), note that for any  ∈ R such that kk2 = 1, we can write
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¯̄̄̄
¯̄ 0

³ b − 
´
−12



¯̄̄̄
¯̄

=

¯̄̄̄
¯ 1

−X
=

³b 0 −  0
´
−12

¯̄̄̄
¯

≤ 1



−X
=

¯̄̄³b 0 −  0
´
−12

¯̄̄
(by triangle inequality)

≤
vuut0020−1

1



−X
=

³b 0 −  0
´0 ³b 0 −  0

´
−12 (by Liapunov’s inequality)

≤
vuut°°°°° 1

−X
=

³b 0 −  0
´0 ³b 0 −  0

´°°°°°
2

0020−1−12 (since for a symmetric

psd matrix , kk2 =
p
max (0) =

p
max (2) =

q
[max ()]

2 = max ()

¶

=

vuut°°°°° 1
−X
=

³b  −0 

´³b  −0 

´0°°°°°
2

0020−1−12Ã
since

1



−X
=

³b 0 −  0
´0 ³b 0 −  0

´
=
1



−X
=

³b  −0 

´³b  −0 

´0!

It follows by applying expression (119), the result given in part (g) of Lemma C-16, and the Slutsky’

theorem that¯̄̄̄
¯̄ 0

³ b − 
´
−12



¯̄̄̄
¯̄ ≤

vuut°°°°° 1
−X
=

³b  −0 

´³b  −0 

´0°°°°°
2

0020−1−12

=  (1) .

Since the above argument holds for all  ∈ R such that kk2 = 1, we further deduce that

0

³ b − 
´
−12


=  (1) .

For part (g), note that, for any  ∈ R and  ∈ R such that kk2 = 1 and kk2 = 1, we have,
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by direct calculation,

0 b 0H


=
1



−X
=

0 b 
0
+

=
1



−X
=
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

−X
=

00 
0
+

Focusing first on the first term on last line above, we note that¯̄̄̄
¯ 1
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=
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¤


¡
by the inequality

√
1 + 2 ≤ √1 +√2 for 1 ≥ 0 and 2 ≥ 0

¢
Note that, by part (g) of Lemma C-16, we have

1



−X
=

³b  −0 

´³b  −0 
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=  (1) 
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and, by part (h) of Lemma C-2,

1


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=
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1


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£
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µ
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

¶
.

Moreover, note that

+ =

−1X
=0


 0++−

and, using expression (55) given in the proof of part (e) of Lemma C-2 and Assumption 2-2(b), we

see that there exists a positive constant ∗ such that
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³

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¢4i´ 12
≤ 1
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=

( ∗)
1
2

(for some positive constant ∗ as shown in expression (55))

≤ ( ∗)
1
2 ∞

Making use of these calculations and applying Slutsky’s theorem, we deduce that¯̄̄̄
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´
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
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
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+

0
+
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
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Next, note that, by part (f) of Lemma C-2 and Slutsky’s theorem, we see that

1



−X
=

00 
0
+ = 00

Ã
1



−X
=

 
0
+

!


= 

µ
1√


¶
=  (1)

Putting everything together and applying Slutsky’s theorem once more, we then obtain

0 b 0H


=
1



−X
=

0 b 
0
+

=
1



−X
=

0
³b  −0 

´
0++

1



−X
=

00 
0
+

=  (1) .

Since the above argument holds for all  ∈ R and  ∈ R such that kk2 = 1 and kk2 = 1; we
further deduce that b 0H


=
1



−X
=

b 
0
+ =  (1) . ¤

Lemma C-18: Suppose that Assumptions 2-1, 2-2, 2-3, 2-4, 2-5, 2-6, 2-7, 2-8, 2-9, 2-10, and 2-11*

hold. Then, ⎛⎜⎜⎝
b00 − 00b1 −1b2 −−12

⎞⎟⎟⎠ =  (1) 

Here, b0, b1, and b2 denote the OLS estimators of the coefficient parameters in the (feasible)
-step ahead forecast equation

+ = 0 +

X
=1

01−+1 +
X

=1

02 b−+1 + b+
= 0 +01  +02 b  + b+,

for  =    −, where the unobserved factor vector   is replaced by the estimate
b  and whereb+ = + −02

³ b  −  

´
with + =

X−1
=0


 0++− as previously defined.
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Proof of Lemma C-18: To proceed, we first stack the observations to obtain the representation

 ()
×

= 
×1

00
1×

+ 
×

1
×

+ b
×

2
×

+ bH
×

(122)

where  =  − − + 1 and where

 ()
×

=

⎛⎜⎜⎝
 0+
...

 0

⎞⎟⎟⎠ , 
×

=

⎛⎜⎜⎝
 0
...

 0−

⎞⎟⎟⎠ , b
×

=

⎛⎜⎜⎝
b 0
...b 0−

⎞⎟⎟⎠ , and bH
×

=

⎛⎜⎜⎝
b0+
...b0

⎞⎟⎟⎠ .
It is easily seen from expression (122) that the OLS estimators of the coefficients 0, 1, and 2

are given by ⎛⎜⎜⎝
b00b1b2

⎞⎟⎟⎠ =

⎛⎜⎜⎝
 0 0

b
 0  0  0 bb 0 b 0 b 0 b

⎞⎟⎟⎠
−1 ⎡⎢⎢⎣

0 ()

 0 ()b 0 ()
⎤⎥⎥⎦ .

Now, rewrite expression (122) as

 () = 
0
0 +  1 + b2 + bH

= 
0
0 +  1 + b2 + H− ³b − 

´
2

= 
0
0 +  1 + 2 + H

= 
0
0 +  1 + −12 + H

= 
0
0 +  1 +

³ b + − b´−12 +H
= 

0
0 +  1 + b−12 − ³ b − 

´
−12 + H

=
h
  b i⎛⎜⎜⎝

00
1

−12

⎞⎟⎟⎠− ³ b − 
´
−12 +H,
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and it follows that⎛⎜⎜⎝
b00 − 00b1 −1b2 −−12

⎞⎟⎟⎠

=

⎛⎜⎜⎝
 0 0

b
 0  0  0 bb 0 b 0 b 0 b

⎞⎟⎟⎠
−1 ⎡⎢⎢⎣

0
 0b 0

⎤⎥⎥⎦ ()−
⎛⎜⎜⎝

00
1

−12

⎞⎟⎟⎠

=

⎛⎜⎜⎝
 0 0

b
 0  0  0 bb 0 b 0 b 0 b

⎞⎟⎟⎠
−1 ⎡⎢⎢⎣

0
 0b 0

⎤⎥⎥⎦ h   b i⎛⎜⎜⎝
00
1

−12

⎞⎟⎟⎠−
⎛⎜⎜⎝

00
1

−12

⎞⎟⎟⎠

−

⎛⎜⎜⎝
 0 0

b
 0  0  0 bb 0 b 0 b 0 b

⎞⎟⎟⎠
−1 ⎡⎢⎢⎣

0
 0b 0

⎤⎥⎥⎦³ b − 
´
−12

+

⎛⎜⎜⎝
 0 0

b
 0  0  0 bb 0 b 0 b 0 b

⎞⎟⎟⎠
−1 ⎡⎢⎢⎣

0
 0b 0

⎤⎥⎥⎦H.

= −

⎛⎜⎜⎝
 0 0

b
 0  0  0 bb 0 b 0 b 0 b

⎞⎟⎟⎠
−1 ⎡⎢⎢⎢⎣

0
³ b − 

´
−12

 0
³ b − 

´
−12b 0 ³ b − 

´
−12

⎤⎥⎥⎥⎦

+

⎛⎜⎜⎝
 0 0

b
 0  0  0 bb 0 b 0 b 0 b

⎞⎟⎟⎠
−1 ⎡⎢⎢⎣

0H

 0Hb 0H
⎤⎥⎥⎦

Next, applying parts (b) and (d) of Lemma C-2 and parts (a), (b), (c), and (d) of Lemma C-17,
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we obtain ⎛⎜⎜⎝
1 0  0

b
 0  0   0 bb 0 b 0  b 0 b

⎞⎟⎟⎠

−

⎛⎜⎜⎜⎜⎝
1 −1

X−
=

 [ 0] −1

X−
=

 [ 0]

−1

X−
=

 [ ] −1

X−
=

 [ 
0
] −1

X−
=

 [ 
0
]

−1

X−
=

0 [ ] −1

X−
=

0 [ 
0
] −1

X−
=

0 [ 
0
]

⎞⎟⎟⎟⎟⎠
=  (1) .

Moreover, note that⎛⎜⎜⎜⎜⎝
1 −1

X−
=

 [ 0] −1

X−
=

 [ 0]

−1

X−
=

 [ ] −1

X−
=

 [ 
0
] −1

X−
=

 [ 
0
]

−1

X−
=

0 [ ] −1

X−
=

0 [ 
0
] −1

X−
=

0 [ 
0
]

⎞⎟⎟⎟⎟⎠

=
1



−X
=

⎛⎜⎜⎝
1  [ 0]  [ 0]

 [ ]  [ 
0
]  [ 

0
]

0 [ ] 0 [ 
0
] 0 [ 

0
]

⎞⎟⎟⎠

=

⎛⎜⎜⎝
1 0 0

0  0

0 0 0

⎞⎟⎟⎠ 1



−X
=

⎛⎜⎜⎝
1  [ 0]  [ 0]

 [ ]  [ 
0
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0
]

 [ ]  [ 
0
]  [ 

0
]

⎞⎟⎟⎠
⎛⎜⎜⎝
1 0 0

0  0

0 0 

⎞⎟⎟⎠
which is non-singular and, therefore, also positive definite for all  sufficiently large in light of the

result given in part (b) of Lemma C-1.

In addition, applying parts (f) and (g) of Lemma C-2 and parts (d), (e), (f), and (g) of Lemma

C-17, we have

0H


=
1



−X
=

0+ = 

µ
1√


¶


 0H


=
1



−X
=

 
0
+ = 

µ
1√


¶
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and

0
³ b − 

´
−12


=

1



−X
=

³ b 0 −  0
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 0
³ b − 
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−12
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1
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=

 

³ b 0 −  0
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−12 = (1)
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1
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b 

³ b 0 −  0
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b 0H
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=
1



−X
=

b 
0
+ = (1)

Putting everything together and applying the Slutsky’s theorem⎛⎜⎜⎝
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